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PREFACE 


This book is intended as an introduction to Analytical Geo- 
metry. The beginner will find notes and worked examples to 
guide him, and many simple exercises to give him practice in 
application. The needs of the more able reader are met by the 
inclusion of numerous carefully graded exercises throughout 
the text and by the provision of harder revision exercises. 

Proofs of many of the earlier theorems are based on the 
expressions for the projections of a line on the axes of coordi- 
nates, and the equations of a straight line are derived largely 
by application of the gradient formula, as it has been found 
that the unity of treatment thus obtained is appreciated by 
the beginner. The more usual proofs given in the notes may 
be substituted but are included rather as worked examples and 
for the assistance which in some instances they afford the 
reader in memorising the results obtained. 

The Straight Line, Circle and Conic Sections are dealt with 
in Parts I, II and III respectively, and the book covers all the 
Analytical Geometry generally required by the Senior Forms 
of Schools or the Junior Classes of Colleges or Universities. 

J. T. B. 

C. W. M. M. 



NOTE TO PART II 


In the text the gradients of tangents and normals are deter- 
mined from first principles, but for the reader familiar with 
the calculus proofs by differentiation are given in the notes. 


NOTE TO PART III 

Part III is intended as an introduction to Analytical Conics. 
The introductory chapter establishes the standard equations, 
and contains simple exercises to assist the reader to gain some 
familiarity with the curves, their foci and directrices. The 
parabola, ellipse and hyperbola are treated in the subsequent 
chapters, and in each case parametric representation is intro- 
duced at the beginning as it is the writer’s experience that 
learners benefit by having from the start the consequent choice 
of methods in attacking problems. 

One chapter is devoted to polar coordinates and one to the 
general equation ; the latter is discussed so far as is necessary 
for the tracing of conics. 

The ground covered is that of the examinations for English 
Higher School Certificates ; the first four chapters are sufficient 
for the Additional Geometry papers of the Scottish Leaving 
Certificate. 


J. T. B. 
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PART L--THE STRAIGHT LINE 


CHAPTER I 


CARTESIAN AND POLAR COORDINATES 


§ 1. Cartesian Coordinates. 

Let X'OX, Y'OY (Fig. 1) be perpendicular lines and P any 
point in their plane. Let PM, PN be drawn perpendicular to 
X'X, Y'Y respectively. Let OM = x (positive or negative 
according as OM is in the direction of X'X or XX') and let 
ON = y (positive or negative according as ON is in the direction 
of Y'Y or YY'). Then the position of P relative to X'X and 
Y' Y is known when x and y are known, x is called the abscissa, 
y the ordinate and x and y the Cartesian coordinates of the 
point P which is briefly referred to as the point (x, y). 


Y 


X' 



X 


Iy' 

Fig. 1. 

X*X is called the jr-axis, Y'Y the y-axis, X'X and Y'Y the 
coordinate axes and 0 the origin. 

Note 1. The coordinates are called Cartesian after Descartes 
(1596-1650), French philosopher and mathematician, who first 
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used this method of determining the position of any point in a 
plane. 

Note 2. Since MP^ON (Fig. 1), MP is often referred to as the 
ordinate of P. 

Note 3. Rectangular axes, i.e. axes which are mutually perpen- 
dicular, are most commonly used; it is sometimes convenient, 
however, to use oblique axes, i.e. axes which are not mutually 
perpendicular, and then PM, PN are drawn parallel to the y- and 
a;-axes respectively. 

Note 4. The coordinate axes divide their plane into four sections 
called quadrants, which are numbered as in Fig. 2. 


2nd. 

Y 

lat. quadrant 

X' 

0 X 

8rtL 

4th. 


y' 


Fio. 2. 


The reader should familiarise himself with the signs (Fig. 3) of 
coordinates of points in the four quadrants. 


abscissa — 

ordinate + 

Y 

abscissa + 

ordinate + 


O X 

abscissa — 

abscissa + 

ordinate — 

ordinate — 


Fio. 3. 
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§ 2. If A, B are 'points on the x-aods, then with the convention 
of signs stated in § 1, 

AB=OB^OA, 

where AB is positive or negative according as the direction of AB 
isthatofX'Xor XX\ 

There are six possible cases, as shown in Fig. 4. 


(a) 

^ (b) 

( 1 

Y 

(C) 

1 f 

0 A B X 

^ (d) 

0 BAX 

Y 

A B 

(e) 

O X BA 

^ (f) 

O X 

Y 

1 

A 

O B X B 

0 Ax 


FlO. 4. 


In Fig. 4(a), OB^OA + AB ; 

AB^OB^OA, 

In Fig. 4 (6), OA ^OB + BA ; 

-BA^OB--OA\ 

AB^OB-OA. 

The other cases are proved in a similar manner and are left 
as an exercise to the reader. 

Note 1. The straight line AB may mean (i) a straight line of 
infinite length passing through 4 and B, (ii) a straight line of finite 
length terminated by A and B, (iii) the finite line AB with sense or 
direction taken into acooimt as well as magnitude. In case (iii) we 
speak of “ the step 4J5.” 

The relation AB=OB - OA holds for steps along any line. 

Note 2. If Xi, are the abscissae of 4, B (Fig. 4), 

4R=a?2-a?i. 

Similarly if are the ordinates of points 4, R on the y-axis, 
AB==yt-y^. 

Note 3. The expressing of a step AB in terms of the distances of 
4 and B from a third point 0 in the line 4R is called inserting the 
origin 0. 
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Example. The abscissae of R, two points on the x-axis, are 
Xi, X 2 respectively ; the point P divides AB in the ratio k:l; 
prove that the abscissa of P is 

Icx^ 

"TO“ 

and state the corresponding relation when A, B lie on the y-axis. 
Y 

O A P B X 


Fig. 5. 


Let the abscissa of P (Fig. 5) be x. 


Then 


l~'PB 


OP-OA 

^OB-OP 


X - a?! . 

• • kx^ "t* = {Jk "t" V^x ) 

. fexa + fai 

•• k + l ' 

If the points lie on the y-axis, we have the corresponding 
relation, 

y — THT' 

where y is the ordinate of P. 


§ 3. Polar Coordinates. 

Let OA (Fig, 6) be a given line and P any point in a given 
plane. Let 6 be the angle through which a line rotates in 
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§ 4] CARTESIAN AND POLAR COORDINATES 

moving from the position OA into the position OP, 6 being 
positive or negative according as the direction of rotation is 
counter-clockwise or clockwise. 

Then, if r is the length of OP, the 
position of P is known when r 
and 0 are known. 

r is called the radius vector, 0 
the vectorial angle and r, 0 the ^ A 

polar coordinates of the point P, 

which is briefly referred to as the point (r, 0). OA is called the 
initial line and 0 the pole. 

In the foregoing definition of polar coordinates it has been 
assumed that r is positive ; it is sometimes useful to affix a sign to 
r taking it as positive when measured along the arm of the angle 
0 and negative when it is measured in the opposite direction. 

Note» The same point may be determined by different pairs of 
polar coordinates, e.g. (r, 0), ( -r, 0 + jr), (r, 0+27r). 



§ 4 . Relations between Cartesian and Polar Coordinates, 

Let P (Fig. 7) be the point (x, y) with reference to rectangular 

axes A'OA, T'OT, and 
the point (r, 0) with re- 
ference to the pole 0 and 
initial line OX, 

From the definition of 
the circular functions, we 

have X „ 

- = COS 0, 
r 

i.e. x=rcos0, 
and similarly 

y —r sin 0. 


Hence 



tan0=- 

X 

a* -f-y* =r*(cos*0 + sin*0) 


and 
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These relations enable us to change from one system of 
coordinates to the other. 



Note, In the case of axes in- 
clined at angle a>, let PN (Fig. 8) 
perpendicular to OX meet OX 

A 

at N ; then NMP = to and 
r cos B=ON 

=OM + MN 
+ y cos CO, 

while 

rsmO^NP 

=y sin (o ; 


* * x + y cos CO 

and r* = a;® + y* + 2xy cos co. 


Example 1. Find the polar coordinates of the point whose 
Cartesian coordinates are 1). 

We have r cos 0 == - s/S 

and r sin 6 = 1. 


Taking r positive, 6 lies in the second quadrant, 


and 


Also 


tan 0 = — pr ; 

^/3 

•• 6 ■ 
rS=(-V3)* + (l)*; 
r=2, 


i.e. the polar coordinates are ^2, • 

Example 2. Find the Cartesian coordinates of the point whose 
polar coordinates are (^% . 


We have 


x-Jicoa^ 


- 1 . 
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and 

= -l, 

i.e. the Cartesian coordinates are ( - 1, - 1). 

§ 6. If a line AB of length r is inclined to the x-axis at angle d, 
and if MA, NB are the ordinates of Ay By 

MN = r cos 6. 



Fig. 9. 


Let AC (Fig. 9) be parallel to OX and cut NB at C, 

Then clB=e, 

but MN=:ACy 

= r cos 0. 

Note 1. If OJf', ON' (Fig. 9) are the ordinates of A, R, 
M'N'=rBmd. 

Note 2. If A, B are the points (x^y y^)y y^y we have 
r cos B—MN =^x^ - x^y 
r sin 0 = M'N'^y^ - y^ 

These are important relations and should be remembered. 

Nate 3. It should be noted that MNy M'N' are the projections 
of AB on the x- and y-axes respectively. 
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Note 4. If the axes are inclined at angle (o, 

r cos 0 = (aja - x^) + (y^ - ^i) cos w, 
r sin 0 =(ya - ^i) sin ft>, 

and M^N' is then the projection of AB on a line perpendicular to the 
a;-axis. 


Example. A, B (Fig. 9) are the points ( -4, -1), (6, -5) ; 
determine the magnitude and sign of the projections MN, M^N\ 

ilfiyr = 6-(-4) = 10 

and M'N'-~5-(-l)=-4. 

Exercises 

1. Plot the points (3, 2), ( -2, 2), ( -2, -1), (3, ~1) and show 
that they are the vertices of a rectangle. 

2. Plot the points (4, 3), ( -1, 3), ( -1, -2), (4, -2), and show 
that they are the vertices of a square. 

3. Show that the points (6, 1), (6, 4), ( -1, 4) are vertices of a 
rectangle and find the fourth vertex. 

4. Show that the points (1, 2), ( - 3, 2), ( - 3, - 2) are vertices of 
a square and find the coordinates of the fourth vertex. 

5. Show that, if N is the foot of the ordinate of the point P(x, y) 
and PN is produced its own length to Q, the coordinates of Q are 
X and ~ y. 

6. Show that, if 0 is the origin, P the point (x, y) and PO is 
produced its own length to Q, Q is the point ( - ar, - y). 

7. Show that the point mid-point of the line joining 

the origin to the point (x, y). 

8. Find the magnitude and sign of the step AB when A, B are 
the points : 

(i) (3, 0), (1, 0). (iii) (0, -4), (0, -1). (V) (-3,0), (4, 0). 

(ii) (2, 0), ( - 3, 0). (iv) (0, - 2), (0, - 6). (Vi) ( - 5, 0), ( - 1, 0). 

9. A, R are the points (arj, 0), (a:,, 0), M the mid-point of AB ; 
prove that the abscissa of if is . 

10. Find the ordinates of the points of trisection of the line joining 
the points (0, - 3), (0, 4|). 
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11. A, P are the points ( - 2, 0), (6, 0) ; P divides AB in the ratio 
7:3; find the abscissa of B. 

12. A, B are the points (xi, 0), (ajg, 0) and P divides AB externally 

in the ratio k : I ; show that the abscissa of P is • 

13. A, B are the points (0, ~4), (0, 1) ; P,Q divide AB internally 
and externally in the ratio 3:2; find the coordinates of P and Q and 
the length of FQ, 

14. Find the Cartesian coordinates of the points 

15. Find the polar coordinates of the points (V3, 1), (1, -*1), 
(-1, ~v/3), (0,1). 

16. 0 is the origin, P the point ( ~ 2, 2 n/ 3) ; show that the length 
of OP is 4. 


17. Find the distances of the following points from the origin, 


(3, -4), (-5, -12). (-8.6). 


2at \ 


18. Find the inclination to the :r-axis of the line joining the origin 
to the point ( -n/S, 1). 

A 

19. P is the point (1, 2) relative to axes OX, OY where XOY is 

A A 

acute and tan XOY = j^ ; show that tan XOP=iff, 

20. Find the distance of the point (2, 5) from the origin, the axes 
being inclined at the acute angle with sine 

21. Prove that the distance between the points whose polar co- 
ordinates are (r^, d^), (r^, S^) is 

\/r{^ + cos (0i - Oj). 

22. Find the distance between the points whose polar coordinates 
are(2.^).(l.^). 

23. Find the lengths of the projections on the coordinate axes of 
the line PQ where P. Q are respectively the points : 

(i) (3. 2), (6, 6). (iii) ( - 2, 3), ( - 8, - 2). 

(ii) (2, 1), (7. 1). (iv)(-2, -1),(5, -4). 
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24. P, Q are the points ( - 1, 3), (5, - 2) relative to oblique axes 
inclined at angle cd where cos co = f ; tod the length of the projection 
of PQ on the x-axis. 

25. A, B, (7, D are the points ( -2, 4), (3, 2), ( -3, - 1), (2, 3) : 
show that the projections of AB and CD on the a;-axis are equal. 

26. A, P, (7, D are the points (4, 1), ( -1, -2), (0, 2), ( -5, -1) ; 
show that the projections of AB and CD (i) on the :t:-axis, (ii) on the 
t/-axis are equal. 



CHAPTER II 


DISTANCE FORMULA. SECTION FORMULAE. 
GRADIENT 


§ 6 . Distance Formula. 



Let A, B (Fig. 10 ) be the points (x^, y^, (x^, y^, r the length 
of AB and 0 the inclination of AB to OX, 

Then r cos 6 = aJg - a^, 

r 8in0=y2-yi ; 

(*2 - * 1 )* + (^2 - ^ 1 )® = (co8*e + 8in*e) 

=r*; 

r=V(x2-a:i)* + (y2-yi)®. 

Note 1. r is considered positive ; the formula gives the numerical 
distance between A and B, 

Note 2. The expression for r may be written 


''/(*!-»»)*+ (yi-y*)*- 

11 
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§ 7 . Section Formulae. 



Let A, B (Fig. 12) be the points y^), (x^y ^ 2 )* ® 

inclination of AB to the x-axis. Let P (x, y) be the point on 
AB such that AP : PB ==k:l. 


Then 


and /. 


and similarly 


AP cosB—x-Xi, 

PB cos d=X 2 -x, 
x-x^_AP 
X2-x'^PB 

• • (^ '\~V^x ^ kx^ "f* Ix-y^ j 

. kX2 + lx^ 

•• k + l ’ 


k+l • 


Note 1. The reader should note that, in the section formulae, 
ky which corresponds to the segment AP, is multiplied by the 
coordinates of P, while I, which corresponds to PB, is multiplied 
by the coordinates of A. 

Note 2. Putting k=l, we find that the mid- point of the line 
joining the points («„ y{), (*„ y,) is 
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Example. Find the coordinates of P which divides in the ratio 
3:2 the line joining A(-7, 1) and B(3, 6). 



FlS. 13. 


At P (Fig. 13), 


3(3) + 2(-7) 
3 + 2 


- 1 . 


3(6) + 2(l) _ 
3 + 2 


§ 8 . Section Formulae (continued). 



Let A, B (Fig. 14) be the points (a?i, (» 2 » ^ 2 ) ® 

inclination of AB to the x-axis. Let P(x, y) be the point on 
AB such that AP ; BP^k : I, 


Then 

and 


AP cos 6=x-Xi, 
BP co^B—x-x^ 

x-Xi _AP 

x-x^^BP 

k 

“I* 
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(k-l)x=kXf-b^; 

. ^ fexa-to, 

•* k-l ’ 

and similarly 

^ ¥^l ■ 

Note 1. As in the formulae for internal section, k which corre- 
sponds to the segment is multiplied by the coordinates of P, and 
I which corresponds to BP is multiplied by the coordinates of A, 

Note 2. It has been assumed in §§ 7 and 8 that k and I are positive 
numbers ; if, however, we take AP : PB to be positive when P is an 
internal point and negative when it is external, we have in both 
cases the formulae 

Jex^ + lxi + 

"f+I"- 

Example 1. Find the coordinates of the point which divides 
externally in the ratio i : 3 the line joining the points ( - 3, - 7), 
(-1, -4). 

4: -3 

Example 2. Find the coordinates of the point which divides 
externally in the ratio 2:^ the line joining the points (0, 2), (4, 8). 

Absci^ = 2i^)=_8. 

ordinate = 2(^)=.10. 


§9. GradierU, 

The gradient of a line is defined to be the tangent of the angle 
which the line makes with the positive direction of the x-axis. 

It follows that (i) if two lines are parallel, their gradients are 
equal, for the lines must be equally inclined to the positive 
direction of the x-axis ; (ii) if two lines are perpendicular, the 
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product of their gradients is -1, for if one line is inclined at 

angle 0 to the a-axis the other must be inclined at 0 + ^ j hence 
their gradients are 

tan 0 and tan > 

i.e. tan 0 and - cot 0 ; 

/. the product of the gradients is - 1. 

The gradient of the line joining any two points y^y 
(Xo, Vo) is 

X 2 -X 1 ' 

for, if the join of the points have length r and be inclined to 
the x-axis at angle 0, 

r coa 6 =^X 2 - Xi, 

rsin0 = y2~yi 

and tan0=^^ — 

X 2 -X 1 

Note 1. The expression for the gradient may be written 

yi-y2 

Note 2. In any particular case the expression for the gradient 
may be obtained in the following manner : 



Fio. 16. 


Let MAy NB (Fig. 15) be the ordinates of the points {x^, y^), 
\x 2 f V 2 ) lot AC, paraUel to OX, meet NB at C. 
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Then, if AB makes angle 0 with OX, CAB^ff 


and /. 


tan Q=- 


NB-^MA 

~ON-OM* 

i.e. gradient of AB=^^^—^ . 

x^-xi 

Note 3. In the case of axes inclined at angle o/, 
r cos 0 = (aj 2 - iCi) + (y^ - y^) cos ca, 
r sin 0 = ( 1/2 ~ ^i) sin m 

and /. tan 0 =, . 

Note 4. The necessary and sufficient condition for three points 
A, B,C being collinear is that the gradient of ^4 5= gradient of BC, 

Example 1. A, B, C, D are the points ( - 1, 3), (1,0), (4, 2), 
(0, 8) ; prove that AB ± BC, and that AB || DC, 

Gradient of AB = 1 , 


„ 50 = 


0-^2 
i-4 3’ 


” ” •^'^" 4-0 2 ’ 

AB X BC and || DC. 

Example 2. A, B, C are the points (5, 7), ( - 3, 1), ( - 7, - 2) ; 
prove A, B, C collinear. 


Gradient of AB^ 


1-7 3 

-3-5 4’ 


/, A, B, C are collinear. 
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§ 10. Angle between two lines. 



Let AB, AC (Fig. 16) have gradients and be inclined 

to the a;-axis at angles 0^, ; then 

CAB^e^-Q^ 

1 + tan 6i tan Og 


^ 1 + wiimg ’ 

A , A 

Note 1. The tangent of the supplement of CAB is -tan CAB ; 
/. the tangent of the angle between lines of gradients 7%, is 

^ 1 -\-mim2' 

Note 2. The condition that two lines should be parallel or perpen- 
dicular may be deduced from the expression 

mi -m2 

l+WliWg’ 

for, if the lines are parallel, the tangent of the angle between them 
is zero and /. ttIj = m 2 , and, if the lines are perpendicular, the tangent 
of the angle between them is infinite and /. mima= - 1. 


Example, Find the acute angle between two lines with 
gradients - \ and 

Tangent of angle = 

= =Fl; 




the acute angle between the lines is 45®. 
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Exercises 

1 . Find the distance between the points : 

(i) (-1,2),(3, -1). (iii)(-7,6), (2,3). 

(ii) (3, ~5), (8, 7). (iv) ( -3, -6), ( -14, -8). 

2 . Prove that the points (7, 3), (5, 5), ( - 1, - 3) are the vertices 
of an isosceles triangle, and find the length of the base. 

3 . Prove that the points (3, -2), (7, 6), ( -1, 2), ( -5, -6) are 
the vertices of a rhombus, and ^d the lengths of the diagonals. 

4 . Show that the point ( - 1, - 2) is the centre of a circle passing 
through the points (11, 3), ( - 1, - 15), ( - 13, - 7), (4, - 14). 

5. Prove that the distance between the points (a^, 2at), f ~ 

/ 1\2 Vf* t J 

6. Prove that the distance between the points (a cos 6, a sin (9) 
and (a cos <p, a sin <p) is 2a sin . 

7. Write down the coordinates of the mid>points of the lines 
joining the points : 

(i) (0, 0), (6, 8). (ii) ( - 4, 3), (2, 5). (in) (0, 7), ( - 4, - 3). 

8. A, R, C, D are the points ( -2, 2), (3, 1), (5, 4), ( -4, -Ij 
respectively ; show that AB and CD bisect each other. 

9. P, Q are the points ( - 1, 3), (2, -4) relative to axes inclined 
at 60® ; show that PQ =\/^. 

10. Show that the points (1, -1), (7, 3), (3, 5), ( -3, 1) are the 
vertices of a parallelogram, and find the lengths of the diagonals. 

11. Show that the origin is a point of trisection of the line joining 
the points ( - 3, - 2), (6, 4), and find the other point of trisection. 

12 . Find the coordinates of the points which divide internally and 
externally in the ratio 2 ; 1 the line joining the points ( -7, 7), 
(- 1, -2). 

13 . Find the coordinates of the points P, Q which divide internally 

and externally in the ratio 2 : 3 the line joining the points A (8, 10), 
P(18, 20), and show that MP . where M is the mid-point 

oiAB. 

14 . A, P, 0 are the points (a?i, y^), (x^, y^), (^^3, y ^) ; D is the 
midpoint of BC, and G divides AD in the ratio 2:1; find the 
cooMinates of 0 and show that the medians of A A PC are 
concurrent. 
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15. Find the gradients of the lines joining the points : 

(i) (1. 3). (6. 6). (iv)(cp,|),(cj,^). 

(ii) ( - 1, 2), (3, 4). (v) 2ap), (aq\ 2aq). 

(iii) ( -2, 1), (2, -3). (vi) (a cos 0, h sin 6), (a cos h sin q>). 

16. -4, By Cy D are the points ( -2, 0), (4, 3), (1, - 1), (5, 1) ; prove 
that AB II CD. 

17. Ay By Cy D are the points (1, 2), (3, - 2), (4, - 1), ( - 2, - 4) ; 
prove that AB JL CD. 

18. Show that the points (1, 4), ( -4, - 1), (2, 1) are the vertices 
of a right-angled triangle. 

19. Prove that the points (4, 1), (1, 6), ( - 4, 3), ( - 1, - 2) are the 
vertices of a square. 

20. Prove that the points (4, 0), (6, 1), (4, 3), (3, 2) are concyclic. 

21. Prove that the points (1, 1), (4, 5), ( -2, -3) are collinear. 

22. Show that the point P( -2, 0) lies on the line passing through 
-4(7, -3) and B( -5, 1) ; find the ratio AP : PB, 

23. Show that the points (a, 0), {afi, 2at)y fj^y “y) are col- 
linear for all values oi t, ^ J 

24. Find the angle between two lines with gradients - 3, 2. 

25. Find the tangent of the angle between two lines with gradients 

— 2, — J. 

26. Ay By C are the points (-3, 2), (1, -5), (6, 3) ; find the 

A 

gradients of .4JB and BC and the tangent of ABC, 

27. Ay By C are the points ( -1, -2), (2, 4), ( ~3, 2) relative to 

A 

axes inclined at 60° ; find the tangent of ABC, 

28. A, B are the points ( - 8, 0), ( - 2, 0) ; a point P{x, y) is such 
that P-4 =2PP ; show that 

29. The point (Xy y) is any point on the line passing through the 
points (1, 2), (3, 4) ; show that 

30. The point (Xy y) is any point on the line which passes through 
the point (2, 3) and which is perpendicular to the fine joining the 
points ( - 1, 2), ( - 5, 4) ; show that 

2a; -y- 1=0. 



CHAPTER III 


AREAS 

§ 11. The area of AOAB where 0 is the origin and A, B the 
jpoints (a?!, (xg, t/g)- 



Let the polar coordinates of A, B (Fig. 17) be (r^, 0i), (fg, 62 )* 
Then area of 

A OAB = ^OA . OB sin AOB 
= Jrir2sin(02-Si) 

= Jrir 2 (sin 6^ cos 0i - cos Og siJi 61 ) 

= i(^i • ^2 “ ^2 ®2 • ®i) 

= J (0:12/2 -Xsjyi)- 

Note 1 . The reader should verify, by considering different posi- 
tions of A and B, that, according as the order of the vertices ( 0 , 0 ), 
(^i» yi)* (^2> ^2) i® counter-clockwise or clockwise, the expression 
Jrjrg sin(02 ~^i)» and therefore the expression i(a?iy2 ~^2yi)» i® 
positive or negative. 

Note 2 . If we consider the area of a triangle to be positive when 
its vertices are named in counter-clockwise order, and negative when 
named in clockwise order, the expression \ (Xyy^ - gives the area 
of AOAB in magnitude and sign. 

21 
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Note 3. In the case of oblique axes, inclined at angle cc, 
ri cos cos (o, 

sin dj =^1 sin a> 

and /, A OAB= J ( 0 : 1^2 ” ^^ 1 ) 

Example, Find the area of the triangle whose vertices are the 
origin and the points (3, 4), (2, 6). 

Area = J(3 x 6 - 4 x 2) 

= 5. 

§ 12 . If 0 is any point in the plane of A ABC, it follows from 
the convention of signs (see § 11, Note 2) that 

AABG= AOAB+ AOBC+ aOCA. 

The point O may lie 

(a) within the triangle ; 

(b) on a side of the triangle ; 

(c) outside the triangle, and within the arms of an angle 

of the triangle ; 

(d) outside the triangle, and within the arms of an angle 

vertically opposite to an angle of the triangle. 

These four cases ar^ shown in Fig. 18. 



(c) 


FlO. 18 . 
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Joining 0 to Ay By C the theorem follows at once in cases 

(a)y (b). 

In case (c) AABC-=- AOAB+ A OCA - aOCB 
= AOAB+ AOBG+ aOCA. 

In case {d) A ABC = A OBC - A QBA - A OAC 
= AOAB+ AORO+ AOCA, 

Note 1, The reader should prove that the theorem holds when O 
is a vertex of A ABC. 

Note 2. In Fig. 18, A ABC is positive ; if A ABC is taken as 
negative, all the triangles named in the proof change sign, and hence 
the theorem still holds. 

Note 3. Expressing A ABC in terms of triangles with a common 
vertex at 0 , is called inserting the origin O. (Cf. § 2, Note 3.) 

§ 13. The area of the triangle with vertices (x^, 2/1), (Xg, (Xg, 2/3). 

Let the given vertices be R, C respectively. 

Inserting the origin 0, we have in magnitude and sign 
AABC^ AOAB+ aOBC\ aOCA 

“ i{(^l2/2 ^2^1) + (^2^3 ^32^2) + (^32/1 “ ^1^3)} 

= i - ^^2 - ^iVz) • 

Note I, The expression may be written in the form 
•i {^1(2/2 - yz)+xz(yz - yi) +^3(2/1 - ^2)}- 

Note 2. In any particular case the expression for the area of 
A ABC may be obtained thus : 



WlO. 19 
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Let L, M, N (Fig. 19) be the feet of the ordinates of the points 
A(«i, Hi), B(Xi, y,), C(Xi, yt) respectively. 

Area MLAB=i(LA +MB)ML 

=J(yi + y2)(*i-»2)- 

Similarly NMBC=\(yi + y 3 ){x^-Xi), 

and NLAG = \(yi-\-yi)(Xi-x^). 

But h.ABG=MLAB+NMBC-NLAG 

=J{(yi+y2)(«i-»2) 

+(yi+y%)(«i - *s) - (yi +y2){*i - »^s)} 

= i (»iy2 + *22/3 + *32/1 - *22/1 - *32/2 " *l2/3)- 


Note 3. By employing a method similar to that of Note 2, the 
reader should show that — 

Note 4. In the ease of oblique axes, inclined at angle co, 

A ^ J50 = J + HVx ~ - ^iVz) sin a>. 

Note 5. The condition that' the points (^i, (Xg, y 2 )> (^ 3 » Vz) 
should he collinear. 

Let the given points he A, C respectively. 

A, B, C are collinear if the area of A ABC is zero, 

i.e. if Xjyg + ^zyz + ^zVi “ - ^zUz “ = 0. 

Example 1. Find the area of the triangle with vertices 
(-3, -2), (1,4), (2, 3). 

Area = J( -12 + 3-4 + 2 -8 + 9) 

= -5. 

The negative sign shows that the vertices were given in 
clockwise order. 

Example 2. Find the area of the triangle with vertices A (3, 1), 
B{2ty 30, C(t, 20, and show that A, By C are collinear when 
i--2. 

A34BC=|(9« + 4e2 + e-.2«-3«2-60 
=i(<2+20 



5U] 
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=0 if ^=0 or -2. 

When <=0, S and C coincide ; when -2, A, B, C are 
collinear. 

§ 14. The area of the qmdrilateral, whose vertices taken in 
order are A (x^, y^, B{xz, y^), Cix^, y^), D{x^, y^. 



FlO. 20. 


Let ABCD (Fig. 20) be the given quadrilateral. Join AC. 
Area ABCD 

= AABC+ AACD 

= i (*1^2 + ® A) 

+ \ (^ 1^3 + * 3^4 + - * 4^3 - ^iVd 

= U^lVz + - *2^1 - - *42/3 - *i2/4)- 

Note 1. The expression for the area will be positive or negative 
according as A, R, C, /) are in counter-clockwise or clockwise order. 

Note 2. The expression for the area holds only if the vertices are 
taken in order ; if therefore the order of the vertices is not known, 
it must be determined by plotting the given points. 


Example. Find the area of the quadrilateral with vertices 
4(2.6), 5(4, l),C(-4, 2), 5(1. -1). 
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The vertices in order (Fig. 21) are ACDB ; 

area of quadrilateral=i(4+4 + l + 20 + 20 - 2 + 4-2) 



Otherwise, area of quadrilateral 
= AACR+ LGDB 

=i(4 - 4 + 20 + 20 - 8 - 2)+i(4 + l + 8-2+4+4) 
=i(30)+i(19) 


Exercises 

1 . Find the area of the triangles with vertices the origin and 


(i) (4, 6), (2, 6). 

(ii) (2, -6), (8, 7). 

(iii) (-5, -3), (-6, -8). 

(iv) (4, -12), (3, -7). 

(V) (i, 1), (3, §). 

(vi) (a, b), (6, a). 




(viii) (a cos a, a sin a), (6 cos P, h sin p). 

(ix) (cos 6, sin 6), (cos 0 + a, sin 5Ta). 

(x) (a cos a - 6, a sin a - 6), (6 cos a, 6 sin a). 
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2. A, B, C, D are the points (J, -J), (3, 3), (2 -n/3, %/3~2), 
(2 + n/ 3, 2 + \/3) and 0 is the origin ; show that A OAB = A OCD, 

3. A, By Cy D are the points (3, 1), (2, 4), (2, 2), (3, z) and 0 is 
the origin ; LOAB= hOGD in magnitude and sign ; ^d z. 

4 . Ay By Cy D are the points (2-4, -2), (z, 2 + 3), (22 + 1, 1), 
(z-3, 1) and 0 is the origin; find the value of the ratio 
/^OABihOGD and hence show that the areas of the triangles 
are equal in magnitude and sign when 2=4. 

5. Ay By Cy D &Te the points (3, 1), (2, 4), (2, 2), (3-22, 2 * + 5) 
and 0 is the origin; if AOAB= AOCD in magnitude and sign, 
find 2 . 

8. AOAB has vertices (0, 0), (6 cos a, -6 sin a), (sin cos P) ; 
show that the area of AOAB is maximum when Qt=P, and find the 
maximum area. 

7. Find the area of the triangles with vertices 

(i) (-1, -3), (4,1), (3,5). 

(ii) (1, 3), (3, 4), (2, 6). 

(iii) (-4, -5), (-1, -4), (-3, -1). 

(iv) (f, -4), (f, 3), (-§,2). 

(V) (-4,5), (3, -2), (0, -4). 

(Vi) (6, J),(-4,|),(-6, -i). 

8. Ay By G are the points (-1,3), (2, -4), (3, 2) relative to axes 
inclined at 30® ; find the area of A ABC. 

9. Show that the area of the triangle with vertices {ty t - 2), 
(< + 3, t), (i + 2, i + 2) is independent of t. 

10 . Find the area of the quadrilaterals with vertices 

(i) (0, 0), (4, 6), (2, 5), (5, 1). 

(ii) (3, 3), (1,4), (-2,1), (2, -3). 

(iii) (4, J), (f,3),(-4, -f),(l, -6). 

(iv) (-1, -l),(-4, -2), (-5, -4), (-2, -3). 

11 . Show that the following sets of points are collinear : 

(i) (0, 1), (2, 5), (4, 9). 

(ii) (3, 0), (2, J), (4. - J). 

(iii) (4.J),(-2, -2),(J, -J). 

(iv ) (2, (1+2), ( — 2, a — 2), (3, a + 3). 

(vi) (a, 0), (am*, 2am), (i, 



28 ELEMENTS OF ANALYTICAL GEOMETRY 

12. Find the area of the triangle with vertices (2, - 1 ), (a + 1, a - 3X 
(a +2, a) and show that these points are collinear when a = 

18. Find the area of the triangle with vertices (p + 1, 1 ), (2p + 1,3)- 
(2p + 2, 2p) and show that these points are collinear when p=2 
or -J. 

14. The points (2, §), ( -3, -|), ( 2 , f) are collinear ; find 2 . 

15. A, B, C are the points (3, 4), (6, 2), (a?, y) ; if area of AABC 
is + 3, show that a; + y - 10 =0. 

16. A, B, C are the points (a;, y), ( -3, 2), ( -4, -4) ; if area of 
A ABC is +^, show that 6a: - y - 15 =0. 

17. The vertices of a quadrilateral, in order, are ( - 2, 3), ( - 3, - 2), 
(2, - 1), {x, y) ; if its area is + 14, show that a; +y - 2 =0. 



CHAPTER IV 


THE STRAIGHT LINE 

§ 16. Equation of the Locus of a Point. 

Definition. The equation of the locus of a point is the 
equation which is satisfied by the coordinates of every point 
lying on the locus, and by the coordinates of no other point ; 
e.g. : 



Fig. 22. 


If P(x^ y) (Fig. 22) is any point equidistant from A(l, 4) 
and J5(5, 2), we have 

PA^=PB^ 

and /. (a; - 1)2 + (^ - 4)2 = (« - 5)2 + (y - 2)2, 

i.e. 4^=12, 

i.e. 2x-y=3. . 

29 


(i) 
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Moreover, if P(5c, y) is any point whose coordinates satisfy 
equation (i), we have 

8ic-4y = 12, 

and /. {x - 1)2 + (t/ - 4)2 = (x - 5)2 + (y - 2)2, 

i.e. 

i.e. P is equidistant from A and B. 

Hence the equation, 2x-y^3, is the equation of the locus 
of points equidistant from A and B. 

As this locus is CD, the right-bisector of AB, we say that 
equation (i) is “ the equation of the line CD ” or that it 
“ represents the line CD,” while CD is called briefly “ the line 
2x-2/ = 3.” 

Example 1. 0 and A are the origin and the point (3, 4) 
respectively ; the area of A OAB, the vertices being taken in the 
order immed, is 7 ; find the equation of the locus of B, 

Let B be the point (x, y) ; 

then area of A OAB = i (3y - 4x) 

/. i(3t/-4x) = 7, 
i.e. 4x-3^ + 14=0, 

which is the required equation. 

Example 2. Find the equation of the circle whose centre is the 
origin 0 and whose radius is a. 

Let P(x, y) be any point on the circle ; 
then OP 2 =:x 2 + y 2 

/. x^ + y^=a\ 

which is the required equation. 

Example 3. P is a variable point (a + 3, 2a - 1) where a may 
have any value ; find the equation of the locus of P, show that the 
locus passes through the point (4, 1) and determine the points at 
which it cuts the coordinate axes. 
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Let the point (», y) be any point on the locus ; 
then a;=a + 3 

and y = 2a~l 



i.e. 2a;-y-7=0, (i) 

which is the required equation. 

Equation (i) is satisfied when « = 4 and y = 1 ; 

the point (4, 1) lies on the locus. 

Let the locus cut the x- and y-axes B,t A, B respectively ; 
then at .4, ^ = 0 and from equation (i) = ; 

and at jB, ic=0 and from equation (i) - 7 

Ay B are the points (|, 0), (0, - 7) respectively. 


Exercises 

1. Find the equation of the locus of a point P such that 

(i) it is equidistant from the coordinate axes ; 

(ii) the sum of its distances from the axes is 6 ; 

(iii) the ratio, distance from a;-axis : distance from y-axis =5 : 4 ; 

(iv) the sum of the squares of its distances from the axes is 25 ; 

(v) the ratio, square of distance from x-axis : square of 

distance from y-axis=4 : 1. 

2. The point P is equidistant from the origin and the point (4, 4) ; 
show that the equation of its locus is x + y =4, and that the locus cuts 
the coordinate axes at points equidistant from the origin. 

3. The point P(x, y) moves so that PA* -PR* = 5, where A, B 
are the points ( - 2, 3), (3, 4) ; show that the locus of P has equation 

10x + 2y = 17. 

4. The point P(x, y) moves so that PA* + PR* =44, where A, R 
are the points ( -3, 2), (3, -2) ; show that the locus of P has 
equation 

x* + y*=9. 

5. The point P is equidistant from the points ( - 2, 6) and (2, 9) ; 
the point Q is equidistant from the points (4, 1) and (6, 5) ; find the 
equations of the loci of P and Q and show that the point (3, 4) lies 
on each locus. 
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6 . The vertices of a triangle are A (x, y),B{-4, - 2 ) and 0(4, 2 ) ; 
if the median from A to BC is of constant length 5, show that the 
locus of A has equation 

a;* + y2=25. 

7. 0, A, Bf C are the points (0, 0 ), (3, 5), (2, 6 ), {x, y), B and C 
being on the same side of OA ; A0AC=2A0AB ; show that the 
locus of G has equation 

5a? — 32^ + 16=0. 


8 . The point P(a?, y) is equidistant from the line x= - a and the 
point (a, 0 ) ; show that its locus has equation 

y^—4ax, 

9. P is a variable point +7 > ^ “ 7 ) J show that the locus of P 

has equation ^ 

10. P is a variable point 2ai) where i may have any value ; 
show that the locus of P has equation 

y^—Aax, 


11, P is a variable point -1,^ + 1); show that the locus of 
has equation 


2y2-a?-4y + l=0. 


P 


12, P is a variable point (a cos 6 , h sin 0) where 6 may have any 
value ; show that the locus of P has equation 


13. P is a variable point [a cos 0, 6 sin , where 0 may have any 
value ; show that the locus of P has equation 

0 “ a 

14, P is a variable point (2i* + t-l, ^-1) ; show that the locus 

of P has equation 2 y» -x+ 6 y + 2=0 ' 

and determine the points at which the locus meets the j^-axis. 


15. Ay By G are the points ( -2, 1), (2, -3), (4, -2) relative to 
axes inclined at 30® ; P is such that the area ABGP is + 6 ; show 
that the locus of P has equation 

a?+2y-4=0. 

16. A variable point P is equidistant from the points ( 1 , 4), , 

(5, 2 ) relative to axes inclined at 60® ; show that the locus of P 
has equation « 
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§§ 16-17] THE STRAiaHT LINE 

§ 16 . Lines parallel to the coordinate axes. 


Y 

A 

Y 




a' c' 

b' 

X 

< O 

c 

B 

xl 

X 

o 

X 


FlO. 23. 


Let AB (Fig. 23 (a)), parallel to YY' cut X'X at C, where 
OC^a. 

The abscissa of any point on AB is OC, i.e. at any point on 

x=a, 

which is therefore the equation of AB, 

Similarly if A'B' (Fig. 23 (b)), parallel to X'X, cuts YY' at 
C' where OC' = h, the equation of A'B' is 

y=-b. 

Note, The equation of the y-axis is a; = 0 ; that of the x-axis is = 0 


§ 17. Tangent Form of the i 

Let AB (Fig. 24), a line of 
gradient m, cut YY' at C, 
where OC = c. 

Then, if P (x, y) is any 
point on AB, 

gradient of AB = - — ~ 

X 



i.e. y — mx-\-c. 



Fiq. 24. 


which is therefore the equation of AB, 



34 ELEMENTS OF ANALYTICAi GEOMETRY [§ 17 

Note\. This form of the equation of a line is called the tangent 
form, because m is the tangent of the angle of inclination of AB to 
the a;-axis. 


Note 2. The line AB is said to make an intercept OC or c on the 
t/-axis ; the intercept may be +ive or -ive. 


Note 3. If the line AB passes through the origin, c=0, and the 
equation of AB is 


y—mx. 


Note 4. Let (r, Q) be the polar coordinates of any point on a 
straight line passing through the origin and inclined at angle a to the 
a;-axis ; then 

d=a, 

which is the polar equation of the line. 

Note 5. In any particular case the equation y=mx + c may be 
derived as follows : 



Let ON (Fig. 25), parallel to AB, meet MP, the ordinate of 
F(a:, y), at N. 

Then y=MP 

^MN+NP 


i.e. 


_ MN 

"OM 


.OM + OG, 


y=mx+c. 


Note 6. 


If the axes are inclined at angle q>. 


gradient of line = 


(y~c)sinQ) , 
x + (y-c) cos (o* 
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/. if d is the inclination of the line to the x-axis. 


(y - c) sin o> _ sin 0 
x + (y-c) cos ft> ~cos 6 ’ 

i.e. (y - c) sin(a> - 0) =x sin 0, 

. sin 0 

i.e. y~-^i 

^ am {(0-6) 

Hence the equation of the line is of the form 


but now 


y=‘tnx-{-Cy 


_ sin 0 
^"" 810 ( 0 - 0 )* 


Example 1. Find the equation of the straight line inclined at 
135° to the x-axiSy and meeting the y-axis at the point (0, -4). 

We have rn = tan 135° = - 1 

and c= -4 ; 

the equation is = - x - 4, 
i.e. x + 2 / + 4=0. 


Example 2. A straight line has equation 
x~2y + 6=0; 

pnd its gradient, the intercept it makes on the y-axis, and the 
angle at which it is inclined to the line 


x + 3y=0. 

Equation of first line can be written 

y^\x + Z\ 

/. line has gradient J and makes intercept 3 on the y-axis. 
Gradient of second line = - J 
4 + 4 

/. tan of angle between lines = = 1 

the acute angle between the lines is 45°. 
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Fig. 26 . 


Let P(x, y) (Fig. 26) be any point on AB ; let AB cut the 
a;-axis at and the y-axis at R, where 

OQ^a and OR = h, 

Since (a, 0) and (a?, y) are points on ABy 


Similarly 


i.e. 


gradient of AB—- ~^ ~ 

t/ — 6 

gradient of AB =^ — 

• y _y~^ 

■ ■ x-a X 
hx+ay=ab 


• 5+^=1 

•• a^b 


(i) 


which is therefore the equation of AB, 

Note 1. Equation (i) is sometimes written in the form 
Za; + wy=l, 

where Z=-, m=i. 

a' 0 

Note 2. The Intercept Form may also be derived from the 
Tangent Form of the equation of a straight line. 
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AB (Fig. 26) has equation of the form 
y=mx + b, 

but AB passes through Q(a, 0) ; 

/. O^ma + b 



/. AB has equation y= --.x + b 


i.e. 


X y ^ 

- + 7 = 1. 

a b 


Note 3. In the case of oblique axes, the line has equation of the 
form, y = mx-\-c, and therefore the proof of Note 2 holds. 


Example 1 . Find the equation of the straight line joining the 
points (4, 0) and (0, -3). 

Intercept on x-axis = 4 
Intercept on ^-axis = - 3 

equation is j “ 3 ^ » 

i.e. 3x-4y = 12. 


Example 2 . A straight line passes through the point (3, 4) 
and makes on the axes intercepts which are equal in magnitude 
and sign ; find the equation of the line, and the length of the inter • 
cepts which it makes on the axes. 

Let each intercept = a 
X u 

equation is - + = 1 
^ a a 

and since the point (3, 4) lies on the line 
3 4 , 
a a 

a^l i.e. each intercept = 7, 
and the equation is | ^ == 1 , 
x + t/=7. 


I.e. 
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Exercises 

1. Write down the equations of the lines determined by the 
following data : 

(i) gradient = f , y-intercept = J. 

(ii) gradient = y- intercept = -2. 

(iii) inclination to a;>axis = 135®, x- intercept = - 3. 

(iv) aj-intercept=3, y-intercept= -5. 

(v) a;-intercept = - y- intercept = - }. 

(vi) a5-intercept= , w-intercept=-— . 

' ' ^ cos a ^ ^ sin a 

(vii) a;- intercept = - ^ » y-intercept = c. 

2. Show that the following pairs of lines are parallel and state 
the length of the intercepts which each line makes on the x- and 
y-axes : 

(i) 3a;-2y + 6=0, 9a; -Gy- 4=0. 

(ii) 5a;+2y + 10=0, 15a; + 6y + 20=0. 

(iii) aa; + 6y + c=0, ?/=~(l-a;). 

(iv) X cos a + y sin a =p, y=z cot a + a cosec a. 

3. Find the equation of the straight line which has gradient m 

and which passes through the point . 

4. Find the equation of the line through the point (a cos 6, a sin 0) 
making an a;-interoept of — ^ g . 

6. A, B are points on the a;>axis, (7, D points on the y-axis ; the 
equations of AC\ BD are respectively 

4a; + 3y + 6=0 

and a; + 2y-l=0; 

show that AB=CD. 

6. Find the equation of the line through the point (3, ~6), 
meeting the x- and y-axes in A and B respectively, where 40 A =OB, 

7, Find the equation of the line through the point ( - 2, - 6), 
meeting the x- and i^-axes in A and B respectively, where 
GA+2OR=0. 
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8. P is the point (t + 6, 2< - 4) where t may have any value ; find 
the equation of the locus of P and show that the locus makes x- and 
y-intercepts of 7 and - 14 respectively. 

9. The straight line x-^^ay—a cuts the x- and y-axes at A and B 
respectively ; if OA =SOB, find the equation of AC where C is the 
point (0, - 9) and show that AO is perpendicular to A B, 

10. Show that the locus of the variable point (4^ + 1, 3/-1) is a 
straight line, parallel to the line joining the points (2, 5) and (6, 8). 

11 . The lines Sx-2y -3=0 and ax - 5y + 2 =0 are inclined at 45° ; 
find a. 

12. Show that the lines 

(1 -m)y-(l +m)a;=c 

and y = nix + c 

are inclined to each other at 45°. 

13. Find the gradient of the line 

4a: + 5y-2=0, 

the axes being inclined at the acute iingle Avhose tangent is J. 

14. A line referred to axes inclined at angle to has equation 

y=mx-^c ; 

sliow that the line has gradient 

m sin (o 
1 + m cos (jj ’ 

15. XOY is a right angle and XOY' is an acute angle whose 
tangent is J ; show that the line whose equation is 

a: + 2y-3=0, 

with reference to axes OXy OY, has the same equation when referred 
to OX, OY' as axes. 

§ 19. The equation of the straight line of gradient m ^passing 
through the point (x^, y^). 

If (x, y) be any point on the line, 

gradient of line -~ 

® X-Xi 

X-Xi 

i.e. 2 /-yi = ^w(x~Xi), 

which is therefore the equation of the line. 
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Note, The reader should employ the method of § 17, Note 6, to 
show that when the axes are inclined at angle co, the line passing 
through the point y^) and inclined at angle 0 to the ar-axis has 
equation sin 9 , 


§ 20. The equation of the straight line passing through the 
points yi) and y^)- 

Let (x, y) be any point on the line, 


then 
and also 


gradient of line= ^_| - ^ 


' ' X-Xi x^-x^* 

which is therefore the equation of the line. 


Note 1. The coordinates are those of a fixed point ; the 

coordinates a?, y are those of any point on the line, and are referred 
to as “ current coordinates.” ' 


Note 2. This equation holds for oblique axes, for each member of 
the equation » where co is the angle between the axes and 

0 is the inclination of the line to the a:-axis. 


Example 1. Find the equation of the line which has gradient f 
and which passes through the point (2, 1). 

Equation is y - 1 = | (x - 2), 

i.e. 3x-4y-2=0. 


Example 2. Find the equation of the line joining the points 
(1, 2), ( - 2, 0) and show that the point ( - 5, - 2) lies on the line. 


Equation is 


y-2 0-2 

x-1 -2-1 


=i 

Le. 2x-3y + 4=0. 

Also 2(-5)-3(-2) + 4=0 

/. point ( - 5, - 2) lies on the line. 
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§21. The equation of the straight line 'passing through the 
point (Xi, and, inclined at angle 6 to the x-axis. 



Flti. 27 


Let AB (Fig. 27) be the line, and let P(x, y) be a point on AB 
or AB produced, such that AP^r. 

Then x - = r cos 6 

and y -y^^r 


cos 0 sin 0 ’ 


(i) 


which is therefore the equation of the line. 

If P is a point on BA produced, equation (i) still holds, 
provided r is now considered to be negative. 


Note 1. In the case of oblique axes, inclined at angle a>, the corre- 
sponding equation is, 

yry^ -r, 

sin(a) -0) sin 0 
sin cu sin m 


Note 2. Equation (i) is very useful in more advanced portions of 
analytical geometry. 


Example 1. A line of gradient f passes through P( - 2, -5) ; 
find the coordinates of a point Q on the line, where PQ = 10. 

Let Q be the point (x, y). 
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Using the relation - — 

® cos 0 ’ 

i.e. a;=a?i + r cos 0 

we have a? = - 2 + 10( ±^) 

= 6 or -10, 

and similarly ^ - 5 + 10( if ) 

= 1 or -11 

/. Q is the point (6, 1) or ( - 10, - 11). 

Example 2. A is the point (2, 1) and B lies on the line 
x-^-2=0; 

AB is inclhied to the x-axis at the acute angle whose tangent 
is f ; find the length of AB, 

Let B be the point (x, y) and let AB=^r, 

Then ir=:2 + gr, 

and y = l + f^; 

/. (2 + ir)-(l+fr)-2=0; 



r = 5, 

i.e. AB—b. 


Exercises 

1. Write down the equations of the straight lines : 

(i) of gradient }, and through the point ( - 3, - 1). 

(ii) of gradient - and through the point ( - 2, 4). 

(iii) inclined at 60® to the a;-axis, and through the point (4, - 8). 

(iv) inclined at 135® to the a;-axis, and through the point (5, -2). 

(v) inclined to the a;-axis at the angle whose tangent is and 

through the point (2, 6). 

(vi) of gradient - ^ , and through the point ^6, 6 1 - . 

(vii) of gradient 2m, and through the point • 

(viii) of gradient m, and through the point (0, as/l +m*). 
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8. Write down the equations of the lines joining the following 
pairs of points : 


(i) (3, 8), (6, 12). 

(ii) (-1, -3), (6,11). 

(iii) (2, -5), (0. -8). 

(iv) (h f). (h -!)• 


(v) (a, b), (b, a). 

(vi) (m, m*+c), . 

, ...fa 2a\ fa a\ 

vm*’ m/’ \4w2’ m/* 

(viii) (ct, I), {2cl, 1^). 


3. A, B, C, D are the points ( -1, 8), (4, 18), ( -2, 4), (6, 6) ; 
find the equation of the line bisecting CD and perpendicular to AB. 

4. Find the equations of the sides of the triangle with vertices 
(3,6), (-2, 4) and (-1, -3). 

b. A, B are the points (3, 7), ( -11, - 1) ; find the equation of 
the line through the point (4, - 6) and bisecting AB» 

6. A, B,C are the points (-1,2), (8, 5), (4, 9) ; D lies on AB and 
AD : DB^l : 2 ; find the equation of DC. 

7. A, Bf C are the points (3, 4), ( -5, 0), ( - 1, 12) ; find the 
equations of AB and AC, and show that AB is perpendicular to AC. 


8. P(a, b) lies on the line 

bx-y = l, 

and Q{b, a) lies on the line 

2a;-62^=5; 

find the equation of PQ. 


9. A, B, C are the points 


\ m2’ 





find the equations oi A B and AC, and show that is perpen- 
dicular to AC when m = l. 


10. Find the points on the following lines at which the x- and 
y- coordinates are equal, and hence write each equation in the form 

cos 0 sin ’ 

(i) 4a;-3t/-l=0; (ii) 5a; + 121/ + 17 =0 ; (iii) 

11. A line of gradient ^ passes through P(3, -\) ; find the 
coordinates of a point Q on the line where PQ=^. 

12. A is the point ( - 5, - 3) and B lies on the line 

a; - 3y - 1 =0 ; 

AB is inclined to the a;-axis at the acute angle whose tangent 
is ; find the length of AB. 
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13 . The point P( -2, - 3) lies on the line AB whose equation is 

^x + ay = \ ; 

find the coordinates of A and R, given that AP = PR = 10. 

14 . Find the equation of the line of gradient 2, passing through 
the point (2, - 3), the axes being inclined at the acute angle whose 
tangent is 


§ 22. The General Linear Equation, 

The equation 

Ax^By-¥C^()y (i) 

where A, B, C are constants, represents a straight line. 

If P 0, (i) can be written, 



A 

and represents a straight line of gradient - ^ and passing 
through the point ^0, - . 

If P=0, (i) can be written 


x== - 


C 

A^ 


and /. represents a straight line parallel to the y-axis. 

Note 1. The same proof holds in the case of oblique axes, except 
that - ^ is no longer the gradient of the line. 

Note 2. The line (i) is parallel to the x-axis if A =0, is parallel to 
the ^-axis if P=0, and passes through the otigin if C7=0. 

Note 3. Equation (i) can be written 
A B , 

-^x-Qy = l, 

i.e. in the form lx+my=^l (ii) 

/. any equation of this form represents a straight line. 

When expressed in polar coordinates, equation (ii) becomes 

I cos 0 + m sin 0=^. 
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Note 4. The equation of a straight line is sometimes given in the 
form 

x=a-\-U, (i) 

y-c^-dt, (ii) 


where a, &, c, d are constants and f is a variable, and where (i) and (ii) 
are called the freedom equations of the straight line. The reader 
may verify, by eliminating t, that (i) and (ii) represent a straight line. 

Example. The coordinates of a variable point P are x = 3*f4/, 
y=2-6t; show that the locus of P is a straight line. 

X = S + 4:t, 
y=2-6t 


i.e. 3a;+2i/-13=0 

/. the locus of P is the straight line 3a; + 2y - 13 =0. 


§ 23. Angle between two lines. 

The lines A^x-i- B^y + Cj = 0, 


+ 

have gradients - 4^ , - 4'^ 

the tangent of the angle between (i) and (ii) 


= ± 


. ^2 


A^A^ + -^ 1^2 


.(i) 

(ii) 


(iii) 


Note 1. The conditions for parallelism and perpendicularity may 
be deduced from expression (iii) ; the lines are parallel or perpendi- 
cular according as the tangent of the angle between them is zero or 
infinite ; 


the lines are parallel if 


i.e. if 


AyB^^A^B-it 

A\_A2 


and the lines are perpendicular if AiA 2 + PiP 2 = 0 . 
The reader should compare § 10, Note 2. 
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Note 2. The reader may verify that if the axes are inclined at 
angle the tangent of the angle between the lines is 

A^B^) sin (o 

Aj^A^ "i* BjB^ — ^AjB^^ “1“ A^B'j^'^ cos co 

The condition for parallelism is /. the same as in the case of 
rectangular axes, and the condition for perpendicularity is 

A^A 2 + ByB^-(A^B 2 +AJBf) cos a)=0. 


§ 24. The equation of the line passing through the point (xj, 
and (i) parallel, (ii) perpendicular to the line + Ry + C = 0, is 

(i) ^x + Ry=^Xi + Ryi, 

(ii) Bx - Ay —Bx^- Ay^. 

These equations are linear and are satisfied by the coordi- 
nates of the point (x^, y^) represent straight lines passing 
through the point (x^, yf). 

Gradient of (i) ^ gradient of (ii) = ^ \ 

(i) is parallel to, and (ii) is perpendicular to the given 

line. 

Note, Equation (i) also gives the parallel in the case of oblique 
axes. 

Example. Find the equations of the lines passing through the 
point (2, 3) and respectively parallel and perpendicular to the line 

2x-3y=l. 

Equations are 2x - 3y = 4 - 9, 

i.e. 2x-3y-H5=0 

and 3x-l-2y = 6-l-6, 

i.e. 3x + 2y-12=0. 

§ 25. Intersection of Two Lines. 

The coordinates of the point of intersection of two loci satisfy 
the equations of both loci and are therefore determined by 
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solving these equations simultaneously, e.g. the coordinates of 

the point of intersection of the lines 

+ + (i) 

+ (ii) 


satisfy both equations (i) and (ii), and hence the coordinates are 
the roots of equations (i) and (ii) solved simultaneously. The 
point of intersection is /. the point 

— AJB-^ A1B2 — A^By) 

Note. An alternative method of finding the point of intersection 
of two lines is shown in Example 2. 

Example 1. Find the point of intersection of the lines 
2x-3y + 4=0 
and a7-4y + 7 = 0. 

/-21 + 16 4-14N 

The point IS 

i.e. (1, 2). 

Example 2. Find the point of intersection of the lines 


3a; 1=0, (i) 

a: + 2i/-5=0 (ii) 

If in equation (i) x ^t, 


y = 3t l 

/. for all values of t the point (^ 3^-1) lies on (i), but the 
point {t, 3^-1) lies on (ii) if 

« + 2(3«-l)-5=0, 
i.e. if / = ! 

/. the point (ty 3t-l) when ^ = 1 is the point of intersection 
of (i) and (ii), 

i.e. the point (1, 2) is the required point. 
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Exercises 

1. The point P moves so that the square of its distance from the 
point (1, 2) exceeds by 3 the square of its distance from the point 
(3, 5) ; show that the locus of P is a straight line. 

2. Show that for all values of t the point ^ 

straight line. ^ ^ ^ ^ 

3. A point P{x, y) moves so that it is always equidistant from 
the points A (2, 3) and P( -3, -2) ; find the equation of its locus 
and show analytically that it is the right bisector of AB, 

4. Test each of the following pairs of lines for parallelism and 
perpendicularity, and, when the lines are neither parallel nor perpen- 
dicular, find the tangent of the angle between them : 

(i) 2a; -3y 4- 1=0, 4a;-6y + 3=0. 

(ii) a; + 2i/ + 4=0, aj-3y + 2=0. 

(iii) a; + 2y + 3=0, 3a; + 6y-l-l =0. 

(iv) 3a; -41/ + 12=0, 4a; + 3y-l=0. 

(v) 2a; + 3y-l=0, a;-2y + 3=0. 

(vi) 2a; + 3y + 6=0, 6a;-4y + 3=0. 

(vii) a; + 4y-3=0, 3a;-2y + l=0. 

(viii) 3a: + 4y-7=0, 2a; + 5y + 7=0. 

5. Find the equation of the line (i) through (4, - 2) parallel to the 
3a;+4y + 6=0 

■ 1) perpendicular to the line 
5a; -Gy -2=0. 

6. Find the equation of the line through the x)oint ( - 2, 6) per- 
pendicular to the line 2a; + 3y - 1 =0 

and find where the two lines meet. 

7. Find the equation of the line through the point 
; cos a a sin ct\ 


line 

and (ii) through ( - 10, 


V"o 


cos d ’ cos B , 

parallel to the line 

X cos(a-0)+y sin(a--0)=i>, 

8. Find the equation of the line through the point (a sec 6. h tan 6) 
perpendicular to the line 



§251 THE STRAIGHT LINE 49 

9. AB makes intercepts 3 and -2 on the x- and ^-axes respec- 
tively : CD makes intercepts 12 and 4 ; find the equations of 
and CDi and the coordinates of their point of intersection. 

10. The lines a; + y=4 

and a; + 2^ = 1 

meet the line 

4a; + 3y = 14 

at P and Q respectively ; find the length of PQ, 

11. AB passes through the point (a, 0) and is inclined at 45® to the 
a;-axis ; CD passes through the i)oint (0, h) and is inclined at 135® to 
the a;-axis ; find the coordinates of the point of intersection oi A B 
and CD, 

12. A, By C, D are the points (10, 0), (0, 5), (6, 0), (0, 9) ; AB and 
CD meet at E ; find the equation of OE where 0 is the origin. 

13. Show that the lines 

a; + 2y ~ 15=0, 

2a; -y -10=0, 

2a; + 4y +5=0, 
and 2a;-y=0 

enclose a rectangle, and find the coordinates of the point of inter* 
section of the diagonals. 

14. Find the distance measured along the line 

4a; -3y + 2=0, 

from the point (1, 2) to the line 

a;-2y-2=0. 

15. Find the circumcentre of the triangle with vertices ^ - 3, 3), 
B(-5y -1),C(4, -4). 

16. ADy BEy CF are altitudes of the triangle with vertices A (0, 4), 
B(-5y - 4), C(3y - 4) ; show that BE and CF intersect on the y-axis, 
and hence show that the altitudes are concurrent. 

17. Find the orthocentre of the triangle with vertices ( - 2, - 3), 

(6, 1), (1, 6). 

18. Find the area of the triangle with sides 

7a; + 8y-5=0, 
lla; + y + 50=0, 

4a;-7y-26=0. 

19. Find the centroid of the triangle with vertices (3, -4), 
(-6, 4), (-3, -8). 
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20. Show that the lines 


^ m 


and w + ~+am=0, 

m 

meet at right angles on the line 

X- -a. 

21. A, B,G are the points 

find the equations oi A B and AC, and show that they meet at right 
angles on the line 

X— -a. 

22. Show that for all values of m, the foot of the perpendicular 
from (a, 0) to the line 

a 

y=mx -\ — 

^ m 

lies on the ^-axis. 

23. PQ makes intercepts 2a and a, RS makes intercepts - a and 
2a on the a;- and y-axes respectively ; show that PQ and RS inter- 
sect on the line 

3x-¥y=0. 

24. Show that the lines 

x=t and x=2tj 
y=2t + l 

intersect at right angles at the point ( - 2, - 3). 

26. Show that the lines 


x = l-3t and x=4-6f, 
y = l4-< y=2t-l, 

intersect at the point (-11,6). 

26. Find the point of intersection of the lines 




_ 2 / + 1 
t + 1 
t 


and 


^ + 1 


1+f 

'i-r 

3t 


27. Show that the lines 


2x = l-4< and a:=6-2<, 
2/=l+< 


are parallel. 
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28. The lines 


at -Z j 

X— and 

1 

II 

a 

y=:l - at 

2(6<-2) 

are parallel ; show that ab = l. 



29. Find the area enclosed by the line 

2a; -3^ + 12=0 

and the coordinate axes, the latter being inclined at 30®. 

30. Find the area of the triangle with sides 

2a; + y-10=0, 
a; -32/ + 2=0, 

3a;-2y-l=0, 

the axes being inclined at 30®. 



Let ON (Fig. 28) be the perpendicular from the origin to the 

A 

line AB ; let ON =p, let XON =a, and let P{x, y) be any point 
on AB, 


N has polar coordinates (p, a) and Cartesian coordinates 
(p cos a, p sin a) ; 


/. gradient of i4S = 


p sin g - y 
p cos g - X ' 
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but the gradient of ON is tan a, and AB is perpendicular 
U>ON 

/. gradient of AB = - cot a ; 

p aina-y _ cos a 
* ‘ p cos a-x sin a ’ 

i.e. X cos a + 2/ sin a (sin^a + cos^a), 

i.e. 5C cos a + 2/ sin a =p, 

which is therefore the equation of AB, 

Note 1. The perpendicular p will be considered positive in all 
cases. 

Note 2. In any particular case the perpendicular form of the 
equation may be derived as follows : 



Fig. 29. 

Let MP (Fig. 29) be the ordinate of the point P. Draw ML X ON 
and PR X ML, 

Then PMR=ol; 

ON which =OL + LN 
=OL+RP 

=0M cos a + MP sin a 
p=a?cos a + y sin a. 


Note 3. It is left to the reader to show that the polar equation of 
the line is 

r cos(0-a)=p. 
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Note 4. In the case of oblique axes, if 

XON^a and NOY = p (Fig. 20), 
then OQ=p Bee a, OR=pBecP; 



Fig 30. 


/. AB has equation 

p sec a p sec (i * 
i.e. X cos (x + y cos p =p, 

§ 27 . Perpendicular Form of the General Linear Equation. 
We may change the equation Ax + Ry + C =0 to the perpen- 
dicular form as follows : 


(i) C +ive. Ax + Bf/-\-C=0 ...(i) 

. ^ Ax By _ C 

C B 

i.e. X cosa + v sina =-- 7 ^==-— , where tan a = - 7 . (ii) 

(ii) C -ive. Ax + By-\-C ^0 

. Ax ^ By _ - C 

*■ 

-C B 

i.e. xcosa + y sina=-^==^, ... where tan a = . (iii) 
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Note 1. Equations (ii) and (iii) are arranged to give a +ive 
term on the right-hand side, since in the perpendicular form of the 
equation p is + ive. 

Note 2. There are two angles a lying between 0 and 27i and such 
that tan a = 2 ; ; the value of a is determined by the signs of sin a 
and cos a. 


Example. Show that the lines 

4a; + 3^-25==0, (i) 

4aj-3y + 25=0, (ii) 


are tangents to the circle^ of radius 5 and centre the origin., 
Equation (i) in perpendicular form is 

^ 3y ^ 25 ^ 

VI6 + 9 VI6 + 9 VI6 + 9 ’ 

i.e. the perpendicular from the origin to (i) is equal in length to 
the radius of circle 


/. (i) is a tangent to the circle. 

Similarly for line (ii) whose equation in perpendicular form is 


5 + 5 


Exercises 

1 . Write the following equations in perpendicular form : 

(i) 3a; + 4y-5=0. (iv) 8a; + 16y-f34=0. 

(ii) a;-N/3 y + 4=0. (v) 5x-12y + 26=0. 

(iii) a; + y=4. (vi) 40a;-9y=41. 

2. The lines 

3a;-4y=a 

and 5a; + 12y=2(a + 3) 

are equidistant from the origin ; find the positive value of 

3. Derive the equation 

xcoBoL + y sin a=p 

from the intercept form of the equation of the line. 
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4. Show that the line 

X cos a + y sin a cos a + sin a 
passes through the point (x-^, and is parallel to the line 
X cos a + 2/ sin a=p. 

5. Show that the equation 

X cos a +2/ sin a=p 
can be written in the form 

x-p cos (x_y ~p sin a 
- sin a cos a 

6. The lines 

X cos a + 2/ sin a = p, 

X cos ai + 2/ sin 

intersect on the line 

y=x tan B ; 

show that p : p^ = cos{0 ~ a) : cos(0 - aj). 

7. The sides of a quadrilateral, taken in order, are 

a? cos a + y sin a=p (i) 
a: cos + 2 / sin ai =Pi (ii) 

and the perpendiculars from the origin to (ii), (i) ; show that 
area of quadrilateral = ^ . 

Exercises 

1. Show that the line from the point (2, 5) perpendicular to the 
join of the points (17, - 7) and (2, - 1) passes through the origin. 

2. A line makes on the x- and 2 /-axes intercepts a and h such that 
? + i J ; show that the line passes through the point (4, 4). 

3. Show that for the line 

\-m 
y=ma; + — g~, 

the sum of the reciprocals of the intercepts on the x- and y-s^xes is 
independent of m. 

4. A line of gradient | meets the x- and y-Axes in A and B 
respectively ; show that the perpendiculars to the axes at A and B 
intersect on the line 


3x+4y=0. 
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5. PQ has gradient f and passes through the point ( - 8, - 3) ; 
AB passes through the point (2, 2) and meets the oj- and i/-axes in 
A and B respectively, where 0A=20B ; show that AB and PQ 
meet on the i/-axis. 

6 . Show that the lines 

3a;+4y + 10=0 
and 6a; + 12y-26=0 

are equidistant from the origin. 

7. Show that the origin lies on a bisector of one of the angles 
between the lines 

6a:-8i/ + 5=0 and 14a; + 481/ + 25=0. 

8. Show that the area enclosed by the lines 

a;=a, y—mx 

is 

show that this area is the same for any two values of m whose 
product is ~ . 

9. The line 


meets the a;-axis at A, the y-axis at R ; P divides in the ratio 1 : h 
the line joining the origin O to A ; Q divides OB in the ratio 1:1; 
find the equation of PQ and show that it divides AB in the ratio 

-k:L 

10. The line 

X cos 0 +y sin 0 =p, 

where 0 is variable, cuts the x- and y-axes at A, R ; show that the 
locus of the middle point ot A B has equation 
p® {x^ + y*) = 4a;*y2, 

11. Aj B are the points (ajj, y^), (x^, y^) and P divides AR in the 
ratio k:l; P lies on the line 

Ax-\-By-hC=0 ; 

show that 

k_^ Ax^ +Byi-hC 
Ax^-hBy2-tC' 

'12. Determine the ratios in which the coordinate axes divide the 
line joining the points ( - 1, - 10), (2, - 4). 

13. Show that the line 

3a; - 4y + 1 =0 

bisects the join of (4, -3), ( -2, 5). 
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14. Determine the ratio in which the line 

2a;-3y + l=0 

divides the join of (7, - 6), ( - 3, 2). 

15. Determine the ratio in which the line 

3a;-42/ + l =0 

divides the join of (4, - 3), (5, - 1). 

16. Prove that, if a straight line cuts the sides EC, CA, AB ot 
A ABC at D, E, F, 

BD CE AF 
DC ' EA ' FB~ 

17. A, B are the points (4, 2), ( -3, 1) ; a point P moves so that 
PA 2 - PP^ is constant ; show that the locus of P is a straight line, and 
find the ratio in which it divides AB when PA^ - PB^ = &. 

18. Show that the angle between the lines 

X -y ^2=0, 3^ + y + 4=0 

is equal to the angle between the lines 

a: -42/ + 3=0, 9a; -2?/ + 1=0. 

19. PQ is the line 

and P, S are the points (aP, 2at), (a, 0) ; show that R lies on PQ and 
that RS and the a:- axis are equally inclined to PQ, 

20. Find the feet of the perpendiculars from the point ( - 1, 3) to 
the lines 

2x-y + l=0, 

3a; + 2/ -6=0, 
a;-3y-2=0, 

and show that they are collinear. 

21. Find the area enclosed by the lines 

.r-2y + 3=0, 4a; -y- 9=0 

and the parallels to those lines through the point ( - 2, - 3). 

22. Show that the equation 

a;-a;^ ^ V-.yi ^^ 
cos a sin a 

represents the line through (ar^, perpendicular to the line 
a;cos a + y sin a=p (i) ; 
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hence show that the perpendicular distance from the point (rrj, y^)- 
to the line (i) is numerically 

p - a?! cos a “ 2^1 sin a. 

23. Show that the lines 

3^=1 + a<, 

intersect at the point 

P a t ^ 

show also that if varies as t the locus of P has equation 

y^=kx, 

where A; is a constant. 

24. Find the coordinates of a point P which lies on the line 

x-Zy -2—0 

and which is equidistant from the points (2, 3), (6, - 5). 

25. Show that the locus of the point of intersection of the lines 

a; sin 0 - t/(cos 0 - 1) =a sin 0 
and a; sin 0 -y(cos 0 + 1)= sin 0 

has equation 

3i^ + y^=a^, 

26. The line y — h meets the lines 

x-\-2y=2 and a: + 2y=4 

in A and B respectively ; P, Q are the points ( - 4, 0), {- 2, 0) ; 
show that PB and QA bisect each other, and that the common mid- 
point lies on the line 

x-h2y=0. 

27. The line y=a; + c meets the lines 

a; = 3 and a; =5 

in A and B respectively ; P, Q are the points (0, 2), (0, 4) ; find the 
equations of AP and BQ, and the point of intersection of these lines 
when c = l. 

28. The line y—mx meets the lines 

x=4t and ar = 8 

at P and Q respectively ; PR is a line parallel to the a;-axis, QR is a 
line of gradient 1 ; show that for all values of m, R lies on the line 

a; + y-8=0. 

29. A, B, C are the points 
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AB and A C meet the y-axis in P and Q respectively ; show that AB 
is perpendicular AC and that 



30. A, B, C are the points ( - 2, 1), (2, 3), (3, 1) ; P moves so that 

APAB=2APAC 

in magnitude and sign ; find the locus of P, and the area enclosed by 
it and the lines AB, BC. 

31. Find the length of the line having gradient 3 and terminated 
by the point (-1,2) and the line 

a; -2y -5=0. 

32. Find the equations of the lines of length 5, drawn from the 
point (3, 1) to the line 

.r + y + 3=0. 

33. Find the length of the line of gradient J and terminated by the 
point P(3, 2) and the line 

aj + 2y + 3=0 (i) ; 

find also the equation of the other line having the same length and 
terminated by P and (i). 

34. A straight line passing through P(l, 2) is terminated by the 
coordinate axes ; P divides the line internally in the ratio 2:1; 
show that the line has equation 

a; + t/ = 3 or 4a; + 2 / -6=0. 

35. Show that the variable point P(i - 1, 2^-1) lies on the line 

2x-y + l—0 ; 

if PQ is the perpendicular from P to the line 
a;-3y-2=0, 

show that the locus of the mid-point of PQ is the line 

y=x. 

36. Show that the line 

a;-2y + 5=0 

bisects all lines from the point ( - 3, 6) to the line 
x-2y-6 =0. 

37. P is a variable point (2p - 1, p + 1) ; the line through P and 
having gradient 2 meets the line 

x + y=0 

B,tQ ; R divides PQ externally in the ratio 3:1; find the locus of R, 

38. Prove that the line 


2a; + 3y -20=0 
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passes through a point of trisection of all lines drawn from the point 
(6, 7) to the line 

2a; + 3y + 6=0. 

39. A line through P(2, -3) meets the lines 

a;-2y-f-7=0, a; + 3y-3=0 

at A, jB respectively ; P divides AB externally in the ratio 3:2; 
show that AB has equation 

2a;+y “1 =0. 

40. Find the equation of the line terminated by the lines 

2a; + 2 / -3=0, 3a; -2// + 1=0 
and bisected at the point (2, 3). 

41. Find the gradient of the line whose mid-point is (i-3, ^ + 4) 
and which is terminated by the lines 

2a; + 2/-2=0, a; + 2i/-3=0. 

42. P is the point ( -1, 2) ; a variable line through P cuts the 
X’ and 2 /-axes dX A, B respectively ; Q is a point on A B such that 
PAf PQ, PB are in Harmonic Progression ; show analytically that 
the locus of Q is the line 

y=2x, 

43. The axes being inclined at 60®, find the equation of the right 
bisector of the line joining the points ( - 1, 4), (3, -2). 

44. A, B are the points (2, 7), (1, 3) relative to axes inclined at 
60® ; P is such that PA^ - P^ = 18 ; show that the locus of P is the 
line 

2a; + 3y-12=0, 

determine the gradient of the line and the intercepts which it makes 
on the X- and {/-axes. 

45. Find the equation of the line of gradient :] and passing through 
the point (1, 2), the axes being inclined at the acute angle whose 
tangent is 

46. The gradient of the line 

2a; + 3y-l=0 

is the same whether the axes are rectangular or inclined at an acute 
angle cu ; find tan ce. 

47. Show that the tangent of the angle between the lines 

Ajo; + B^y + =0, A^ + B^ + Og =0, 

the axes being inclined at angle a>, is 

{^A-yB^ — A^B-^ sin oy 
A^A2 + B-^B^ "" ( AjRg ^ 2'^i) cos Qi 
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DISTANCE OF A POINT FROM A LINE 

§ 28. If the perpendicular form of the equation of a line is 
xcosoL-^y sinoL=py 

the distance of the point y^)f‘^om the line is 
d (p - Xj cos CL -y^ sin a), 

according as P is on the origin or the non-origin side of the 
line. 



Let AB (Fig. 31) be the line whose equation in perpen- 
dicular form is 

X cos a + y sin a = p 
and let OC be perpendicular to AB, 

Then XOC^a and OC=p, 

The line through P parallel to A B has equation 

X cos a 4- 2/ sin a = cos a + t/i sin a ; 

let OD be perpendicular to this line. 
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A 

In case (a), where D lies on OC produced, XOD^ol ; 

/, OD=Xi cos a + sin a ; 

CD which = 02>-0C 

cos a + sin a -p. 

A 

In case (6), where D lies on OC, XOD=ol ; 

/. OD = a;i cosa + ^i sina ; 

CD which = OC-OD 

=p - cos a - sin a. 

A 

In case (c), where D lies on CO produced, XOD=oL + n ; 

OD = - cos a + 2/1 sin a) ; 

CD which =OC + OD 

- a?! cos a-yi sin a. 

CD, which in all cases is equal to the perpendicular from 
P to AB, is 

± (p “ cos oc-yi sin a), 

according as P is on the origin or non-origin side of AB, 

Note 1 . Since the expression ±(p-Xi cos a - sin a) gives the 
numerical length of the perpendicular from the point (x^, y^), it 
follows that the expression p-x^ cos a - 2/1 sin a is positive or 
negative, according as the point (x^, y^) is on the origin or non-origin 
side of the line. 

Note 2. The expression p-x^ cos a - yi sin a reduces to p when 
the point (x^, y^ is the origin ; this will assist the reader to remember 
that the positive sign applies to points on the origin side of the line. 

Note 3. It should be noted that the line divides the plane of the 
axes into two parts and that 

p-x cos a-ysina>Oin one part, 

< 0 in other part, 

=0 on the line. 

Note 4. If P has polar coordinates (r, 0), the distance of P from 
the line can be written 

±{p-r CO8(0- a)j. 
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§ 89. The distance of the point y^) from the line 

Ax-\-By-{-C = 0 


is 


Ax^ + ByT^-i-C 
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(i) C positive. — The perpendicular form of the equation of 
the line 

Ax + By -hC = 0 

A B C , 

the distance of the point (Xj, yi) from the line is 

C + Axi + By^ 


according as (x^, yf) is on the origin or non-origin side of the 
line. 

(ii) 0 negative. — The perpendicular form is 

and the distance is _ 

Combining these two cases, we have that the distance of the 
point (xj, yi) from the line Ax + -By + C = 0 is 

Ax^ + By-^ 4 - C 

where this expression and C have like signs when the point 
(^i» ^i) is on the origin side of the line, and unlike signs when 
on the non-origin side. 

Note 1. The reader is advised to neglect at first the ambiguity of 
sign, remembering that the numerical distance is given by the 
expression 

^ Ax^+By^ + C 
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Note 2. In any particular case the expression for the distance of 
the point (ajj, y,) from the line Ax+By + C=^0 can be obtained in the 
following manner. 



Let R8 (Fig. 32) be the line, P the point and PM the perpendicular 
from P to RS. 

Let PQ parallel to OX meet R8 at Q. 


Then 


At Q, 
and 


Hence 


tan PQJIIf = gradient of R8 
__ A 

"■ b‘* 

• TfAiur u- i, . tanP QM 
sm PQM, which = ± 


y=yi 
Ax’^Byi + C=0 


/ 

V 1 + ta,n^PQM 
A 


. Byi+G 

Axi+By^+C 

A 

PM, which =QP sin PQM, 

_ AxY + Byy-)rC 

“■=*= A 

_ . Aa:i + Py i + 0 


A 





§30] DISTANCE OP A POINT FROM A LINE 65 
Example 1. Find the distance of the point (2, 3) from the line 
7a;~24y + 8 = 0 ; 

show that the origin and the point (2, 3) are on opposite sides of 
the line. 

Distance = numerically 

V72 + 242 ^ 


point (2, 3) is distant 2 units from the line 7x - 241/ + 8 = 0, 

and as and 8 have opposite signs the point 

(2, 3) is on the non-origin side of the line. 

Example 2. Show that the points A (3 ,2), B(-3, -1) lie 
within adjacent angles formed hy the lines 


a: -2^ + 2=0 (i) 

a; + y + l=0 (ii) 


At .4, x--2i/ + 2 is +ive, a; + i/ + l is +ive ; 
at R, a: - 2y + 2 is + ive, a? + y + 1 is - ive. 

A, B are on the same side of (i) and on opposite sides of 
(ii), i.e. A, B lie within adjacent angles formed by (i) and (ii). 


§ 30 . Bisectors of the angles between the lines 


Ax + By + C = 0 (i) 

A^x-h B^y + C 1 —O (ii) 


Let P(Xi, yi) be any point on one of the bisectors ; then the 
distances of P from (i) and (ii) are numerically equal. 

Ax^ + By^ + C A^Xi + B^y^ + 

JA^ + B^ ' JA\^^B^^ 

but this is the condition that P lies on one of the lines 

Ax + By + C _ .4iX + Riy + (7i ..... 

JA^ + B^ ^ ^ 

which are /. the required bisectors. 
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Note 1. In the same way the bisectors of the angles between the 
lines jj cos a + y sin a =^>, x cos + y sin 

have equations 

p-x cos a - 1/ sin a= ±(^>1 - a; cos oL^-y sin ai). 

Note 2. According as C, have like or unlike signs, the positive 
or negative sign in equation (iii) gives the bisector of that angle 
between (i) and (ii) which contains the origin. 

Example. The sides of a triangle have equations 


x + y -\-\=0 ( i ) 

a;~y + 3 = 0 (ii) 

7a7-y + 3 = 0 (iii) 


find the centre of the circle escribed to (iii). 



Fig. 33. 

Triangle is as indicated in Fig. 33. 

required ex-centre is the point of intersection of the 
bisectors of those angles between (i) and (iii) and between (ii) 
and (iii), which contain the origin. 

The bisector of that angle between (i) and (iii) which 
contains the origin is 

x + y + 1 7x-y + 3 
^/2 “ 5^2 

2x - 6y - 2 =0 


i.e. 

Le. 


(iv) 



§ 30] DISTANCE OF A POINT FROM A LINE 67 

The bisector of that angle between (ii) and (iii) which 
contains the origin is 

a; - V + 3 Ix-y^-Z 
J2 5s/2 

i.e. 2a5 + 4i/-12=0 

i.e. a; + 2^ -6=0 (v) 

— 2 — 18 

Where (iv) and (v) meet, x = — ^ ^ = 4, 


/, the required ex-centre is the point (4, 1). 


Exercises 


1. Find the distance between the point and the line in the 
following cases, 

(i) (2, 1), 3r + 4y + 5=0 

(ii) (1, -2),5a:H-12y-7=0 

(iii) (-2, -3), a;-2t/ + 6=0 

(iv) (0. 0), y=7nx-\-a^l f 

(v) {h, k), y -k = m(x-h)^as/l-\-m^ 

(vi) {-a sin 0, b cos 0), ~ cos 0 + g sin 0 = 1. 


2. Find the distance of the point from the line whose 

polar equation is \ ^ / 

r cos ^0 - ^ j = 1. 

3. Show that the circle with centre the origin and radius 2 
touches the lines 

3a; + 4y - 10 =0, 5a; - I2y - 26 =0, 4a; + 3y + 10 =0. 

4 . Show that the point ( - 1, 2) is the incentre of the triangle with 
vertices (2, 3), ( -2, -5), ( -4, 6). 


5. The line 


3a;+4y + 18=0 


touches a circle with centre (4, 5) ; find the radius. 
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line 


6 . If p is the length of the perpendicular from the origin to the 




show that 


i-i+i 

7. Find the distance between the lines 

6a; - \2y - 6 =0, 5a; - \2y + 21 =0. 


8. Show that the point ( - 2, 6) lies on the same side of the line 

3a; + 2y-7=0 

as the origin. 

9. Show that the points (3, 2), (7, 3) lie on opposite sides of the 
line 


2a; ~ 5y H- 3 =0. 

10. Show that the point (3, 2) lies outside the parallel lines 

a;-2i/ + 3=0, a;-2i/ + 4=0. 

11. Show that the origin and the point (1, 6) lie within vertically 
opposite angles between the lines 

a;-y + 4=0, a; + 2y-4=0. 

12. Find the equations of the bisectors of the angles between the 
lines 


(i) a; + f/~l=0, x-y + l=0, 

(ii) 3a;~4y + 2=0, 4a;-3y + 3=0, 

(iii) 4a;-4t/ + 3=0, a; + 7y-2=0. 


13. Show that the point ( - J, - 2) is equidistant from the lines 

2a;-3y+4=0, 6a;+4y-7=0. 

14. Show that the point (0, 1) lies on the bisector of one of the 
angles between the lines 

3a; - 4y + 1 =0, 4a; + 3y - 6 =0. 

15. The point (x, y) is equidistant from the lines 

3a; - 4y + 1 =0, 4a; + 3i/ + 1 =0 ; 

show that 

x-\-ly—Q or 7a;~y + 2=0. 

16. Show that the lines 


4a; + 3y-3=0, 12a; + 5y~ 13=0 
are tangents to the circle with centre ( - 2, - 3) and radius 4. 
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17. Find the equation of the line through the point (12, 7) and 
perpendicular to the line 

6a; + 12y + 25=0 ; 

determine the point of intersection of the lines, and hence find the 
distance of the given point from the given line. 

18. Find the equation of the line parallel to the line 

3a; + 4y + 4=0 

and distant 5 units from it on the origin side. 

19. The perpendiculars from P to the lines 

x-2y + 2=0, a; + 2i^ + 4=0 

are numerically in the ratio 3:1; show that the locus of P is the 
lines 

a; + 4y + 5=0, 2a: + 2y + 7=0. 

20. The perpendiculars from P to the lines 

2a;+y-l=0, a; + 2y + l=0 

are numerically in the ratio 2:1; show that the locus of P consists 
of two straight lines and find their equations. 

21. Show that the locus of a point the sum of the squares of whose 
distances from the lines 

a; + 2y-l=0, 2a;-y + 3=0 
is 2 has equation x^+^+%x-2y=Q. 

22. Show that the locus of a point which is equidistant from the 
point (-1,2) and the line 

2a; - y + 1 =0 

has equation {x + 2yf +Q{x -Zy + ^)=(i. 

23. A variable point P is such that its distance from the point 
(2, - 1) is equal to its distance from the line 

3a;+4y -5=0 ; 
show that the distance of P from the line 
7a; -9y- 10=0 

varies as the square of its distance from the line 
4a;-3y=0. 

24. A point is such that the square of its distance from the line 

a;-2y-l=0 

exceeds by 3 the square of its distance from the line 
2a; - y + 1 =0 ; 

show that the locus of the point has equation 
a;2 _ y2 ^ 2a; - 2y + 5 =0. 



70 ELEMENTS OF ANALYTICAL 6E0METEY [§ 30 


25. A variable point is such that the square of its distance from 
the line 


2a:4-y-l=0 

exceeds by 3 the square of its distance from the line 
a;-|-2y + 1 =0 ; 

show that the product of its distances from the lines 

a: + y + 2=0, a; - 2 /- 3=0 


varies as its distance from the Ime 


a; - 3y - 1 =0. 



CHAPTER VI 


CONCURRENCE 

§ 31, Lines concurrent with two given lines. 

Let the given lines be 

(i) 

and A^x^-B^y^C^ = 0 (ii) 

Let h be any constant, and consider the equation 

Ax-\-By + C -\-k{AiX^B^y (iii) 


which is of the first degree in x and y and therefore represents 
a straight line. 

If (sTj, y^ is the point of intersection of (i) and (ii) 

+ + C = 0 

and A^x^ 4 - == 0 

/. Ax-^ + By I + C -f ifc + Cl) = 0 

i.e. (xj, ^i) is a point on line (iii) 

/. equation (iii) represents for any value of k a straight line 
passing through the point of intersection of (i) and (ii). 

Note. For different values of A% equation (iii) represents different 
straight lines. 

Example 1. Find the equation of the line which has gradient \ 
and passes through the point of intersection of the lines 
3x~2y = 8, 2x-5?/ = 3. 

Any line through the point of intersection of the given lines 
has equation of the form 

3x ~ 2y - 8 4- A:(2x - ~ 3) =0 
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This equation represents a line of gradient | if 

3 + 2ifc^l 
2 + 6k 2 

i.e. if A; =4 

/. required equation is 

3a; - 22/ - 8 + 4(2aj - - 3) =0 

i.e. 11a; - 221 / -20=0. 


Example 2. Find the equation of the line passing through the 
point (1, 2) and concurrent with the lines 

3a;-42/ = l, 2a; + 32/ = 5. 

Required equation is 

3a; - 4?/ - 1 + A;(2a; + 32/ - 5) — 0 
where 3-8-1 +A;(2 + 6-5)= 0 

i.e. where k — 2 

/. equation is 

3a;-4y-l + 2(2x + 3y-5)=0 
i.e. 7a; + 2y-ll=0. 

§ 32. Consider the lines 

+ (i) 

+ (ii) 

A^x-{-B^ + C^^0 (iii) 

Lines (ii) and (iii) meet at the point whose coordinates are 
_ B^^ — BqC2 _ C 2 A 2 — C 2 A 2 , 

y-A^^-A^B^' 

and this point lies on line (i) if 

. ^2^3 “■ "3^2 "2-^3 ■“ "3-^2 

/. condition that lines (i), (ii), (iii) are concurrent is 

-^l(-®2^3 ■*“ -^ 3 ^ 2 ) ■®l(^2^3 *“ ^3^z) ^l(^2^3 “ '^ 3 -^ 2 ) 

JYofe 1. The condition for concurrence may be written 
Ai(-B2G3 ' B^G^) A^iB^Oi — B 1 C 2 ) A2{BiC 2 ~~ B^Ci) =0. 
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§ 33. Consider the lines 

AiX^Biy + Ci==0 (i) 

A2X-{-B^ + C2=0 (ii) 

A^x + B^y + C^^^O (iii) 

We shall show that these lines are concurrent if there exist 
three constants k, I, m (not zero), such that 
k{AiX + B^y + Cl) + l(A^ + B^ + Cg) 

+ m{A^x 4- B^ + Cq) = 0, identically (iv) 

Let lines (i) and (ii) intersect at the point (arj, ^i) ; 
then A^Xj^ + Ri^i + Ci = 0, A^Xj^ + + Cg = 0 

/. by equation (iv) A^x^ + B^y^ + C3 = 0 
/. the point (x^, y^ lies on line (iii) 
i.e. lines (i), (ii), (iii) are concurrent. 

Note. If in proving lines concurrent suitable constants k, m 
are not readily found, use the method of § 32. 

Example 1. Show that the Imes 

a;-4y + 2=0, 4x~^ + 3=0, x + 2y=0 

are concurrent. 

3(x-4y + 2) -~2(4a;-?/ + 3)= -bx-lOy 

= -5(0; + 2y) 

/. 3(ic - 4y + 2) - 2(4x - + 3) +5(x + 2y) = 0 
/. the given lines are concurrent. 


Example 2. Show that the Imes 

2x-\-y -b=^0, 3aj-2y-4=0, 4a;-9y + l=0 
are concurrent. 

Where the first two meet 




- 4-1 0 

-4-3 


= 2 , 




-15 + 8 , 
-4-3 


When a; = 2, ^ = 1, 

45c-9y + l=8-9 + l=0 
the given lines are concurrent. 
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Exercises 

1. Find the equation of the line passing through the origin and 
concurrent with the lines 

3a;-4i/ + 2=0, 2a;~5y-3=0. 

2. Find the equation of the line, of gradient concurrent with 
the lines 

a; + i/-5=0, a: -27/ + 4=0. 

3. Show that the line joining the point ( - 2, - 1) to the point of 
intersection of the lines 

2a; -37/ =3, a? + 37/ = 15 
passes through the origin. 

4. Find the equation of the line parallel to the a;-axis and con- 
current with the lines 

4a; + 3y-6=0, a; -22/ -7=0. 

5. Find the equations of the lines which make numerically equal 
intercepts on the coordinate axes, and which are concurrent with the 
lines 

2a; + 37/ -1=0, a;-2y + 3=0. 

6. Find the coordinates of the foot of the perpendicular from the 
point of intersection of the lines 

a;+27/=6, y-2a; = 8 

to the line 

3a; + 42/ + 15=0. 

7. Show that for all values of k the equation 

a; - 3y + 9 + ^(3a; -2y- 1) =0 

represents a line passing through a fixed point, and find the coordi- 
nates of the point. 

8. Find the point of intersection of the lines 

3a; + 7/ + 1 - a(2a; - 7/ + 4) =0 
and 6{3a; + ?/ + l)+c{2x-7/ + 4)=0. 

9. Show that the lines 

2a;-3y + l +a(3a;+2/~ 1)=0 
6(2a;-3y + l)-(3a; + 7/-l)=0 
a;-77/ + 3=0 

are concurrent. 

10. Interpret the equation 

aa; + ^+c-a(a;-^+c)=0. 
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11. Find the equation of the line concurrent with the lines 

3a;-«/ + 9=0, a: + 2y-4=0, 
and also with the lines 

2ii; + 2/-4=0, a; -2?/ + 3=0. 

12. Find the equations of the lines which are concurrent with the 

2a:-3y + l=0, a: + 2y-3=0, 

and which respectively have gradient 3 and pass through the point 
(2, - 1 ) ; find also the angle between these lines. 

13. Show that the line passing through the point (2, -3) and 
concurrent with the lines 

3a; + 2y-2=0, 4tx + ^y -1 =0 

has gradient - g. 

14. Show that the line joining the points (4, 3), ( - 4, - 1) is con- 
ciuTcnt with the lines 

2a; -32/ + 2=0, 3a; -42/ + 2=0. 

15. Show that the line through the point (2, 3), and concurrent 
with the lines 3^+4j,_7=o, 2x-3i, + l=0 

is concurrent with the lines 

3a; -y- 7=0, 3a;-2y + 4=0. 

16. BC, CAy AB are the lines 

3a; + 2 / -21=0, 2a; + 3y + 7=0, a; -22/ + 7=0; 

A P passes through the point (5, - 4) ; BP has gradient 2 ; find the 
equations of AP, BP, CP. 

17. Prove the following lines concurrent : 

(i) 4a; -3// + 2=0, 3a; -i/- 6=0, a; - 2 / + 2=0. 

(ii) 5a; + 22/ -8=0, a;-5y + 2=0, x + ly-6—0. 

(iii) 3a; -21/ + 3=0, 5a; + 6*/ -2=0, 3a; + 2y=0. 

(iv) a;-6y + 2=0, a; + 2=0, 3a; + 5?/ + 6=0. 

(v) (p + l)a; + (p-l) 2 /+p= 0 , (< 2 f-l)a: +(g + l) 2 / + g = 0, x=y. 

(vi) (« + |S)a; + «/?» + (« -/?)=0, + + + oa=/?. 

18. Show that the lines 

^ n V • /I -I 

- cos 0 + 7 sin 0 = 1, 
a 0 

- - sin 0 + Y cos 0 = 1, 
a b 

bx + ay tan ~ j) =0 


arc concurrent. 
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19. Show that the lines 

y=r+a^2» (<i+yiK-r(i -M2)y=«(^i+y 
h 

are concurrent. 

20. The lines 

x-3i/ 4-2=0, a;-6y + 3=0, x+ay=^0 
are concurrent ; find the value of a. 

21. The lines 

2a; + 3y-6=0, 3a;+y4-3=0, a;+2y-a=0 
are concurrent ; find the value of a. 

22. The lines 

3a; + 6y-2=0, 2a; + 3y=0, aa? + &y + l=0 
are concurrent ; find the relation between a and h. 

23. The lines 

ax + 2y + l=0, bx + 3y + l=0, ca;+4y + l=0 
are concurrent ; show that a, 6, c are in arithmetic progression. 

24. The lines 

a;-8i/=0, a;~6i/-2=0, a:-6y-3=0, a;-2y-6=0 

meet the x-axis in the origin, A 2 , and the ^-axis in the origin^ 
Bif B 2 , B^ respectively ; show that (i) the lines are concurrent, 

(ii) _ 0-^i /jy. 0^1 _ OB3 

' ^ AiAt A^At’ ' ' BiBt BjBg* 



CHAPTER VII 


PAIRS OF STRAIGHT LINES 


§ 34 . The equation 

(i) 

represents the two straight lines 

Ax + By + C = 0 (ii) 

and AjX + B^y + 0^ — 0 (iii) 


Let P(iCi, yi) be any point whose coordinates satisfy equation 

(i) ; then 

(Ax^ + By I + C) (AiXi + B^yi + C^) — 0 
either Axi + Byi + C=0 or + C 2 = 0 

i.e. P lies on one of the lines (ii), (iii) 

/. equation (i) represents the two lines (ii), (iii) 

Example, Find the lines represented by the equations 

(i) x^-y^=0 

(ii) x2-7x + 12=0 

(iii) xy + 2x-3y-^=^0 

(iv) x^ + 3xy + 2y^ + 3x + 5^ + 2 =0 
Equation (i) may be written in the form 

(x + y)(x-y)=^0 
and /. represents the lines 

x + y=0, x-y==0. 

Similarly equation (ii) represents the lines 

X“3-=0, x-4=0, 
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equation (iii) represents the lines 

X“3 = 0, y + 2==0, 

and equation (iv) represents the lines 

a; + 2 ^ + 2=0, x + 2y + l=0. 


§ 35. The condition that the equation 

ax^-k-2hxy-\-hy^-\-2gx^-2fy->rC = 0 (i) 

should represent two straight lines. 

Equation (i) represents two straight lines if it can be written 
in the form 


(Ax -h By + C) (A^x + B^y + C^) = 0, 
i.e. if it can be resolved into two equations of the form 


x — 


B C 
A’ 



(ii) 


Now equation (i) can be written 

ax^ + 2(^2/ + 2fy + c) =0 

„_-{h.y+g)±sl (hy+ if~a(h^ + '2fy + c) 

-- - " 

a 

/. equation (i) can be written in the form (ii) if 
(%+5r)2-a(62/2 + 2/2/ + c) 

i.e. (h^ - ab)y^ + 2 - a/) 2 / + (^^ - ac) is a perfect square 
/. if (hg -af)^- (h^ - ab) (g^ - ac) = 0 

i.e. if a (abc + 2fgh -af^-bg^- ch^) = 0 

If a ^ 0, this condition reduces to 


abc + 2fgh -af^-bg^-ch^=0 (iii) 

If a = 0, 0, equation (i) can be solved as a quadratic in y 

and condition (iii) obtained. 

If a=0, 6=0, A:^0 equation (i) is 

2hxy + 2gx + 2fy + c==0 


i.e. 
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which, if factorisable, is 


and hence 


f9_± 
P 2h 


i.e. 2fgh-ch^ = 0 

to which condition (iii) reduces when a — b = 0, 

/. in all cases, the condition that equation (i) should 
represent two straight lines is 

abc + 2fgh - ap -bg^- ch^ = 0. 


Note 1. Equation (i), called the general equation of the second 
degree, is the most general form of equation involving terms in x 
and y of no higher degree than the second. 


Note 2. We cannot have a=h=h—0, for equation (i) is then of 
the first degree, and represents one straight line. 


Note 3. The factors of the first member of an equation of form (i) 
may be found either by inspection or by solving the equation as a 
quadratic in x or y. 


Example 1. Find the equations of the lines represented by the 
eqmtion 3x* + 4a;y-4y*-8a: + 8?/-3=0 (i) 

Equation (i) is (3x - 2?/ + 1 ) (x -f 2y - 3) = 0 

/. represents the lines 

3x-2^ + l=0, x + 2y-3=0. 

Example 2. The equxition 

2x^ + bxy + ky^ - 5x + 13^ -12=0 
represents two straight lines ; find the value of k. 

abc -f 2fgh -af^-bg^-ch^==0 


where 

a = 2 

/=¥ 


11 

9= -f 


c= -12 

A = | 



:yt + 75=0, 

i.e. 


121A= -363 

i.e. 


k= -3. 
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§36, When ax^ + 2hxy-\‘hy^-\-2gx + 2fy + c 

= k(Ax + By-\-G) (A^x + B^y + C^) 
where i is a constant, we have 

ax^ + 2hxy + by^^k (Ax + By) (A^x + B^y) 


when the equation 

ax^ + 2hxy^by^-\-2gx + 2fy-\-c=^0 (i) 

represents the lines 

-405 + Ry + C=0, AyX-¥B^y-¥C^=0 (ii) 

the equation 

ax^ + 2hxy + 6^^ = 0 (iii) 

represents the lines 

Ax + By=^0, A^x-\-B^y=^0 (iv) 


But lines (iv) are the parallels through the origin to lines (ii) 

/. when equation (i) represents two straight lines, equation 
(iii) represents the parallel lines through the origin. 

Note, The equation ax^ + 2hxy + fti/* =0 may be said to represent 
two straight lines through the origin, for all values of a, 6, for the 
equation can be written 

+ 2hxy + dx^ = 0 , 

f -h±\lh^-ah\ ... 

i-e- y=\ 1 (i) 

According as h^>aby h^=^ab, h^<aby equation (i) represents two 
real, two coincident, or two imaginary lines through the origin ; 
in the last case the origin is the only real point whose coordinates 
satisfy equation (i). 


§ 37. The angle between th^ lines 

ax^-{-2hxy-\-by^=0 (i) 

Let equation (i) represent the lines y = rn^Xy y = mgX, and let 0 
be the angle between these lines ; 


then tane = , ^ --^^- = 

but since equation (i) may be written 

b(^ '¥2h(^-¥a^0 
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mg are roots of the equation 

bm^-h2hm + a=^0 

. 2h a 

mj + mg^-y, m^mg^g 


tan 0 = ± 


(W~ 


4m 

b 


1+ 


2.Jh^-ab 

a + b 


Note 1. If a + 6=0, tan0 = oo and the lines are perpendicular; 
if h^=ahy tan 0=0 and the lines are coincident. 

Note 2. It follows from § 36 that the formula for tan 6 is appli- 
cable to the general equation of the second degree when it represents 
two straight lines. The reader should observe, however, that in the 
case of the general equation representing two straight lines the 
relation h^=ab holds when the lines are either coincident or 
parallel. 


Example. Given that the equation 

2x^ ~ Sxy + + 4x + 12y - 23 = 0 


represents two straight lines, fiyid the tangent of the angle between 
them. 


Tangent of angle = ± 


2jU-S 
2 + 4 


= ±f s/2 

The negative sign refers to the obtuse angle between the 
lines. 


§ 38. The equation of the bisectors of the angles between the lines 
ax^ + 2hxy + 63/^ = 0 (i) 

Let equation (i) represent the lines y-miX — 0, y-m^ — 0 ; 
then the equations of the bisectors are 

y -niyX y-m^ 

•J\^m^ ^ s/i + mg* 
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/. the equation of the bisectors is 
(y-m^xY 
1 + mY 1 4- 

i.e. (1 + mY) {y - m^xY - (1 -f mY) {y - m^Y = ^ 

i.e. {mY - '^Y) x^-2 (m^l + mY - + '^i) 

-(mY-mY)y^=-0 

i.e. (wi + Wg) (a:;® _ ^2) ^ 2 (1 - m^mY xy ; 

but mj, mg are roots of the equation 

6 m2 + 2Am + a=0 

. 2h a 

mi + mg=--g-, %m2 = g 

the equation of the bisectors is 

Le. h(x^-y^) = {a-b)xy 

. x*-f xy 

a-b~'h 


Note, As the bisectors are mutually perpendicular, the coefficients 
of and yY in their equation are equal in magnitude but opposite in 
sign. 


Example. Show that the bisectors of the angles between the lines 
2aj2~7xy + 4y2==0 

ore the bisectors of the angles between the lines 
3x2 + 7x1^ + 2/^=0. 

The bisectors are 


i.e. 


x2-'2/2_ ^y 


and 


x^-y^ _ xy 


in both cases 7x2 - 4 ^^ - 7^2 = q. 


§ 39. To determine the 'point of intersection of the lines 


ax^'^2hxy + by^-{-2gx-{'2fy‘\-c = 0 (i) 

Writing equation (i) in the form 

0 x 2 + 2(Ay +^)x 4- (by^ 4- 2/y + c) =0 (ii) 
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§39] 

we see that in general there are two values of x for any given 
value of y ; if, however, y is the ordinate of P the point of 
intersection of the lines (i), equation (ii) will yield two equal 
values of x and these arc the abscissa of P. 

Now, when equation (ii) has equal roots, 

a 

/. at P, ax-{-hy (iii) 

Similarly, considering equation (i) in the form 
+ 2 (hx +f) y + (ax^ + 2gx + c) = 0 

we have, at P, hx-\-hy (iv) 

Equation (i) may also be written 

(ax ^hy+g)x + (hx + by-\-f)y^- (gx -\-fy + c) = 0 

and the coordinates of P satisfy this equation, from 
equations (iii) and (iv) we have, at P, 

gx+fy + c--0 

We have, therefore, three equations, viz. 

ax-\-hy+g = 0, hx + by gx +fy + c = 0, 

all of which hold at P and any two of which suffice to deter- 
mine the coordinates of P. 

Note 1. Before applying these equations to an equation of the 
second degree it is necessary to ensure that the latter equation 
represents two straight lines. 

Note 2. For an alternative method of deriving these equations 
see § 41, Example 2. 

Note 3. In any particular case, the coordinates of the point of 
intersection of a pair of lines represented by an equation of the 
second degree may be determined by finding the equation of each 
line and solving the equations simultaneously. 

Example. Find the point of intersection of the lines 
Q? - Zxy - + 2a; - + 1 =0. 
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At the point of intersection, 

a;- 1^ + 1 =0 


and 

-fx~jy-|=0 

i.e. 

2x-Zy + 2=0 

and 

3x + 2y + 3=0 


0 

il 

1 

11 


§ 40 . The equation of the pair of lines joining the origin to the 


points of intersection of the line 

lx-\-my^\ (i) 

and the lines 

ax^ + 2hxy + hy"^ + 2gx + 2fy + c == 0 (ii) 

Consider the equation 


ax^ + 2hxy + 62 /^ + 2 (gx +fy) (lx + my) + c (Jx + my)^ = 0 . . . (iii) 

which is homogeneous and of the second degree, and therefore 
represents a pair of straight lines through the origin. 

If (^v yi)> (® 2 J ^ 2 ) points of intersection of (i) 

and (ii) 

ixj + my I = 1 

and axi^ + 2hxiyi + by^^ + 2gxy + 2fyi + c = 0 

axj^ + 2hx^yj^ + byj^ + 2 (gxj^ -^fyi) (Ix^ + myf^ 

+ c(Zxi + m 2 /i) 2==0 

i.e. (xi, ^ 1 ) is a point on line pair (iii) ; similarly (Xg, y^ lies 
on (iii). 

equation (iii) represents the pair of lines joining the 
origin to the points of intersection of (i) and (ii). 

Example, Find the equation of the pair of lines joining the 
origin to the points of intersection of the line 

x + 2y-5 = 0 

and the lines 

Zxy-\-y^ - 6 x ~ \2y + 20 = 0 . 
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Equation is 

Zxy + f-Z(x + 1y) ) + 20 = 0 

i.e. Zxy-\-y^-%(x-\-2yY=^0 

i.e. 2^2 - Ixy + =0. 

Exercises 

1. Find the equations which represent the following pairs of 
lines, — 

(i) x-y=0^ ^x-2y=0 

(ii) 2j;-32/ + 1=0, x - y + 2—0 

(hi) 3a: + 4y-5=:0, y — 2x 

(iv) 2 x-2/ + 1=0, y — \. 

2. Find the equations of the lines represented by the equations, — 

(i) 2x^+xy-~y^—0 

(ii) Zx^-6xy-2if+x + by-2=0 
(hi) xy + ^y^-4tx-\Zy + ^=0 

(iv) {x + l'f -y^=0 

(v) {6x-y- 1)2 -{x- 3y + 3)2 =0. 

3. Show that the following equations represent line pairs and 
write down the equations of the parallel line pairs through the 
origin, — 

(i) 2x^ -*dxy -2y^ + 2x + lly -‘12=0 

(ii) 6a;2 - 5xy - 6//2 - 5a- + 14y - 4 =0 
(hi) 6x^ + xy-‘y^-3x + y=0 

(iv) a;y -3a; + y-3=0. 

4. Show that the equation 

2a;2 - 1 la;i/ + 5y2 - :r + 23y - 10 =0 

represents two straight lines, and find their point of intersection. 

6. Show that the equation 

x^ -xy ~ 2 y 2 _ 3j; + 9^ _ 4 =0 

represents two straight lines, and find the equation of the line from 
the origin to their point of intersection. 

6. Prove that the line 

4x -ly + 1=0 
is concurrent with the lines 

2a;2 - Ixy + 3y^+x-‘Sy-3 =0. 
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7. Prove that the lines 

a;® - + 4a; +2y + 3 =0 

are concurrent with the lines 

3a;2 - ^xy - + 16a; + 22y + 5 =0. 

8. Show that the area enclosed by the lines 

and the line a; + 3/ = 1 

is Jn/3. 

9. Find the area enclosed by the lines 

5a;2 - 21a;y + 4^^ + 22a; + 26y - 48 =0 
and 4a; + 33/ + 5=0, 

10 . Show that the area enclosed by the lines 

ax^ + 2hxy + hy ^ = 0 
and 2/ = A; 

w , 

is -sfh^-ah, 

a 

11 . Find the area of the parallelogram formed by the lines 

3a;2 - 7a;i/ + 23/* + 5a; + 15y - 50 =0 
and the parallels through the origin. 

12 . The following equations represent line pairs ; find the values 
of k and the equation of each line, — 

(i) kx^ -xy -^y^ -x-v^y 

(ii) 6a;2 -13a;3/ + lry2+a; + 23y -12=0 

(iii) 12a;* + 19a;3/ + 43/^-5a;- ll3/ + fc=0 

(iv) a;2 + 62:3/ + + 8a; + A;3/ + 12=0 

(v) 3a;2 + 4a;y + y® + ^a; + 6y + 8=0 

(vi) 2x^ + kxy - 6y* + 3a; + y + 1 =0. 

13 . Find the tangent of the angle between the lines, — 

(i) 6a;2-5a;3/ + y2=0 

(ii) 3a;2-a;3^ -23/2 + 7a? + 3y + 2=0 

(iii) 10a;2 -xy- 3y^ - 6a; + 8y - 4 =0. 

14 . Show that the angle between the lines 

3a;2-2a;3/- 3/2=0 

is equal to the angle between the lines 

8 a;2 + 2xy - 3^2 ^ 2a; + 4y - 1 = 0. 
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15. Show that the lines 

hx^ - 2kxy + ay® =0 
are perpendicular to the lines 

ax® + 2hxy + 6y® = 0. 

16. Write down the equations of the line pairs which pass through 
the origin and which are perpendicular to the following line pairs, — 

(i) 6x®-xi/-y®=0 

(ii) 2x® + 3xy + y® + 3x + y-2=0 

(iii) 2x® -xy- 3y® + 4x 4- 4y = 0. 

17. The gradient of one of the lines 

ax® + 2hxy + &y® =0 

is twice that of the other ; prove that 

Sh^=::9ab, 

18. Show that the condition that the gradient of one of the lines 

ox® + 2hxy + by^—0 

should be k times that of the other is 

4,kh^=ab(l+k)\ 

19. The line pairs 

ax® + 2hxy + 6y® =0 
a^x® + 2h^xy + fe^y® = 0 
have a line in common ; show that 

(abi -aift)® 4-4{a^i -a^){bh^ -b^h)—0, 

20. Find the equations of the bisectors of the angles between the 
lines, — 

(i) 6x®4-llxy + 3y®=0, 

(ii) 5x® 4-2xy -4y®=0, 

(iii) 7x® + llxy--6y®=0. 

21. If the bisectors of the angles between the lines 

ax® 4- 2hxy 4- 6y® = 0 
are the same as those between the lines 
a^x® 4- 2h-^xy 4- 6iy® =0, 

show that h (a^ - h^) — (a - 6). 

22. Prove that the bisectors of the angles between the lines 

(a - A;)x® 4- 2hxy 4- (6 ~ ^) y® =0 
do not vary with k. 
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23. Show that the equation 

(a - A;)®* + + (6 - =0 

represents, for any value of a pair of lines equally inclined to the 
lines 

hx^ -(a- h)xy - hy^ =0. 

24 . Show that the lines 

ax^ + 2h3cy + ay^ + 2gx + 2/y + c =0 
out the X- and y-axes in concyclic points. 

25 . Find the perpendicular distance between the lines 

(3x + 4t/)2 - 21a; - 28y - 144 =0. 

26 . Find the equation of the lines joining the origin to the point of 
intersection of the lines 

3x* - 6xy - 2y^ + 4a; + 13y - 15 =0 
and the line 2a; + 3y - 1 = 0. 

27 . Show that the origin, the point of intersection of the lines 

. 2x^ - Ixy + 3y^ + 5a; + lOy - 25 =0, 

and the points at which these lines are cut by the line 
a; + 2y-5=0 

are the vertices of a parallelogram. 


28. Prove that the lines joining the origin to the points at which 

6*-j, + 8=0 

meets the lines 


3a;* + 4a;y - 4y* - 11a; + 2y + 6 =0 
are equally inclined to each of the coordinate axes. 


29 . Find the points of intersection of the following pairs of lines,— 

(i) 2a;*-5a;y + 3y* + 6a;~7y + 4=0 

(ii) a;* + a;y-2y* + x + 14y-20=0 

(iii) 6a;*-7a;y-3y*~9a;-25y-42=0 

(iv) 2a;* + 2a;y-6a;-3y + 3=0. 

30 . Show that the lines 

6a;* + a;y - y* - 14a; + 3y + 4 =0 
and 6a;*- 19a;y + 10y* + 26a;-21y4-8=0, 

are concurrent. 

31. Find the tangent of the angle between the lines 

6a;* - a;y - y * + 7a; - y + 2 = 0 

the axes being inclined at the acute angle whose tangent is |. 



CHAPTER VIII 


CHANGE OF AXES 

§ 41. Translation of Axes, If P be the point {x, y) and 0^ the 
point (h, k) relative to axes OX, OF, and if P is the point (x^, ^j) 
relative to axes OiX^, 0^ parallel to OX, 0 Y respectively, 

x=x^ + h, + L 


Y 

Y, 





P 



0 , 

Q 

X, 

0 

M 

1 N X 


Fig. 34. 


Let Oi Yi (Fig. 34) meet OX at M, and let the ordinate of P 
meet OX at N and OiX^ at Q ; then, for all positions of 0^ 
and P, 

ON = OM + MN 

i.e. x—h+x^. 

Similarly y^h + y^. 

Note, If the equation of a locus is known and the origin is 
changed to the point (h, k), the new equation of the locus will be 
obtained by substituting x-k-htov x and y + A: for y, 
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Example 1. Find the equation of the line 

’-2 — 0 

referred to a new origin at the point (1, 2), the old and new axes 
being parallel. 

The new equation is 

3(x + l)-(«/ + 2)-2 = 0 
i.e. 3x-y -1—0. 

Example 2. The equation 

ax^ + 2hxy + ly^ + 2gx + 2fy + c =0 

represents two straight lines ; show that the coordinates of the 
point of intersection satisfy the equations 

ax-\'hy-\-g-0, hx-k-hy ^-f-0, gx+fy-^c^O. 

Change the origin to the point (xi, yy) and the new equation 
of the lines is 

a (x + Xy)^ + 2A (a; + xf) (y + tjy) + b(y + yj^ 

-h2g{x-hxy) + 2f{y-hyi) + c==0 
i.e. ax^ + 2hxy ’\-by^ + 2 {axy^ + -f 2 {hx^ + by^ +/ )y 

+ + 2hxiyi + byi^ + 2gxy^ + 2fyi + c = 0 (i) 


If the new origin is the point of intersection of the lines, the 
independent term and the coefficients of x and y in equation (i) 
must be zero, 


i.e. 

aXi + hyi-\-g=^0 

(ii) 


hxi + byi+f=0 

(iii) 

and 

ax^ + 2hxiyi + by^^ + 2gxi + 2 / 1/1 + c = 0 . . . 

(iv) 


Equation (iv) can be written 

(axj + + g)xy^ + (hxy^ + by^^ +/)yi + (gx^ -^fyi + c) = 0 

/. from (ii) and (iii) 
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§ 42 . Rotation of Axes. If P is the point (x, y) rdative to 
rectangular axes OX, OY, and the point relative to 

A 

rectangular axes OX^, OY^ where XOXi==0, 
x = x^cosO - sin 6 , 
y = Xi sin 0 + ?/! cos d. 


FlO. 35 

Let XfiP (Fig. 35 ) = (p and let OP = r. 

Then a: = r cos(6 + 9?) 

- r cos 0 cos 99 - f sin 0 sin q? 

~ Xi cos 0-^1 sin 0 
and 2/ = r sin(0+9?) 

= r sin 0 cos 9? + r cos 0 sin (p 
= Xi sin 0+^1 cos 0. 

Note 1 . If the equation of a locus is known and tlie axes are 
rotated through an angle 0 , the new equation of the locus will be 
obtained by substituting x cos 6 - y sin 6 for x and x sin 0 + 2 / cos 0 
for 2 /. 

Note 2. From the expressions for x and y we get 
x^—x cos 0 + 2 / sin 0 , 

2 /j = - X sin 0 + 2 / cos 0. 

The latter expressions may also be obtained by considering 
a;j=r cos (0 + 99 - 0 ), =r sin( 0 + 9 ? - 0 ). 
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Example, Find the equation of the line pair 
4oX^ - llxy -h 6y^==0 

when the axes are rotated through the acute angle whose tangent 
is | . 

If 0 is the angle, sin 0 = ^ and cos 6 = f . 

The new equation is 

iyf + |y) + 6 {\x + |y)2 = 0 

i.e. 4 (3x - iyY - 1 1 (3a; - 4i/) (4x + 3y) + 6 (4a; + 3«/)^ = 0 
i.e. 125xy + 250?/^ = 0 

i.e. xy + 2y^ = 0. 


Exercises 

1. The origin is changed to the point (1, 2) ; find the new co- 
ordinates of the points (4, 3), (0, 4), (3, 2). 

2. When the origin is changed, the point (i, 3) becomes the 
point (3, 4) ; find the coordinates of the new origin relative to the 
original axes. 

3. When the origin is changed, the points (-1,3), (4, -2) 

become the points ( - 3, 4), (a, ; find a and 

4 . When the origin is changed, the points (3, -7), (-2,5) 
become the points (a, 5), (3, /?) ; find a and p. 

5. The origin is changed to the point (3, 2) ; find the new 
equations of the lines 

(i) a;-3y + 6=0 

(ii) 2a; + 3y-12=0 

(iii) 2a;-3y + 3=0. 

6. When the origin is changed, the line 

x-2y-\-2=0 

becomes the line 

a;-2y-3=0; 

find the locus of the new origin relative to the original axes. 

7. The origin is changed to the point (2, 1) ; find the new 
equations of the line pairs 

(i) 3a;2 - 5a;y + =0 

(ii) 4a;® -y® -8a; +4=0 

(iii) a;®-3a;y+2y®-a; + 2y=0 
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8 . The origin is changed to the point (a, /?) ; find the new 
equation of the lines 

+ 2y^ ~ 8a: -f 7y - 3 =0 

and hence determine the coordinates of their point of intersection 
relative to the original axes. 

9. The origin is changed to the point A (3, 2) ; find the new 
equation of the line 

4a;4-3y + 7=0, 

and hence determine the length of the perpendicular from A to the 
given line. 

10. Transform the equation 

3a:~y + 4=0, 

the axes being turned through 45®. 

11 . Transform the equation 

2x^ - Zxy + 

the axes being turned through the acute angle whose tangent is J. 

12. Transform the equation 

x^ + Zxy + 2?/2 =0, 

the axes being turned through the obtuse angle whose tangent is ' J. 

13. Transform the equation 

x cos a + 1 / sin a = p, 

the axes being turned through the angle a, and hence show that p is 
the length of the perpendicular from the origin to the given line. 

14. Transform the equation 

I2x^ - Ixy - \2y^ - 32a: - 24^ =0, 

the axes being turned through the acute angle whose tangent is 

15. Transform the equation 

2a;2 - 2xy - 2y^-¥2x + \\y - 12 =0, 

the origin being changed to the point (1, 2) and the axes then 
rotated through the acute angle whose tangent is 3. 



REVISION EXERCISES 


A. On Chapters I-III 


1. Find the projections on the x- and t/-axes of the line joininji; 
the point (a cos 0, 6 sin d) to the point ( - a sin 0, 6 cos 0), and show 
that they are equal if 

tan 0=7 

b-a 

2. A, B are the points (r^, 0i), (rg, B^) and M{r, 0) is the mid- 
point of AB ; show that 

r — \ slr^ + -f cos (0i - 0>) 

j ^ r, sin 0i-Fr2sin 02 

and tan 0 = -J ^ ^ . 

rj cos 01+^2 cos 02 

3. P, Qf T are the points (a cos 0, h sin 0), ( - a sin 0, h cos 0), 
{a (cos 0 - sin 0), 6 (cos 0 + sin 0)}, and 0 is the origin ; show that 

OP2 + OQ2 and TP^^TQ^ 
are equal and independent of 0. 

4 . Using polar coordinates, A, B, C are the points 


(■•b)' {^t)' 


show that AB=BC. 

5. Show that the gradient of the line joining the points 
(a cos 0, h sin 0), ( - a sin 0, b cos 0) 
b 


_£cot(0 + f). 


6. Show that the mid-point of the join of the points 


( a cos 0 b cos B \ ^ f a cos 

T^STB* l -sin0y Vl+si 


cos 0 


h cos 0 


-sin0y Vl+sin0’ l-i-sin0j 

is the point {a sec 0, b tan 0). 

7. The vertices of a triangle are i4( - 7, 3), P( -4, - 1), C(4, 5) 5 

A 

show that jB=90®; hence find the circumcentre and verify that 
I) lies OH the circumcircle of A ABC, 

94 
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8, A, B, O are the points (-9,8), (-5, -4), (-1,4); P 
divides AB internally in the ratio 3 : 1 and Q divides AC externally 
in the ratio 3:1; find the coordinates of P and Q, and the lengths 
of ABj AC, AP, AQ and verify that AB : AC = AQ ; AP, 

9 . A, B, C are the points ( -6, -1), (0, 2), ( -4, -2) ; P, Q 
divide AB internally and externally in the ratio 2:1, and R divides 
AC externally in the ratio 3:2; find the coordinates of P, Q, R and 
show that PC |1 QR. 

10 . A, B, C, D are the points ( - 3, 3), (12, 6), ( - 4, - 3), ( I, - 2) ; 
E divides AB internally in the ratio 2 : 1 ; P divides CD externally 
in the ratio 3:2; find the coordinates of E and P, and show tha^ 
EF h AD. 

11 . A, B, C, D are the points (2, -4), ( - 3, 6), (2, 4), ( - 7. ~ 2) ; 
P divides AB in the ratio 3:2; show that P lies on CD and find 
the ratio CP : PD. 

12 . Show that the points ( -5, 2), (4, - 1) lie on the circle which 
has as diameter the line joining the points ( -4, 3), (2, -5). 

13 . The vertices of a triangle are (6, 0), (a, 0), (c, ; find its 

area. ^ ^ 

14 . Show that the triangles with vertices 

(i) (2, -4), (4, -3), (5, 5) (ii) (4, -2), (5, 0), (1, 7) 
are equal in area. 

15 . Show that the triangles with vertices 

(i) (3, -5), (5, -4), (6, 4) (ii) (4, -6), (6, -2), ( -2, 12) 
are similar, and determine the ratio of their areas. 

16 . Show that the area of the triangle with vertices (at^. 2a t). 

2ati), {atti, a(t + ti)} is numerically ^(^-^i)®. 

17 . A, B, C are the points (a, be), {b, ca), (c, ab ) ; show that the 
area of A ABC is J (6 - c) (c - a) (a - b). 

18 . Find the areas of the triangles the polar coordinates of whoso 
vertices are 

<" (•■ i)- (=• %)■ ^ 1) ('• ?)• <2- '>■ (*• t)' 

19 . A, B, C are the points ( - 2, 3), (1, - 1), ( - 2, - 2) ; determine 
the coordinates of P such that 

APBC= APCA - APAB 

in magnitude and sign. 
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20. A, B, C are the points (3, 1), (1, 4), (0, - 1) ; 

6 A A RC = 3 A ARP = 2 A APC 
in magnitude and sign ; find the coordinates of P. 


B. On Chapters IV- VI 


21. A, R, C are the points (1, 2), (2, -3), ( -2, 3) ; P monies 
so that 

PA2 + PR2=2PC2; 

find the locus of P. 

22. A variable line APR, of constant length, meets the ar-axis at A 
and the y-axis at R ; AP=6, PB=a ; show that the locus of P has 
equation 


23. Write down the coordinates of P, the mid-point of the line 
joining the points (2k - 1 , 3 ~ A;), (3A; - 1 , 2 -k\ and show that if k 
varies the locus of P has equation 

4a; + lOy - 21 =0. 

24. A, B are the points (4, - 7), (3, 6) ; find the locus of a point P 
which moves so that the area of A ARP is numerically 10. 

25. A, R, C are the points ( - 2, 4), (1, 1), (4, 2) ; find the locus of 
a point P which moves so that the area PARC is 16. 

26. AR, a straight line of constant length 2a, meets the coordinate 
axes at A, R ; on AR and on the side remote from the origin an 
equilateral triangle ARP is drawn ; show that, if P is the point 

yh 

7^ - + y* - 2a^x^ - 2ay -i- = 0. 

27. Show that the polar equation of the line passing through the 
points (fi, 0i), (ra, is 

~ sin (^a - ^i) + ~ sin (B - 0^) sin - 6) =0. 

r ra 

28. Find the length of the perpendicular from the point ( 4, -5- ) 

to the line ^ ^ 

rco8(0-j)=l. 

29. Show that the point (am^, 2am) is equidistant from the point 
(a, 0) and the line x+a=0. 

30. The line FQ passes through the point ( - 5, 2) and makes on 
the axes intercepts equal in magnitude and sign ; find the equation 
of PQ and of the perpendicular from the origin to PQ, 
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31. -4, B are the points (4, 4), (2, 5) and O is the origin ; 

hOACr=2/^ACB 

in magnitude and sign ; show that the locus of C is a line parallel to 
the t/-axis. 

32. The line through the point P(a cos 0, 0) perpendicular to the 
a;>axis meets the lines 

^ cos 0 + ^ sin 0 = 1, ^ cos 0 + - sin 0 = 1 

a 0 a a 

at Qy R respectively ; show that PR : PQ=^a : 6. 

33. Show that the lines 

Ax-^By + C=0y A^x + B^y + C^=0 
cut the axes in concyclic points if AA^^BB^, 

34. The lines 

ax-\-hy + c—0y a^x^b^y + c^^Oy 
ax-{-by-{-c + a (a^x + b^y + c^) =0 
meet the a;-axis at R, O ; show that AC ^a^CB, 

35. The lines 

aa;-t-6y + c=0, a^x + biy + Ci=0y 
ax-hby + c ±k(aiX + b^y + c^) =0 

meet the a;-axis B,t Ay By Cy D ; prove that (i) AC : CB^ka ^ : a ; 
(ii) ACiCB=:ADxBD, 

36. Find the circumcentre of the triangle with vertices (3, 1), 
(1,5), (-6, 4). 

37. Find the circumcentre and circumradius of the triangle with 
sides 

a; + 3y=0, 2a; + y-10=0, a;-7y + 10=0. 

38. A, B are the points (1, - 2), ( - 3, 4) ; find the points P on the 
line 

a;-2y4-4=0, 

such that the area of i^PAB is numerically 13. 

39. The line 


meets the x- and ?/>axes at P respectively ; perpendiculars from 
-4, P to the variable line 

y — mx 

meet this line at C, P ; PP, CP are parallel to the x- and 
respectively ; show that P hes on the line AB, 

D 
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40. Find the equation of the line joining the points A {-2a, 0), 
JS(0, a) and of the parallel line through the point (0, 2a) ; show that, 
if a varies, the locus of the mid-point of AB is the line 

x+2i/=0. 

41. A, B, C are the points (4, 6), ( - 3, 1'5), (3, - 3) ; CD, perpen- 
dicular to AB, meets AB at D ; find the coordinates of D and of B 
which divides CD internally in the ratio 2:1; show also that 
AB ± BC. 

42. Show that the lines 

4a;-Hy-9=0, 

a;-2y-f 3=0, 

5a;-y-6=0 

make equal intercepts on any line of gradient 2. 

43. A variable line passes through the point P(A; + 3, 2^-1) and 
has gradient - 1 ; Q is a point on the line such that PQ is bisected 
by the y-axis ; show that the locus of Q is the line 

7a: + 2y-f 14=0. 

•lA, A, B, C, D are the points (0, 6), (2, 4), (2, -2), ( -6, -4); 
AD, BC meet at E ; AB, CD meet at F ; find the coordinates of B 
and F, and show that the mid-points of AC, BD, EF are collinear. 

45. A straight line passing through the point (1, 2) is terminated 
by the x- and y-axes ; show that the locus of the mid- point of the 
line has equation, 

2xy-2x-y=^0, 

46. A straight line passing through the point (2, 3) meets the 
a?-axi8 at A and the y-axis at P ; P divides AB externally in the 
ratio 2:3; show that the locus of P has equation, 

a;y + 6(a;-y)=0. 

47. AD, BE, CF are the perpendiculars of the A ARC ; A, D, 
E, F are the points ( -4, 6), (^, - ^), (4, 1), ( - 1, -4) ; find the 
equations of the sides of the triangle and the coordinates of B and C, 

48. A, B are the points ( - 1, 2), ( - 3, - 2) ; find the equation of 
(i) the line passing through A and B, (ii) the line through A and 
having gradient and determine the length of the intercept which 
these lines make on the line, 

2x+4y-ll=0. 

49. P, Q, two points on the line, 

x-y + l=0r 

are distant 5 units from the origin 0 ; find the area of A0PQ» 
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50. A line through A{ - 2, ~ 3) meets at B and C the lines, 

a: + 3y -9=0, a: + y + l=0, 
and AB , AC =20; find the equation of AB, 

51. Show that if any line through the variable point + 2k) 

meets the lines, 

7a; -fy- 16=0, 5a; -y -8=0, a;-5y + 8=0 
at B, C, D respectively, AC, AB^ AD are in harmonic progression. 

52. A line through A ( - 5, - 4) meets the lines, 

a; + 3y + 2=0, 2a;-fy + 4=0, a;-y-5=0 

at B, 0, D respectively ; AC, AB, AD are in harmonic progression ; 
find the equation of AB. 

53. Show that the points (nt^, 2at), lie on the line, 

y=j+at, 

and show that the tangent of the angle between the lines joining 
these points to the point (a, 0) is ± / — ^ . 

1 + tti 

54. PQ, ES, AB are respectively the lines, 

aa; - lly - 19=0, 2a;-y=0, 4a; + 3y=0; 

PQ, RS are equally inclined to AB ; find a. 

55. The axes being inclined at angle co, show that the tangent of 
the angle between the lines, 

t/=ma; + c, y=miX-{-Ci 

is (m-mi) sin a> 

^l+(m + mi) cos co + mmi’ 

56. Prove that the area of the triangle whose sides are 

aia; + 6iy + Ci=0, i-C2=0, a^x + h^ + c^=0 

Jg 1 {gi(&2^3 - &3C2) +^2(^3^! ~ ^1^) +^ 3 (^ 1^2 ~ ^2^1)}^ ^ 

2 “■ ^8^2) (®3^1 “ ^1^3) (®1^2 — ®2^l) 

57. A, C, B are the points ( - a, 0), (a cos q>, 0), (a, 0) ; the lines 

X 008 q>-hy sin <p=a, x 00 s <p -y sin (p=a 
meet at D ; show that D lies on the a;-axis and that 
AC:CB=AD'.BD. 
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68. A, B, C, D are the points 

(4a, 4o), (9a, 6a), 

show that AB and CD meet on the line, 

a; + a=rO, 

and that AD, BC meet at the poini; (a, 0). 

69. A, B, G, P are the points (2, 6), ( - 2, - 2), ( - 1, 5), ( - 3, 1) ; 
D, E, F are the feet of the perpendiculars from P to BG, GA, AB ; 
find the coordinates of D, E, F and verify that these points are 
collinear. 

60. A, B, G are the points (2, 5), ( - 1, - 1), ( -2, 3) ; P divides 
AB internally in the ratio 2:1, and Q divides AC externally in the 
ratio 3:1; find the coordinates of P and Q, and show that PC is 
parallel to BQ. A line through Q, parallel to AB, meets PC at R ; 
show that R divides PC externally in the ratio 3:1. 

61. A, B,G are the points (4, 6), ( -5, 1), (2, 4) ; D divides BC in 
the ratio \ E divides GA externally in the ratio 3:1; DE cuts 
AB at F ; find the coordinates of F and show that AF : FB = 2:3. 

62. A, B, C are the points ( -3, -2), ( -4, 1), ( -2, 6) and AD, 
BE are perpendiculars of l\ABG ; find the circumcentre S of the 
triangle and prove that SC _L DE, 

63. A, B, C, D are the points ( - 1, 4), ( - 7, -- 2), (3, - 4), (6, 1) ; 
find the area of the quadrilateral A BCD, and show that it is bisected 
by BD and also by the line, 

5a;4-y + l =0. 

64. Show that the ratio of the lengths of the perpendiculars from 

the points A ^1, ‘®( "”I ’ to the line, 

lx-\-my 

is lim. Find the gradients of the lines passing through the origin 
the perpendiculars from A and B to which arc in the ratio I : m, 

65. One bisector of the angle between the lines, 

3x-4y + 5=0, 5a: + 12y-l=0, 

meets the x~ and y-axes at P respectively, and the other meets 
these axes at A^, B^ respectively ; show that AA ^ : B^B = 1:2. 

66. One bisector of the angle between the lines, 

a? + 8y + 18=0, 7x + 42/ + 30=0, 

meets the x- and y-axes A, B respectively, and the other meets 
these axes at A^, Pj respectively ; show that AB^, A^B meet at 
right angles at the point ( ~ |). 
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67. Express in perpendicular form the equations of the bisectors 
of the angles between the lines, 

a; cos a + 2/ sin a =p, a; cos aj + y sin =Pi. 

68. AB, BC, GA are the lines, 

a; + 2i/-3=0, 2a; + 2/ + l=0, a; + y + 2=0 
respectively ; prove that AB = BC. 

69. Find the bisectors of the angles between the lines, 

X -y-\-2=0, lx -y -16=0, 

and show that these bisectors make equal intercepts on the lines, 

3a; -41/ 4- 1=0, 4a;-f 31/ - 17 =0. 

70. Find the coordinates of the points at unit distance from the 
lines, 

3a;-4y + l=0, 8a; + 6i/ + l=0. 

71. The line, 

x-3y + l=0, 

bisects the angle between a line L and the line, 
find the equation of L. x-y + l—O , 

72. Find the equation of the line joining the origin to the point of 
intersection of the lines, 

a; + 4i/-2a=0, a;-4i/ + 2a=0. 

73. Show that the variable line, 

(k-l)x-\-(k-hl)y-2k=0, 

where k may have any value, passes through a fixed point, and find 
the point. 

74. Determine the fixed point through which the line, 

{2k - 3)x + {3k - 2)y - {4k - 1 ) =0, 
passes whatever the value of k may be. 

75. Show that the fines, 

7a; + 42/ -21 =0 
2a; + y-5=0 
7x + y=0 

are concurrent. 

76. The fines, 

4a; - 5y - 1 =0 
5a;-82/ + a=0 
x-y=0 


are concurrent ; find a. 
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77. Show that the lines, 

3a;-4y + 3=0 
6a;“5y-f 4=0 
a;+2y-l=0 

are concurrent. 

78. Show that the lines, 

(6 + c)x + (c + a)y -1=0 
(b - c)x + (c- a)y + 1=0 
6a; + cy =0 

are concurrent. 

79. Show that the lines, 

(p + q)x + (p + q)y-(p-q)==0 
{p-q)x-(p-q)y-{p + q)=0 
px + qy -p=0 
qx+py + q==0 

are concurrent. 

80. The lines, 

aa; + % + gr=0 
Ac + 6y+/=0 
gx+fy-^c-0 

are concurrent ; show that 

ahc ■\-2Jgh - a/* - hg^ - ch^ =0. 


C. On Chapters VII-VIII 

81. The sides of a triangle are the lines 

y =5 and 20x^ -xy- \2y ^ =0 ; 
find the coordinates of its orthocentre. 

82. The line FQ makes intercepts 2 and 3 on the x- and ^-axes 
respectively, and meets the line pair 

9a;2-3a;y-2y*=0 

in P and Q ; find the area of l\OPQ where 0 is the origin. 

88. The equation 

oa:* + 3a;y - 2y* - 5a: + 5y + c =0 

represents two straight lines perpendicular to each other ; find a 
and c. 



EEVISION EXERCISES 


103 


84. The equation 

+ 2hxy - 28y* -f 6a: ~ Vly + =0 

represents two straight lines which intersect on the a;-axis ; find h, c 
and the angle between the lines. 

85. Show that the line 

a; + 2y-7=0 

is concurrent with the lines 

3a:2 _ 8a;y + 4^* + 8a: - 4i/ - 3 =0. 

86. Show that each of the equations 

3a:* + 2xy -y^ + 10a: + 6i/ + 7 =0 
and 2a:*4-7a:y-*15y* + a: + 442/-21 =0 

represents a pair of straight lines ; prove that the four lines are 
concurrent. 

87. Show that the line joining the origin to the point of intersection 
of the line pair 

3a:* + a:y - 2y* - 8a: + 7y - 3 = 0 
passes through the point of intersection of the line pair 
8a:* ~ %xy - 2i/* + 2a: - 7i/ - 3 =0. 

68 Show that the lines 

oa;* + 2^xy 4 - at/* + 2gra: + 2/i^ H- c = 0 
cut the a:- and j/^axes at points which lie on the curve 
aa:* + at/* + 2gx + 2/y + c =0. 

89. Find the ratios in which the lines 

2a:* - Ixy + 3^* + 6a: 4-2y - 8 =0 
divide the line joining the points ( -3, 2), (3, - 1). 

90. P is the point of intersection of the line pair 

a:* + 2xy - 3y* - 4a: + 3 =0 ; 

one line meets the a:- and t/-axes in A and R, the other meets the 
X’ and t/-axes in and respectively ; liAyB and ABy^ meet in Q, 
show that PQ is perpendicularly bisected by the a:-axis. 

91. Of the line pair 

2a:* ’\-xy- 3y* - 10a? + 12 =0, 

one line meets the x~ and y-axes in A and B, the other meets the 
a:- and ^-axes in and B-y respectively ; show that AB^ and AyB 
meet at the same angle as the given lines. 
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92. The line pairs 

ax^ + 2hxy + hy^ + 2gx + 2fy + c =0 
and ax^-{‘2hxy + hy'^-^2g^x-{'2j{y-\-c^=(i 

have a line in common ; show that the line has equation 
2 (? - + 2 ( / -/,)y + (c - Cl) =0. 

93. Show that the line 

2(g-&i)a: + 2(/-/i)y + (c-Ci)=0 

is a diagonal of the parallelogram formed by the lines 
ttx^ + 2hxy + hy'^ 4- 2gx 4- 2/y + c = 0 
and ax^ 4- 2hxy + hy'^ 4- 2g^x + 2/^^ 4- = 0. 

94. Given that the equation 

(ax 4- )^ + 2^a; 4- 2/y 4- c =0 
represents two straight lines, show that 

(i) the lines are parallel 

(ii) af=hg ^ 

2 a^c 

(hi) the distance between the lines is - • 

95. Show that the equation 

(/92 _ l)a;2 - 2aPxy + (a^-l)y^ + 2aX 4-2/?y - (a^ 4* =0 

represents two straight lines, and determine their point of inter* 
section. 

96. A is the point (1, 2) and P is a variable point on the line pair 

2a^ xy - Qy^ - 5x + lly - S =0 ; 
show that the locus of the mid-point of AP has equation 
4x2 ^ 2xy - 12y2 - llx 4- 34y - 20 =0. 

97. One of the lines 

0x2 _j. 2hxy 4- hy^ 4- 2gx + 2fy 4- c =0 
makes equal intercepts on the axes ; show that 

a + b=2h. 

98. The line 

gx+fy=0 

meets the lines 

ax^ + 2?ixy -\~by^ -h2gx -\-2fy + c=0 
A, B ; show that AB is bisected at the origin. 

99. The equation 

0x2 + 2hxy 4 ' oy 2 + 2gx 4- 2/y + c = 0 
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represents two distinct lines ; show that the origin lies on the 
bisector of one of the angles between these lines, if 

100. Show that the line which is terminated by the lines 

+ 2hxy + hy^ + 2gx + 2/?/ + c = 0 
and which is bisected at the jjoint (x^, y^) has equation 

(axj + +g)(x- x^) + (hxi + +/ ) (y - yi) = 0. 

101. The axes are rotated through the acute angle whose tangent 
is I ; find the new coordinates of the x)oints (1, 2), (5, -* 5), ( - 4, 2). 

102. Transform the equation 

xy=c^ 

the axes being rotated through 45®. 

103. Transform the equation 

xy -2x-{^y -6=0 

the origin being moved to the point ( -1, 2) and the axes then 
rotated through 45^. 

104. On changing the origin the line 

2a;-3y + l=0 

becomes the line 

2.r-3y + 6=0 ; 

show that the new origin must lie on the line 
2a;-3y-5:=0. 

105. On rotating the axes through an angle 0, the line 

2x + y -3=0 

becomes the line 

a: + 2y -3=0 ; 

show that tan 6 = - 

106. Transform the equation 

x^ y^ -\-2x - 4y - 3 =0 

the origin being changed to the point ( -1, 2) and the axes then 
rotated through an angle 0, 

107. Transform the equation 

9a;* - 24a;y + 16y* - 14a; - 23y + 36 =0 

the origin being changed to the point (1,1) and the axes then rotated 
through the acute angle whose tangent is 
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108. When the axes are rotated through an angle d the equation 

ax^ + 2hxy + hy^ =0 

becomes 
show that 

tan 26 = • 

a-b 

109. When the axes are rotated through an angle 6 the equation 

ax^ + 2hxy + =0 

becomes 

a^x^ + 2hixy + h^y ^ = 0 ; 

show that 

ai + 6j=a + 6, 

110. Show that when the origin is changed the equation 

aoc^ + 2hxy + hy^ + 2gx + 2fy + c = 0 

is transformed into an equation of the form 

ax^ + 2hxy + hy^ + 2gyX + 2/jy + c, =0. 



PART II.— THE CIRCLE 


CHAPTER IX 
THE CIRCLE 

§ 43. The equation of the circle whose centre is the origin and 
whose radius is a is 

a;2 + 2/* = a\ 



Let P (Fig. 36) be any point (x, y) on the circle. 

Then + 

This equation is satisfied at any point on the circle and at no 
other point and is therefore the equation of the circle. 

Note 1. The polar equation of the circle is r=a. 

Note 2. In the case of oblique axes inclined at angle (o, 

+ y* + 2xy cos o), 

i.e. + 2xy cos to =a*, 

which is therefore the equation of the circle. 
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Example, Find the equation of the circle which his its centre 
at the origin and which passes through the point y^). 

The equation is = a^ 

where x^ + = a^ ; 

/. the equation is = x^ + y^^, 

§ 44. The equation of the circle whose centre is the point (A, k) 
and whose radius is a is 

{x - A)2 + ( 2 / - k)^ — a^. 



Fio. 37. 


Let C (Fig, 37) be the point (A, A), and let P(ac, y) be any 
point on the circle. 

Then CP2 = (x - hf + (y - k)\ 

i.e. (x - A)^ + (y- kf = 

which is therefore the equation of the circle. 

Note 1. This equation can be written 

+ ~2Aa;-2Ay + (A® + A® -a*)=0 ; 

hence the general equation of the second degree, viz. 

ax* + 2hxy + fey* + 2gx + 2/y + c = 0, 
cannot represent a circle unless a=fe and A~0. 
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846 ] 

Note 2. The polar equation of the circle may be obtained thus : 

Let P(r, Q) (Fig. 38) be any point on the circle with centre C(py a) 
and radius a. 



O X 

Fig. 38. 

Then a^=OP^ 

= _ 2rp cos (d - a), 

i.e. r® - 2rp cos ( 0 - a) = 

which is therefore the equation of the circle. 

Note 3. In the case of oblique axes inclined at angle co, 

CP^ (Fig. 37) = (x- h)^ -\-{y + 2{x - h) (y - k) cos a>, 

i.e. (x-hY-{-(y -kY + 2(x-1i)(y -k) cos co=aS 

which is therefore the equation of the circle. 

§ 45 . The equation 

+ + + c = 0 (i) 

reft emits a circle, centre ( - g, -/) aiid radius Jg^+f^-c, 

Equation (i) can be written 

(x +^)2 + (y +/)2 =^2 +/2 - c, 

i.e. the distance of the point (x, ij) from the fixed point ( - g, -/) 
is constant and =Jg^ 4-/^ - c ; 

the point (x, y) lies on a circle, centre (-^r, -/) and 
radius Jg^ i.e. equation (i) represents this circle. 

Note 1. The equation 

Ax^ + Ay^ + 2Gx + 2Fy + (7=0 
0 F C 

can be written x*+y*+2 ^x+2^ y +^=0, 
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and hence represents a circle, centre ^ ~z) radius 


Note 2. If, in equation (i), c=0, the circle passes through the 
origin ; if /=0, the circle has its centre on the .»-axis, and if g=0 
the centre is on the t/>axis. 


Example 1. Find the centre and the length of the radius of the 
circle 

a;* + + 4a; - 6y - 3 =0. 

The centre is the point ( - 2, 3) ; 

length of radius =\/2^ + ( “ 3)^ - ( - 3) = 4. 

Example 2. Find the centre and the length of the radius of the 
circle 

9a;2 + 9y*-12a; + 6y-4=0. 

The centre is the point (f, -f), i.e. (f, 

length of radius = ( - 6)^ + (3)^ - 9 ( - 4) = 1 . 


Example 3. Find the equation of the circle passing through the 


points (-1,3), (2, 2), (1,4). 

The equation is 

a;* + + 2^a; + 2/y + c =0 

where 1 + 9 - 2^ + 6/+ c =0 (i) 

4 + 4 + 4^ + 4/+c=0 (ii) 

and 1 + lo + 2^ + 8y+c =0 (iiO 

From (i) and (ii), 6^ - 2/ - 2 =0, 

i.e. %-/-l=0 (iv) 

From (ii) and (iii), 2^ - 4/- 9 = 0 (v) 


From (iv) and (v), j - 1, /= - 1, 

/. from (i), c = 4, 

and the required equation is 

a;2 + ^- a;-5y + 4*0. 
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Example 4. Find the equation of the circle whose centre is on 
the x-axis and which passes through the points (0, 3), (4, 1). 

The equation is + 2gx + c = 0 

where 9 + c=0, 

and. 16 + l+8^ + c = 0, 

i.e. where c=-9, 5 r=-l. 

the equation is - 2a? - 9 = 0. 

§ 46. The circle which has as diameter the join of the points 
A{Xi, ^i), R(a? 2 , 2 / 2 ) has equation 

(x - Xi) (x - Xjs) + {y- yj (y - y^) =0. 



Fiq. 39. 


Let P (Fig. 39) be any point (x, y) on the circle. 
Then the gradient of AP 

aad „ „ 

X - Xg 

but AP±BP\ 

’ ‘ X - Xj x-x^ ’ 

i.e. (x - Xi) (x - Xj) + (y - yj) (y - ya) = 0, 

which is therefore the equation of the circle. 
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Example, Find the intercept made on the x-axis by the circle 
which has as diameter the join of the points (0, ~ 1), (2, 3). 

The circle has equation 

x(a;-2) + (y + l)(y-3)=0, 

i.e. a^ + y^-2x-2y-Z = 0, 

Where y = 0, - 2ic - 3 = 0, 

i.e. a;= - 1, 3. 

the length of the intercept on the a:-axis = 4. 

Exercises 

1. Find the equation of the circle : 

(i) with the origin as centre and of radius 2, 

(ii) with the point (2, - 3) as centre and of radius 3, 

(iii) with the point ( - 1, 2) as centre and of radius 2J, 

(iv) with the origin as centre and passing through the point 

(1, 2), 

(v) with the point ( - 1, 2) as centre and passing through the 

point ( - 2, 0), 

(vi) with the points (4, 3), (2, - 1) as ends of a diameter. 

2. Find the centre and length of radius of the circle : 

(i) a;* + y2 = 8. (iv) ■\-2x -^y + \~0. 

(ii) 2x2 ^ 2t/2 = 3. (v) 8x2 + 82/2 _ I2x + 20y - 1 = 0. 

(iii) (x-l)2 + (y4-2)2=5, (vi) (x + l)(x-3)+(2/-2)(2/-4)=0. 

3. Prove that the points (5, - 14), ( - 10, 11), (2s/13, 13) lie on a 
circle with the origin as centre ; find the equation of the circle. 

4. The circle x2-f y* + 2gx + 2/y + 0=0 

passes through the points (2, 1), (0, 5), (-1,2); find f and c, 

6. Find the equation of the circle passing through the points 
( -6, 5), ( -3, -4), (2, 1) ; find the centre and length of radius of 
the circle. 

6. Prove that the points (2, 0), ( - 1, 3), ( -2, 0), (1, - 1) lie on 
a circle ; determine its equation and the coordinates of its centre. 

A, B are the points ( -2, -3), (6, 1) ; C is the mid-point of 
AB and D divides AB internally in the ratio 3:1; find the coordi- 
nates of C and D and show that these points are concyclic with the 
points (2, 4), (4, 3). 
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8 . A, B, C, D are the points (-2, -4), (1,5), (6,0), (3,1); 
show that the circumradius of A ABC is equal in length to the 
join of the mid -points oi AD and BC. 

9. Find the points at which the line 


cuts the circle 


a;-7y + 25=^0 


+ 1 / 2 = 25 . 


10. Find the points at which the line 


cuts the circle 


x+y -4=0 


+ - 2y ~ 20 =0. 

11. Find the length of the chord 


3a; - ?/ 4 5 =0 

of the circle 

x^ + y^—6, 

18. Find the length of the chord 

4a;-3y-5=0 

of the circle 

a;2+y2 + 3a;_y_io=o. 


13. Show that the chord 

a;-3y + 8=0 

subtends a right angle at the centre of the circle 
9a;2 + V - 18a; + 6y - 170 =0. 

14. Show that the chord 

a;-y + 3=0 

of the circle 

a;2 + ?/2 + 3a;_|/=o 
is greater than the chord 

x = 2y. 

16. Find the equation of the circle having the origin as centre and 
passing through P(4, -7) ; find the length of the chord PQ with 
gradient 2. 

16. Show that P(l, 1) lies on the circle 

a;2 + 1/2 + 4a; + - 12 = 0 ; 

find the coordinates of the other extremity of the diameter through P. 

17. Show that the circle 

a;2+2/2_2a; + 2t/-3=0 

trisects the line joining the points ( -4, - 1), (6, 2). 
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18. Show " that the line joining the points ( - 9, 3), (3, - 1 ) is 
divided internally and externally in the ratio 3 ; 1 by the circle 

- 12a: -By =0. 

19. Determine the ratios in which the circle 

a;2+y*-3a:-y=0 

divides the join of the points ( - 1, -2), (3, 6). 

20. Show that the locus of the mid-points of lines drawn from the 
origin to the circle 

a;2 -I- y* + 2ya: -f 2/y + 4c = 0 

is the circle 

a:® + y * + yar + /y + c = 0 . 

21. A point moves so that the square of its distance from the 
point ( - 3, 2) varies as its distance from the line 

3a;-4y + 2=0 ; 


show that the locus is a circle, and find its equation given that the 
point (3, 4) lies on the locus. 


22. A, B are the points ( -2, 1), (1, 2) ; 
such that 


3AP=:2BP; 


P is a variable point 


show that P moves on a circle and determine the coordinates of the 
points at which the circle cuts AB, 

23. Find the equ«ition of the circle passing through the points 
( -4, 1), (3, 0) and having its centre on the y-axis. 

24. Find the equation of the circle passing through the points 
(0, 1 ), (4, 3) and having its centre on the line 

4a;-5y ~5=0. 

25. Find the equation of the circle passing through the points 
(-1,3), (3, 5) and having its centre on the line 

a:+2y-6=0. 

26. Find the equations of the circles passing through the points 
(4, - 2), ( - 3, - 1 ) and having radius 6. 

27. A, P, C are the points (3, 6), (-4, -2), (3, -1) ; find the 
points which are concyclic with A, P, (7 and which lie on the line 

a:-3y+2=0. 

28. Find the points of intersection of the circles 

a:*+y* + 4a:-2y “6=0, fl?*-fy*-f2a:“7=0. 
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29. Find the points of intersection of the circles 

+ +a;-3y -10=0, + -a;-2y-15=0. 

80 . Show that the circles 

a:*+y® + 2y-3=0, + -6a; -4y + 3=0, 

a;*+y* + 2x -6y - 15=0 
have a point in common. 

31. Show that the circles 

a;2 4-^2 _2x -3y =0, a;* + y® +a; -y -6=0 

intersect on the x- and y-axes. 

32. Show that the centre of each of the circles 

2a;2 + 2t/2 - 3a; - 41/ + 1 =0, 16a;2 + lOy* - 32a; - 1 =0 
lies on the other. 

33. Show that the centres of the circles 

a;2 + 1 /^ + 2a; - 6i/ + 9 =0, 2x^ + 2y^ + 3a; + y - 9 =0 
are the ends of a diameter of the circle 

4a;2 + 4y* + 7a; - 1 ly =0. 

84 . The circle 

x^ + y^ -5x - + 6=0 

meets the a:-axis &t A, B and the y-axis at (7, D; show analytically 
OA .OB=OC .OD=6, 

where 0 is the origin. 

35. The circle 

x^ + y^-^x-y ~\2=0 

cuts the a;-axis at R and the y-axis &tC,D; show analytically 
OA .OB=OC .OD, 

where 0 is the origin, 

36. Prove that the lines 

a;-7y-5=0, (i) a;-y-5=0 (ii) 

a;-3y-7=0 (iii) a; + 3y + 6=0 (iv) 

are the sides, taken in order, of a cyclic quadrilateral. 

37. Show that the lines 

3a;2-4a;y +y2=0 

intersect the lines 

7^ - 2a;y + 2a; + 6y - 16 =0 

in concyclic points. 
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38. Show that the equation 

(i) + 2gx -h2fy=0 
represents a circle passing through the origin, 

(ii) x^-{-y^ + 2gx=0 

represents a circle passing through the origin and having its centre 
on the ar-axis. 

What form has the equation of a circle passing through the origin 
and having its centre on the y-axis ? 

Investigate the locus of the equation 

x^ + y^+ 2gx - =0. 

39. Find the equation of the circle passing through the origin and 
making intercepts a and b on the x- and y-axes respectively. 

40. A circle with its centre on the y-axis passes through the origin 
and the point (a, 5) ; find its equation. 



CHAPTER X 

TANGENTS AND NORMALS 


§ 47. Definition of Tangent and Normal, 

Let P, Q be two points on a curve and let P remain fixed 
while Q moves along the curve towards P ; the line to which 
the secant PQ tends as Q tends to P is called the tangent to 
the curve at P. The straight line through P and perpendicu- 
lar to the tangent at P is called the normal to the curve at P. 


§ 48. The equation of the tangent to the circle 
at the point P(x^y y^. 

If Q (xg, be a second point on the circle, the equation of 
tbelinePOi, 

•^2 ~ *^1 

but x^-\-y^ = a^^x^ ->ry^ ; 

yz-y i_ 

* 2 -®! vz+yi 


the equation of PQ is y-yi = 

yz'^Vi 

Let Q now tend to P ; the equation of the line to which PQ 
tends is 2x, , . 


i.e. 


xxi+yyi=xi^+yi\ 


i.e. xx^+yyi = a\ 

which is therefore the equation of the tangent at P. 

117 
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NoU 1. It follows that the tangent to the circle 

at the point has equation 

Axx^-{-Ayy^—a^. 

Note 2. The foregoing method of deriving the equation of a 
tangent may be applied to curves other than the circle ; in the 
particular case of the circle, the reader may readily obtain the 
equation of the tangent by finding the equation of the straight line 
perpendicular to a radius at its extremity. 

Note 3. The reader familiar with the calculus may derive the 
equation of the tangent thus : 

a:* + y2=a*; 

••• 2*+2y|=0: 

dy _ ar. 
dx~' y* 

the tangent at (x^^ y^ has equation 
x-xi y/ 

i. e, xx^ +yyi =^x^^ +yi», 

j. e. xx^+yy^=aK 

Example 1. Determine the poi)Us ai which the tangent at the 


point (1,2) to the circle 




cuts the circle 




(0 

The equation of the tangent is 


xH-2y-5 

(ii) 


Where (i) and (ii) intersect, 

(5-2y)2 + y2^10, 

i.e. y^-4y-f3=0, 

i.e. y = lor3, 

and a;=3 or -1, 

/, the points of intersection are (3, 1), ( - 1, 3). 
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Example 2. Show that a tangent from the point (^, |) to the 
circle 

4a!;* + 4y^=5 

touches the circle at the point ( - 1). 

The point (-J, 1) lies on the circle, for 4( - J)^ + 4(l)* = 5, 
and the tangent at the point ( - 1) has equation 

“2x + 4y = 5, 

i.e. 2x-4y + 5 = 0; 

and 2^)- 4(1) +5=0; 

/. the tangent at ( - 1) passes through (^, |). 


§ 49. The equation of the normal to the circle 
at the point P(x^t yi). 

35 

The tangent at P has gradient - ^ ; 


the normal 


yi. 


i.e. 


/. the normal has equation y - yi = (a? - a?i), 

y^Vi^ 

X Xi 


Note. In the particular case of the circle, the equation of the 
normal may be readily obtained by finding the equation of the 
radius whose extremity is the point {x^, Pi). 


§ 50. The condition that the line 


y^mx + c (i) 

may touch the circle 

x* + y2=a^ (ii) 

Where (i) and (ii) meet, 

x* + {mx + c)^ = a*, 

i.e. (1 + rnPix? + 2mcx + (c* - a*) = 0 (iii) 
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When the points of meeting are coincident, equation (iii) has 
equal roots, 

and rrfic^ = (1 + m^) {(? - a^), 

i.e. c 2 = a 2 (l+m*), 

i.e. c=ita>/i+m 2 , 

which is the required condition. 

Note, It follows that the lines 

y=mx ±a>/r+wi* 

are tangents to the circle (ii) for all values of m. 

Example. Find the equations of the tangents to the circle 
9x2 4-9^2 = 25, 

which are parallel to the line 

4x + 32/ + 5 = 0 . 

The gradient of the tangents = - ^ ; 
the equations of the tangents are 

i.e. 12x + 9t/~25=0 and 12x + 9t/ + 25=0. 


§ 51. The equation of the tangent to the circle 
x 2 + y 2 4 . 2gx + 2fy + c = 0 
at the point P{x^, t/i). 

If Q(x 2 , be a second point on the circle, the equation of 
the line PQ is 


•^2 ~ *^1 

but * 1 * + 2 / 1 * + + 2/^1 + c = 0 = Xg* + ^ 2 * + 2 grx 2 + 2 /^ 2 + c ; 

{X2* - Xi*) + (^2* - Vx) + - »i) + 2/(^2 - yO =0 ; 

(y%- yi) {y2 +yi+V)=-{^2- »i) (Xi+xi+ 2g) ; 
the equation of PQ is 




x, + x, +2g 

Vz+yx + ^f 


(x-Xj); 
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.*. the equation of the tangent at P is 

y-2/i= - 


2(x^+g) 


{x-x;). 


2 ( 2 / 1 +/)' 

i.e. xxi + yyi +gx +fy = Xj* + y^^ +gx^ +fy^, 

i.e. xxi + yyi+g{x + xj +f{y + y^)+c = x^ + y^ + 2^Xx + 2/^1 + c, 
i.e. xxi + ^ (x + Xi) +/(y + y,) + c = 0. 

Note 1 . It follows that the equation of the tangent at the point 
(x,, y^) on the circle Ax^+A‘f+2Qx+2Fy + C=0 

is Axxi+Ayyi + G(x+Xi) + F(y+yi) + C=Q. 

Note 2. The reader familiar with the calculus may derive the 
equation of the tangent thus : 

x- + ?/^4-2gfj:+2/y + c=0 ; 

■ 2, + 2,|4.2, + 2/|=0; 

dy _ . 

dx^~y+f’ 

.*. the tangent at (Xj, y,) has equation 

y-y.= 

i.e. xxi + yyi + gx +fy = Xi® + yj* + yx, +/y,, 

i.e. xxi + yyi + y (x + Xi ) +/(y + yi) + c = Xi“ + yi* + 2yxi + 2/y, + c, 
i.e. xxi + yy, + y (x + Xj ) +/(y + y,) + c =0. 

X H" <7 

Note 3. The tangent at {x^, y^) has gradient - ^ 

Vi 

^/. 

Xi+y’ 

the normal at (x^, y^) has equation 

y-Vi^Vi+f 
x-x, x,+y‘ 


the normal 


Example 1. Find the equation of the tangent to the circle 
-f 4:X - 8?/ - 5 =0 

at the point (2, 7). 

The required equation is 

2x + 7y + 2 (x4-2) -4{2/ + 7) -5 = 0, 

4x + 3y-29=0. 


i.e. 
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Example 2. Show that the line 

2a; + y + 2=0 (i) 

is a tangent to the circle 

aj* + + 65C + 21/ + 5 = 0 (ii) 

Where (i) and (ii) meet 


a;^» + (-2a;-2)2 + 6a; + 2(-2x-2) + 5 = 0, 
i.e. x2 + 2a; + l==0, 

and this equation has equal roots ; therefore line (i) is a 
tangent. 

Example 3. Find the equation of the circle which passes 
through the point (1,0) and touches the line 

3x + 2^-4 = 0 (i) 

at the point (2, - 1). 

Let the equation of the circle be 

4- 2gx + 2fy + c =0. 

Since (1, 0) lies on the circle, 


1 +2^ + c=0 (ii) 

The equation of the tangent at (2, - 1) is 

2x-y+g{x^2) +/(^-l)+c = 0, 

i.e. (^ + 2)x + (/- l)y + (2^^ -/+ c) = 0 (iii) 


/. from (i) and (iii), 

^-^2_/-l 2(7 ~/+c 

3 ” 2 ~4 ^ 

which, from (ii), = — ^ 

/=3, ^ = 1, c= ~3, 

and the required equation is 

x2 + y2 + 2x + 6y-3=0. 
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§ 52. The equation of the chord of contact of tangents from the 
'point P(xi, yi) to the circle 

352 + ^2 



Let the tangents from P (Fig. 40) touch the circle at Q and R. 

If Q is the point (Xg, ^ 2 )* equation 

xx2-^yy2==(i^; 

and P lies on this line, 
i.e. Q lies on the line 

Similarly R lies on this line, which is thereforeithe line QR, 
i.e. the equation of the chord of contact is 

xXi-\-yyi^a^. 

Note, In the same way it is proved that the equation of the 
chord of contact of tangents from the point (x^y y^) to the circle 

a;* + + 2gx + 2fy + c = 0 

is xx^ -^yyi+ 9 {x + Xj) +f(y + yj) + c =0. 

Example, Find the equation of the tangents from the origin to 
the circle 

a^’\-y^ + 2gx + 2fy + c=^0. 

The chord of contact of tangents from the origin has equa- 
tion 


gx+fy-¥c=0-. 
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the equation of the tangents is 

i.e. c{x^ + y^) = (gx +fyf. 

§ 53. The equation of the tangents from the point P[x^^ y^ to 
the circle 

We give two methods of finding the tangents, as both 
methods are instructive. 

1st Method, Change the origin to P and the equation of the 
circle becomes 

(x + a;j)^ + (y + yi)2 = a2, 

i.e. x^-^y^ + 2xiX + 2yiy + (Xi^ + y^ - a^) = 0. 

Referred to the new axes, the tangents from P (see §52, 
Example) have therefore the equation 

(V + yi* - «*) + f) = (^1^ + yiy)*- 

Referred to the original axes the equation is therefore 

(Xi* + yi* - o*){ (x - Xi)* + (y - = {Xi (x - Xi) + yi{y- yi)}\ 

i.e. (xi* + j/j* - a*) {(x* + y* - a*) + (xj* + yj* - o*) - 2(xxi +yyi-a^)\ 

= { + yyi - «*) - + yi* - «*)}*. 

i .e. (Xj* + y^ - a*) (x* + y* - o®) = (xxj^ + yy^ - o®)®. 

^nd Method. Join P (Fig. 41) to any point Q (x, y). 



Fia. 41. 
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The point dividing PQ in the ratio k : 1 lies on the circle if 



i.e. if (x^ + + 2 (xx^ + yy^ - a^)k + {x^ + y^ - a^) = 0 . (i) 

If PQ cuts the circle at ^ and B, the two values of k given 
by equation (i) are the values of the ratios PA : AQ and 
PB : BQ. Now if Q lies on either of the tangents from P to 
the circle, these two values of k must be equal and 

(V + Vi - a*) (x* + y* - a*) = (xxi + yy^ - a*)*, 
which is therefore the equation of the tangents. 

Note. Using either of the foregoing methods, the reader should 
prove that the equation of the tangents from the point (a’l, yA to 
the circle 

x^-\-y^ + 2gx-k-2fy + c=0 

is {x^ + y^ + 2gx^ + 2fy^ + c) (x^ -i-y^-h 2gx + 2fy + c) 

= {xxi + yy^ + g(x-¥xA +/(yi + 2/1) + c} 2 . 

Example. Find the equations of the tangents from the point 
( - 3, -i) to the circle 

x^ + - 4:X - 2y -b =0. 

The equation of the pair of tangents is 
(9 + 16 + 12 + 8-5)(x2 + Sf2-4x-2y-5) 

= {-3x-4y-2(x-3)-(2/-4)-5}2, 
i.e. 40(x* + 1 /^ - 4x - 2i/ ~ 5) = ( - 5x - 5i/ + 5)^, 
i.e. S(x^ + - 4x - 2y - 5) =5(x2 + 2xy + 2 /^ - 2x - 2y + 1), 

i.e. 3x2 _ iQj.y ^ 3 ^ 2 . 22 x -Qy -4:5=0 

i.e. (3x-y + 5)(x-3y ~9)=0 ; 

the equations of the tangents are 

3x-y + 5=0, x-3y-9 =0. 
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Exercises 

1. Find the equations of the tangents to the following circles at 
the points indica^ : 

(i) a:2 + 2/*=25,(-3,4), 

(ii) 8a;*4-8y*=5, (J, ~J), 

(iii) 4ar*+4y*=25, ( -2, -f), 

(iv) a;* + y* + 4a; + 6y=0, (0,0), 

(v) a;* + y* - 6a: ~ 2^ - 3 =0, (5, 4), 

(vi) (a:-l)a + (y + 2)*=6, (3, -3), 

(vii) 2a:2+2y2-3a:+4y + l=0,(l, -2). 

2. Find the equations of the normals to the circles of £z. 1 at 
the points indicated. 

3. Show that each of the following lines is a tangent to the circle 
indicated, and find the coordinate of the point of contact : 

(i) 3a: - 4y = 25, a:* + y* = 25, 

(ii) 5a: + y=0, a;* + y* “ 10a: -2y =0, 

(iii) 2a: +2/ -10=0, -4a: -2y =0, 

(iv) a: + 2y-12=0, 

(v) 8a:-7y + 22=0, 3a:* + 3y®-2a:-5y-7=0. 

4. Find the equation of the circle with centre (1, 2) and touching 

4a:-3y + 12=0. 

5. The line 2a: + 3y - 5 =0 

is a tangent to a circle with centre (3, 4) ; find the intercept which 
the circle makes on the ^-azis. 

6. Show that the tangents to the circle 

+6a; -2y +5=0 

at the points P( -1, 2), 0( -2, -1) meet at the origin 0 ; show 

A 

that POQ is a right angle, and prove analytically that the bisector 

A 

of POQ passes through the centre of the circle. 

7. Show that the tangent to the circle 

+ “6a; + 2y + 5=0 

at the point (1, 0) touches the circle 

6a:* + 5y*=4. 

8. Show that the tangent to the circle 

a:* + y* = 13 

at the point ( - 2, 3) touches the circle 

a:»+y* - 10a: + 2y -26=0. 
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9. Show that the straight line joining the centres of the circles 
-12=0, -4a;-f8y-6=0 

touches the circle 

2** +2y* - 8a: - 4y + 5 =0. 

10. Show that the circles 

a:a -f ys = 1 3, a:* + y * - 1 2a: - 8y + 39 = 0 
touch at the point (3, 2). 

11. Show that the circles 

4.2aa: + 4ay - 3aa =0, aja - 8aa: - 6ay + Ta* =0 
touch, and determine the point of contact. 

12. Show that the circles 

a:a+y* + 8a: + 14=0, a:* + 2/* -4a: ~8y -30=0 

intersect at the point ( -3, - 1) and that the radius of either circle 
through this point is a tangent to the other circle. 

13. Show that the circles 

a:*+y^ + 6a:-ll =0, x^ ■\-y^ -^x - \=0 

intersect at the point (1, 2) and that their tangents at this point are 
perpendicular to each other. 

14. Show that the tangents to the circles 

a;a + ya _ + 6ay + 16a* =0, a:a + ^a _ 2ax + Bay + Sa* =0 

at either of their points of intersection are perpendicular to each 
other. 

15. The circle 

+y* - 4a: - 6y + o =0 

touches the x-axis ; find a and the coordinates of the point of con- 
tact. 

16. In each of the following examples, the given line touches the 
given circle ; find k, 

(i) 2x-y + A:=0, xa + ya_5^ 

(ii) 2x-A:y-13=0, a:a + y* = 13, 

(iii) fc*: + 3y-5=0, 2a:* + 2ya=5, 

(iv) y=kx, x^+y^ -^x + 2y—0, 

(v) 2x-ky-3=0y a^ + y^-{-4x -^y -5=0. 

(vi) x + 3y4-A:=0, 2x* + 2!/a4-4a: + 8y + 5=0, 

(vii) x-A:y -7a=0, x* + y*+4aa: + 4ay + 3aa=:0, 

(viii) 2x-y + k=0, x*+y* + 6aa; + 4ay + 8a*=0. 
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17. Show that the line 

te + my + n=0 

touches the circle 

(a;-^)2 + (y-^)2==r2, 

if (hi + km + nY—r^ (Z® + m*). 

18. A, B are the points at which the lines 

y~ ±a 

cut any tangent to the circle 

3.2 ^2 . 

show that AB subtends a right angle at the origin. 

19. Show that the equation 

x^-hy^ -2ax=0 

represents a circle touching the y-axis at the origin, and that the 
equation 

_ 2ax - 2ay + = 0 

represents a circle touching the x- and y-axes. 

20. Find the equations of the tangents to the circle 

x^+y^ + 4x-Sy + 2=0, 

which make on the axes intercepts equal in magnitude and sign. 

21. The line 2x ~3y -9=0 

touches the circles 

^2 + y2 - 2a; - 4y a =0, a;^ + y* - 8a; - 8y H- 6 =0 ; 
find a and b, 

22. The tangent to the circle 

x^ + y^=25 

at the point (4, 3) meets the circle 

a;2-f-y2=50 

at P and Q ; show that the tangents to the second circle at P and Q 
are perpendicular to each other. 

23. The tangent at the point ( -2, 1) on the circle 

x^ + y^=5 

meets the circle 

a;2 + y2 - 6a; ~ 12y + 36 =0 

at P and Q ; show that the tangents to the second circle at P and Q 
are perpendicular to each other. 
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24. Find the equations of the tangents to the circle 

x^+y^=:25, 

which are parallel to the line 

4:X - 3y -2=0. 

25. Find the equations of the tangents to the circle 

x^-^y^-6x + lOy + 29 =0, 
which are parallel to the line 

2a; + y + 8=0. 

26. Show that the line 

4x-Sy- 14=0 

is a tangent to the circle 

+ 2/^ ~ 4a; - + 4 =0, 

and determine the equation of the other tangent having the same 
gradient. 

27. Find the equations of the tangents to the circle 

x^ + y^ -6x-\-4y + 8=0, 
which are perpendicular to the line 

2a; - y - 1 =0. 

28. Find the equation of the circle which passes through the point 
(2, 3) and touches the line 

at the point (2, - 3). 2a; - 3y - 13 = 0 

29. Find the equations of the circles which touch the a;- axis at 
the point (4, 0) and make an intercept of 6 on the ^-axis. 

30. Find the equations of the circles which touch the line 

a; = 3 

at the point (3, 0) and which make an intercept of 6 on the line 

y + 4=0* 

31. Show that the lines 

2a;2 - 3xy - 2y^ =0 

are tangents from the origin to the circle 

+ y^ - 2x - Gy + 5 =0, 

32. Tangents are drawn from the given points to the given circles ; 
find the equations of the chords of contact and the coordinates ol 
the points of contact : 

(i) (-l,5), x^+y^ = l3, 

(ii) (1,2), x^^+ij^-4x + Gy=0, 

(iii) (-1, -2), x^+y^ + 4x + \0y + 24=0) 

(iv) ( - 3, 1). 4a;® + 4y® + 4a; + 2y - 5 =0, 


E 
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38. Tangents are drawn from the points (2, 9), (3, 7), (6, 3) to 
the circle 

+ 1/2 - 2a; - 4y - 4 =0 ; 

show that the chords of contact are concurrent. 

34. Write down the equation of the chord of contact of tangents 
from the point (1, 7) to the circle 

hence, or otherwise, find the equations of the tangents. 

35. Write down the equation of the chord of contact of tangents 
from the point ( - 3, -2) to the circle 

^2 _|. _ 4^ _ gy g _0 ; 

hence, or otherwise, find the equations of the tangents. 

36. Find the equation of the tangents from the origin to the circle : 

(i) + + + 

(ii) 4- 2 /^ ~ 2aa; + 4,ay + 4a2 =0, 

(iii) a;® “ 2ax sec d - 2ay cosec (tan* d -f cosec* 0) =0. 

87. Find the equation of the tangents from the given point to the 
given circle ; 

(i) (-5,6), a;* + 2/* =5, 

(ii) (2,4), a:2 4*y*+a;-3y=0, 

(iii) (3, 2), a;* + y* + 4a; + 62/-f8=0. 

38. Show that the tangents from the point (4, 3) to the circle 

a;* + 2/2 ^ 4a; _ 4y -}. 0 =0 

touch the circle 

a:* + 2/2 + 8a; + 2y - 15 = 0. 

39. Tangents are drawn from the origin and the point (g,/) to 
the circle 

-{-y^ + 2gx + 2fy + ; 

show that the chords of contact are parallel and that the distance 
between them is 

r* 

2slr^-\-c 

where r is the radius of the circle. 

40. Show that the tangents from the point (g, f) to the circle 

a;2 +y2 ^2ga; -f 2 / 2 / - c=0 
are perpendicular to each other if 



CHAPTER XI 
POLES AND POLAR8 


§ 54. Defiyiition of Polar and Pole. 

The polar of a point P with respect to a circle is the locus 
of the point of intersection of tangents drawn at the extremi- 
ties of a variable chord passing through P. 

The point P is called the pole of the locus. 

§ 55. The 'polar of the point P{x^, with respect to the circle 
is the straight line ^ yy^ _ ^2 



Let AB (Fig. 42), a chord of the circle, pass through P, and 
let the tangents at A and B intersect at ^(xg, ^g)* 

Then AB has equation 

P lies on this line, 

i.e. Q lies on the line 

which is therefore the polar of P. 
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Note 1. P need not lie outside the circle ; it may lie inside or on 
the circle. 

Note 2. The polar has gradient - ^ and is therefore perpendicular 
to the line joining P to the centre of the circle. 

Note 3. Using the method of this paragraph, the reader should 
prove that the polar of the point y^) with respect to the circle 

x^ + y^-\- 2gx + 2fy + c = 0 

has equation 

XX. +yyi+g(x + x^) +/(y + yi) + c = 0. 

Note 4. When P lies outside the circle, the chord of contact of 
tangents from P is the polar of P. 

§ 56. If the 'polar of P passes through Q, the polar of Q passes 
through P, 

Consider the circle 

and let P, Q be the points {x^y yfjy (Xg, y^. 

Then the polar of P has equation 

xxi + yyi = o®, 

and Q lies on this line, 

i.e. P lies on the line 
which is the polar of Q. 

Note, Points such that the polar of either with respect to a circle 
passes through the other are called conjugate points, and lines such 
that either passes through the pole of the other are called conjugate 
lines with respect to the circle. 

Example 1 . Find the equation of the polar of the point (2, - 5) 
with respect to the circle 

4x* + 4y* + 20x - \2y 4-9 = 0. 

The polar has equation 

8a; - 20y + 10 (x 4- 2) - 6 (y - 5) 4- 9 = 0, 
i.e. 18x - 26y 4 - 59 = 0. 
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§ 57 ] 

Example 2. Show that the lines 

x + (i) 

and Zx + y -2^0 (ii) 

are conjugate ivith respect to the circle 


- 6a; - 6?/ + 5 = 0. 

Let the pole of (i) be P(x^, 2/i) J then the polar of P has 
equation 

-f- - 3 (ic + Xi) - 3 (?/ + 2/i) + 5 = 0, 

i.e. (xi - 3)x 4 - ( 2 /i - 3)y - (3xi + 3?/i - 5) =0, 

and from (i), 

i.e. 7xi-yi-18 = 0, 

and Sxj - Zy^ ~ 28 = 0, 

whence Xi = 2, -4. 

P is the point (2, - 4), and, since 
3(2) + (~4)-2 = 0, 

P lies on (ii), and therefore (i) and (ii) are conjugate lines. 

§ 57. If the polar of P with respect to a circle, centre C and 
radius a, meets the radius through P at Q, 

CP ,CQ^a^. 



Let the circle have equation 
and let P (Fig. 43) be the point (x^, y^. 
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Then the polar of P has equation 
a'»i+yyi=a*: 
o<3= 


but 


CP = slx^T^-, 
CP.CQ==a\ 


Note 1, Points P and Q lying on a line through the centre C of 
a circle of radius a and such that CP . CQ—a^ are called inverse 
points with respect to the circle. 

Note 2. The polar of a point P with respect to a circle, centre C, 
may be defined as the line perpendicular to CP and passing througn 
the point inverse to P. 

It is left to the reader to derive from this definition the equation 
of the polar of P (a?!, with respect to the circle 


§ 68. If ABf a chord of a circle, 'passes through a point P and 
intersects the polar of P at Q, {AB, PQ) is harmonic. 



Let P, Q (Fig. 44) be the points (x^, 2 / 1 ), (ccg, and let the 
circle have equation 

The point dividing PQ in the ratio h : 1 has coordinates 

fcrg + Xi *^2 + ^1 

i + l ’ * + 1 ’ 
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{kx^ + + (%2 + Vif = (A; + 1)^ 

i.e. if + + + + + 

and, since Q lies on the polar of P, the coefficient of k in this 
equation is zero, and therefore the two values of k are equal in 
magnitude and opposite in sign, i.e. Ay B divide PQ internally 
and externally in the same ratio ; 

{PQy ^P) is harmonic ; 

{ABy PQ) is harmonic. 

Note, If A P is a variable chord through P, the locus of Q the 
harmonic conjugate of P with respect to A and B is the polar of P. 


Exercises 

^ 1. Find the equation of the polar of each of the following points 

with respect to the given circles : 

(i) (-l,5), x^ + y^-Qx-2y + l=0y 

(ii) (-2, -4), x^-hy^ -Sx-\- 4:y + 9 =0y 

(iii) (3, -2), 3a;2 + 3y2-6ar-f 4y-f-4=0, 

(iv) ( 9 ^,/), x^ +y^ + 2gx -\-2fy -he =0y 

. . / ahn a^\ - « „ 

2. Find the poles of the following lines with respect to the given 
circles : 

(i) 4a; + y = 5, x^^-y^-5, 

(ii) 8a; + 20^ + 25=0, 4a;2 + 4^2=25, 

(iii) 3a; + 42/ + 2=0, x^ +y^ -9x - 2y -5=0, 

(iv) 4a; + 32/ -7 =0, a;^ + 1/2 + 8a; -7=0, 

(v) a; + 32/ - 1 =0, a;2+y2 _ 12y + 2=0. 

3 . Show that the points (3, 4) and (9, 12) are conjugate with 
respect to the circle 

a;2 +2/2 _ 4^ _ _ 3 =:0. 

4 . Show that the points (2, 4) and ( - 5, 3) are conjugate with 
respect to the circle 

+y2 _ 5^ _ 3y + 1 
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5. Show that the polar of each of the points (1, 2), (7, 9), 
( - 35, 30) with respect to the circle 

+ 1/2—25 

passes through the other two given points. 

6 . The sides of a triangle have equations 

a; + i/ = 8, x + Zy—^y 6x-y—^; 

show that each side is the polar of the opposite vertex with respect 
to the circle ^2 ^ 2/2 _ 

7. Show that the lines 

3a; -y- 25=0, 7a;~4y-25=0 
are conjugate with respect to the circle 

+y2— 25. 

8. Show that the lines 

a; + 52/ +2=0, a;-2y~9=0 
are conjugate with respect to the circle 

a;2 ^2/2 -4:0; ~2y ~4=0. 

9. The polar of the point (a, h) with respect to the circle 

a;2 + 1/2 + 4a; ~ 2?/ + 1 =0 

passes through the points ( - 6, - 1), ( - 3, 2) ; find a and h, 

10. The polar of the point (gr, /) with respect to the circle 

a;2 + y* + 2gra; + 2/y + c =0 

passes through the origin ; show that 

+/2 + c=0. 

11. Show that, for all values of ty the polar of the point (2f, 4-4) 
with respect to the circle 

a;2 + 1/2 _ 4^ _ 62/ + 1 =0 

passes through the point (3, 1). 

12. Prove that the polar of the point (a, - 2a) with respect to the 

a;2 + y2 + 2aa; + 4a7/ + 4a2 =0 

touches the circle 

4a;2 + 4y2 + gaa; + 16ay + 19a2 =0. 

13. The chord of contact of tangents from the point P to the 
circle 

a;2 + y2+2a;-8=0 

passes through the point (2, 3) ; find the locus of P. 
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14. Prove that the polars of the points (-1,2), (7, -7) with 
respect to the circle 

2x^ + 2y^ - 3ar + 4?/ - 1 =0 
intersect on the line a; - 8y + 5 = 0. 

15. The points (a:i, i/i), (arg, y^) lie on the line 

y=7nx-\-c ; 

prove that their polars with respect to the circle 


intersect at the point ^ 


16. Determine the point of intersection of the polars of the point 
(1, 3) with respect to the circles 

3 x 2 3^2 ^5^ a:2 +^2 4 - 4 x - 62/ + 8 =0. 

17. The equation of two chords of the circle 

2x2 + 2/ = 5 

is (4x -\-2y ~ 5) (4x - 2// - 5) =0 ; 

show that the tangents in pairs from the extremities of the chords 
intersect on the line x—2, 

18. Prove that the poles of the lines 

y-f2=0, 2 x + 72/ + 8=0, 2x-9y-24=0 
with respect to the circle 

x2 + 1/2 _ 4^ ^ 4 ::=0 

are collinear, and find the equation of the line on which they lie. 

19. Show that the polars of the points (2,0), (7, -3), (-3,3) 
with respect to the circle 

3x2 ^ 3y2 _ 2y - 4 —0 

are concurrent, and find the point of concurrence. 

20. The equation of two chords OJi , OB of the circle 

x2 + 2/2 + 10x=0 

is x2-xy -6^2—0. 

find the pole oi AB with respect to the circle. 

21. Find the poles of the lines 

6x2 + 13x2/ + 61/2=0 

with respect to the circle 

aj2 +^2 _ 2a; - 2y - 3 =0. 
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22. P, Q are the points (3, 4), (6, 12) ; PP, QS are perpendiculars 
to the polars of Q and P respectively, with respect to the circle 

a;2+y2=5 ; 

show that OP : OQ—PR : QSy where 0 is the origin. 


23. P, Q are any two points ; PR is the perpendicular from P to 
the polar of Q with respect to any circle, and QS is the perpendicular 
from Q to the polar of P with respect to the same circle ; prove 
that OP : OQ — PR : QS, where 0 is the centre of the circle. 

24. A line through P( -4, 3) has equation 

« + 3y-5=0 

and intersects the circle 

at P ; the polar of P intersects the given line at Q ; show that 
PA=±3^G. 


25. The line through P(l, m), parallel to the a;-axis, intersects the 
circle 




at A, P ; the polar of P intersects the given line at Q ; show that 


AQ^=(a^-m^)PA^, 


26. Prove that the polar of the origin with respect to the circle 

+ y* -f 2a; ~ 6y - 6 =0 

touches the circle 

6x2 + 6y2 = 18. 

27. The polar of the origin with respect to the circle 

x* + y 2 + 2gx + 2fy + c = 0 

touches the circle 

x2+y2=ct2 . 

show that c* =a 2 (ja ^^2). 

28. Prove that the poles of the lines 

ax® + 2hxy + =0 

with respect to the circle 

x® + y® + 2^x+2/y + c=0 
lie on the line gx+fy+c=0. 

29. Prove that the poles of the lines 

a(x -pf+2h(x -p)(y-q)+h(y-qf-0 
with respect to the circle x® + y® =a® 


lie on the line 


px+gy=a*. 
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30. The tangent at the point (2, - 1 ) to the circle 

~ 6y - 15 =0 

meets the line 

a; + 7y-f30=0 

at Q ; find the coordinates of Q, prove that the polar of Q is parallel 
to the given line and determine the equation of the other tangent 
from Q, 

31. The points (a, P), {x, y) are inverse with respect to the circle 


show that 






32. Show that the points (1, -2), (2, -4) are inverse with respect 
to the circle 

a:2 -f t/2=rl0. 

33. The points (a, P), {x, y) are inverse with respect to the circle 

+ 2/® + 2gx + 2fy + c =0 ; 

q-fg r _ P-\-f _ + P-C ^ 

^•^9 y+f 

34. P, Q are inverse points with respect to the circle 

x^-\-y^ = 10 ; 

P lies on the circle 

x^+y^ - 4x - 2y—0 ; 
show that the locus of Q has equation 


show that 


2x-hy -5=0. 

35. P, Q are inverse points with respect to the circle 

x^ + y^ = l ; 

P lies on the circle 

x^-^y^ + 2x-\-2y=0 ; 

find the locus of Q. 

36. P, Q are inverse points with respect to the circle 

a:2-f y2_4 . 

P lies on the line 

a:-2y + l=0 ; 

show that the locus of Q is the circle 

x^-hy^ + ^x- 8y =0. 
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37. P is any point on the line 

a;cosa+ysina=^> ; 

Q is the inverse of P with respect to the circle whose centre is the 
origin and whose radius is p ; show that the locus of Q is the circle 

x^+y^=p(x cos a+y sin a). 

38. Pi Q are inverse points with respect to the circle 

P lies on the line 

3a;-i/ + l=0 ; 

find the locus of Q, 

39. P is any point on the circle 

a;2 4.^2 _ 2a; - 6i/ + 9 =0 ; 

find the locus of the inverse of P with respect to the circle 
a;2 4- y2 _ 6a; - 4i/ + 9 =0. 

40. P is any point on the circle 

x^-\-y^ + 2gx+2fy-\-c=0 ; 

show that the locus of the inverse of P with respect to the circle 

x^+y^=^a^ 

is the circle 

c(x^ + y^) + 2a^(gx + fy) + a* =0. 



CHAPTER XII 


POWER. RADICAL AXIS. COAXAL CIRCLES. 

ORTHOGONAL CIRCLES 

§ 69. Definition of Power, 

The power of a point P with respect to a circle is PA . PB 
where A and B are the points at which any line through P 
meets the circle ; PA . PB is considered positive or negative 
according as P is without or within the circle. 

Note, If P is on the circle, its power is zero, for one of the points 
Af B coincides with P. 

§ 60. The power of P(xif y^) with respect to the circle 

a;* + + 2qx + 2/^ + c = 0 (i) 

is x^ + y^ + "lyx^ + 2/^1 + c. 



Let PAB (Fig. 45) be inclined at angle 6 to OX ; then the 
equation of PAB is 

cos 6 sin 0 ' 

141 
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and this line meets the circle (i) where 

+ r cos 0)* + (yi + r sin 0)® + 2g(x-^ 4- r cos 0) 

+ 2 /(^ 1 + r sin 0)-f c = 0, 

i.e. where 

r^-\‘2r(x^+g cos 0 + ^ 1 +/ sin 0) 

+ (V + Vi + + 2/^1 + c) = 0 (ii) 

The values of r given by this equation are the algebraic 
measures of the lines PA and PB, and will have opposite signs 
if P lies between A and B and the same sign if it does not ; 
therefore the product of the roots of (ii), viz. 

+yi +'^Xi + 2fy^ + c, 

is positive or negative according as P lies without or within 
the circle, and therefore the power of P is 

x^ + y^ + 2gxi + 2fy^+c. 

Note 1. We have proved, incidentally, that if P is any point in 
the plane of a circle and lines PAB are drawn to meet the circle at 
A and R, 

PA . PB=& constant, 

for the expression obtained for PA . PB is independent of 0, the 
inclination of PAB. It follows that, when P is outside the circle, 
PA . PB= the square on the tangent from P. 

Note 2. The power of P is sometimes defined as the square on 
the tangent from P. 

Note 3. The significance of the constant c in equation (i) is now 
evident ; c is the power of the origin with respect to the circle. 

Note 4. The power of the point (Xi, y^) with respect to the circle 
A x* + A y* + 2 Ga; + 2 Py + (7 = 0 

is (Ax^ + Ay^ + 2Qx^ + 2Pyi + C). 

Note 5. The expression for PA . PB can also be obtained by 
using the relation 

PA .PB=±(PC^-r^) 

where r is the radius of the circle and (7 is its centre. 
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Example. Show that the powers of the point (1,2) with respect 
to the circles 

a;*-f-2/^ + 4x-62/-3=0, (i) 

and + - Sx-ly-b^O (ii) 

are equal. 

Power with respect to (i) = 1+ 4 + 4-12-3 = -6. 


„ (ii) = i(2 + 8-3-14-5)=-6. 


§ 61. Definition of Radical Axis. 

The radical axis of two circles is the locus of points whose 
powers with respect to the circles are equal. 


§ 62. The radical axis of the circles 

x^-hi/ + 2gx + 2fy + c^0, (i) 

a7id x^ + y^-h 2gyX + 2fiy + = 0, ( ii) 

is the straight line 


2G7-ff> + 2(/-/i)jr + c-Ci = 0. 

Let P{Xiy y^ be any point on the radical axis of (i) and (ii) ; 
then 

+ Vi + 2 firxi + 2/2/1 + C = Xi* + + 2 (/iXi + + c^, 

i.e. 2 ((/ - . 9 i)xi + 2 {f-fi)yi + c - c, = 0, 

i.e. P lies on the straight line 

2 (^7 - i7i)a: + 2 (/-/i)i/ + c - Cl = 0, 


which is therefore the radical axis. 

Note 1. The gradient of the radical axis is -? — and the 

f - •' 

gradient of the line of centres is - — -- ; therefore the radical axis is 

9-9i 

perpendicular to the line of centres. 


Note 2. If the circles (i) and (ii) intersect, then at the points of 
intersection 

a;* + + 2/y + c = -f- 2/2 4- 2gria; + 2/iy + Cl, 

i-e. 2 (^ - gj)x +2 (/ -fi)y +c-Ci=0 (iii) 

This is the equation of a straight line, satisfied by the coordinates of 
the points of intersection of the circles and therefore represents the 
common chord ; the common chord is the radical axis in this case. 
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Note 3. If the circles do not intersect in real points, equation (iii) 
may be considered as the common chord, for the equation is satisfied 
by the imaginary coordinates which satisfy both (i) and (ii). The 
radical axis of two circles may therefore be defined as the line pass- 
ing through the points common to the circles. 

Note 4. The radical axes of three circles taken in pairs are con- 
current, for, if two of the radical axes intersect at P, the powers of 
P with respect to all three circles are equal, and therefore P lies on 
the third radical axis. P is called the radical centre of the circles. 
If the centres of the three circles are collinear, the three radical axes 
are parallel and the radical centre is at infinity. 

Example, Show that the difference of the powers of any point 
with respect to two circles varies as the distance of the point from 


their radical axis. 

Let the circles be 

a?->ry^ + 2gx-v2fy + c=‘0, (i) 

and + + + + = (ii) 

and let the point be P{x^, yi). 

The difference of the powers 


= + Vi + 2gf»i + 2/2/1 + C - (Xi* + + If^y^ + Cj) 

= 2 (S' - ^i)xi + 2 (/-/i)2/i + c - Cl, 

which varies as the distance of the point P from the line 

2 (? - fl'Jx + 2 (/-/j)2/ + c - Cl = 0, 

which is the radical axis of (i) and (ii). 

§ 63. Definition of Coaxal Circles. 

A system of circles every two of which have the same 
radical axis is called a coaxal system. 

Note, Since the radical axis of two circles is perpendicular to the 
line of centres, the centres of the circles of a coaxal system must be 
collinear. 

§ 64. The equation 

7^-hy^ + 2gx + c==^0f (i) 

where g can be given any value, represents a system of coaxal 
circles. 
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Consider any two circles of the system, say 


x2 + 2/^ + %i2c + c = 0 (ii) 

and + c = 0 (iii) 


The radical axis of (ii) and (iii) is the line x = 0, i.e. the y-axis ; 
therefore the equation (i) represents a coaxal system, the 
common radical axis being the y-axis. 

Note, The a;-axis is the line of centres. 

§ 65. To determine the conditions that the equation 

x^ + 2/^ + 2^x + c = 0 (i) 

should represent a (a) tangential^ (b) intersecting^ (c) won- 
intersecting system of circles. 

The circles (i) meet the y-axis where 

t/2 + c = 0; 

/. if c = 0, the circles (i) touch the y-axis at the origin, 

if c is ~ ive, the circles (i) cut the y-axis at the points 

(0, ±>/ — c), 

and if c is + ive, the circles (i) do not cut the y-axis at real 
points. 

Therefore the equation (i) represents a tangential, intersect- 
ing or non-intersecting system of circles according as c is zero, 
negative or positive. 

Note. The equation 

-\-y^-h2gx-\-c=0 (i) 

represents a circle of radius s/g^-c ; therefore if c is positive and 
g=z iVc we have two circles, 

-f- y* ±2v^ + c = 0 

of zero radius. These point circles at (T n/c, 0) are called the limiting 
points of the non- intersecting system represented by (i). 
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Example. Show that the length of the tangent from any point on 
the radical axis to any circle of a non-intersecting coaxal system 
is equal to the distance of the point from either limiting point. 

Let the system have equation 

x^ + y^-^2gx + c = 0 ; (i) 

then the limiting points are (tJc, 0), and the radical axis is 
the y-axis. 

Take any point P(0, y^) on the radical axis. 

The distance of P from either limiting point 

=the length of the tangents from P to (i). 


§ 66 . If two circles have equations 

+ 2gx + 2/y + c =0 (i) 

and + y* -h 2giX + 2fjy + Cj = 0, (ii) 

the equation 


+ 2gx + 2/y + c + + y2 + 2g^x + 2f^y + Cj) = 0, . .(iii) 

where k can he given any value, represents a system of circles 
coaxal with (i) and (ii). 

For any given value of k, equation (iii) represents a circle, 
for the coefficients of x^ and y^ are equal and there is no term 
in xy. Also, equation (iii) is satisfied by the values of x and 
y which satisfy both (i) and (ii), and therefore represents a 
circle passing through the points of intersection, real or 
imaginary, of (i) and (ii), i.e. represents a circle coaxal with 
(i) and (ii). Therefore, when k can be given any value, (iii) 
represents a system of circles coaxal with (i) and (ii). 

Example. Find the equation of the circle coaxal with the circles 
x* + y2 - 3a? + 4y ~ 1 = 0 
and 2 qi? + 2y* + 5x - 6y + 3 = 0, 

awd passing through the point (1, 2). 

The equation is 

a?* + y* - 3x + 4y - 1 + A ( 2x2 + 2y* + 5x - 6y 4- 3) = 0, 
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whicrG 1 +4 — 3 + 8 — 1 +A/(2 +8 + 5 — 12 + 3) =0, 

i.e. where A; = - f ; 

the equation is 

2 - 3a; + 4?/ - 1) - 3(2a;^ + 2y^ + 5a; - 6^ + 3) = 0, 

i.e. 4a;^ + 42/^ + 21a;-26z/ + ll =0. 

§ 67. The equation 

x^-\-y^ + 2gx + 2fy 4- c -i-k(Ax + jBy + C) = 0, (i) 

where k can he given any value^ represents a system of coaxal 
circles, the radical axis being the line 

Ax-\-By -{-C = 0 (ii) 

For any given value of k, equation (i) represents a circle, for 
the coefficients of x^ and y^ are equal and there is no term in 
xy. Also, equation (i) is satisfied by the values of x and y 
which satisfy both (ii) and the equation 

x^ + y^ + 2gx + 2fy 4- c = 0, (iii) 

and therefore represents a circle passing through the points of 
intersection, real or imaginary, of (ii) and (iii). Therefore, 
when k can be given any value, (i) represents a system of 
coaxal circles, the radical axis being (ii). 

Example, The circle 

x^ ^ y^ 4.x - %y -^3 = 0 

is one of a coaxal system having as radical axis the line 
2a; - 4y 4- 1 = 0 ; 

fitid the circle of the system which touches the line 

x + Sy-2 = 0 (i) 

The circle has equation of the form 

a;^ 4- 4- 4x - 6?/ 4- 3 4- A;(2x - 4y 4- 1) =0 (ii) 

Where (ii) meets (i), 

(2~32/)2 4-yV4(2“3y)-62^4-34-A;(22“32/-4y + l)=0, 
i.e. lOy^ - 10 (3 4- k)y + 5 (3 + A;) = 0, 

i.e. 2y^ - 2 (3 4 - A;)y + (3 4- A;) = 0. 
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/. (i) is a tangent to (ii) if 

(3 + A;)2-2(e + fc)=0, 

i.e. if (3 + )fc)(l+A;) = 0, 

i.e. if A: = - 1 or - 3. 

Substituting these values in (ii), we get the equations 


-f + 2a; -- + 2 = 0 (iii) 

and a;^ + -- 2a; + 6?/ = 0 (iv) 


(iii) represents a point circle and therefore the required 
equation is (iv). 

§ 68 . Definition of Orthogoml Circles. 

Two circles are said to cut orthogonally, or to be orthogonal, 
when the tangents to the circles at a point of intersection are 
perpendicular to each other. 

Note. If the tangents at one point of intersection are perpen- 
dicular, those at the other must also be perpendicular. 


§ 69. If the circles 

+ •^2gx + 2fy-\-c-0 (i) 

and a?^ + 1/2 ^ 2giZ + 2f^y + = 0 (ii) 


are orthogonal, 2gg^ + 2ff, = c + q. 



FlO. 46. 

Let A, B (Fig. 46) be the centres of circles (i) and (li) inter- 
secting at P. 
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If the circles are orthogonal, AP and BP are tangents to (ii) 
and (i) respectively ; 

A 

APB — right angle ; 

AB^ = AP^ + PB^-, 

:■ (9 -9if + (/-/.)" =.7* +P -c+g^ +/i* - 

i.e. %i + 2^i = c + ci. 

Example. Show that any circle passing through the limiting 
points of a coaxal system is orthogonal to every circle of the system. 


Let the system have equation 

+ + c = 0 ; (i) 

then the limiting points are (=F Vc, 0). 

Any circle through these points has equation of the form 

x2 + ^2 + 2/^-c = 0, (ii) 


and (i) and (ii) satisfy the condition for orthogonal circles. 
Exercises 

1. Show that the point (2, - 3) has equal powers with respect to 
the circles 

+ -^x - ^y + \2—0 

and 2x^ + 2y^ + .c-16y-4=0. 

2. Show that the point (-1,2) has equal powers with respect to 
the circles 

x^ + 4cX - %y + 10 —0 

and 3a:2 4. 32^2 + 5^ + 8t/ - 29 =0. 

3. Show that the powers of the point ( -2, 1) with respect to the 
circles 

x^+y^ + ^y - 19=0 
and Zx^ + - 14.r - \2y -1=0. 

are equal in magnitude and opposite in sign. 

4 . Find the powers of the point ( - 2, 1 ) with respect to the 
circles 

x^ + y'^ + 4:X-\—0 

and 2a;2 + 2y2-2a;-3y=0 ; 

show that the given point lies within the first circle and without the 
second. 
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5. Determine whether the point (2, 3) lies inside, on, or outside 
the circles 

a;* + y2 + 2a;-42/=0, 
a;* + ya-2a;-2y-8=0, 

-bx-Zy =0. 

6. Find the length of the tangents from the point ( ~ 3, 2) to the 
circle 

-\-y^ -bx -2y =0. 

7. A point P is such that its power with respect to the circle 

4 . 4 a; - 3y ~ 1 =0 

exceeds its power with respect to the circle 

2x^ + 2y^ - 3a: + 5y - 4 =0 

by 12 : show that P lies on the line 

a:-y-2=0. 

8 . A variable point P is such that its power with respect to the 
circle 

a;2 -f y2 _ 4^ 4. 4y 4. 3 _0 

is twice its power with respect to the circle 

2a:2 + 2 ^ 24 - 0 :-.?/ -3=0 . 

show that the locus of P is a circle and find the coordinates of its 
centre and the length of its radius. 

9. The tangents from a point P to the circle 

a;2 + t/2 +4a: -22/=0 

are inclined to one another at the angle whose tangent is J, and P 
lies on the line 

2a: + y + 1 =0 ; 

find the coordinates of P. 

10. Find the radical axes of the following pairs of circles : 

(i) a:2-fy2_2y-.4=:0, a:2 + y2 -a;4.y _ 12 = 0 , 

(ii) a:2 + 2^2_a._y^2=0, 3a:2 + 3y2 ~4a; ~ 12=0, 

(iii) x^-¥y^ + Zx + Zy'\-2=0y 2a:2 + 2y2_0a:-3y-f*5=O ; 

show that circles (i) intersect, circles (ii) touch and circles (iii) do 
not meet. 

11. Find the length of the common chord of the circles 
jc2 4.ya_2y-9=0 

a:* +y2 + 3a? - 6 =0. 


and 
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12. Find the radical centre of the circles 

x^+y^ + x-y -2=0, x^ -\-y^ -2x -2y + 2=0^ 
and 2a;* + 2!/2-9a;-6t/ + 7=0, 

and show that it lies on each of the circles. 

13. Show that the circles 

x^-\-y^=6, x^+y^-^x-\=0 

and + _4aj_2y + 3=0 

have a common point. 

14. Show that the circles 

a;^ + i/^ + 4a; + 82/ -9=0, x^ -^^y^ -Ox-\-y-\-l =0 
and 2x^ + 2y^ - 3a; + - 5 =0 

are concurrent. 

15. Find the equation of the circle passing through the points 
( -4, 2), ( -3, -1) and having its centre on the line 

3a;-y - 1 =0 ; 

show that the chord common to this circle and the circle 
a:2 + ^2 _ 2a; + 4y - 4 =0 
is a diameter of the latter. 

16. Show that one of the circles 

x^-\-y^-\-2x-0y-\-2=0, a;* + y® + 3a;-6y + 6=0 
lies wholly within the other. 

17. Prove that the circles 

x^ -^y^ -Ox ~\0=0, a;2 + 1/2 - 3y - 19=0 
and 2a;2 +2y2 _ I4a; + y _ 31 =0 

are coaxal, and state the equation of the radical axis. 

18. Find the coordinates of the centres and the lengths of the 
radii of the circles 

x^ •\-y'^ -\-2gx=0 
when g= ±\, ±2, ±3 ; draw the circles. 

19. Find the coordinates of the centres and the lengths of the 
radii of the circles 

x^ + y^-\-2gx-\-c=0 

when gr=0, ±1, ±2 and c = - 4 ; draw the circles. 

20. Find the coordinates of the centres and the lengths of the 
radii of the circles 

a;2 + 2/2 + 2gra; + c=0 

when g= ±2, ±2\, ±3, ±4 and c=4 ; draw the circles. 
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21. Find the equation of the circle which passes through the 
point ( ~ 3, 2) and which is coaxal with the circles 

3a;* + 3y2H-2a;-7y --6=0, y* -y-f 2=0. 

22. Find the equation of the circle which has as diameter the 
chord common to the circles 

-2x + 2y - ^ =0, 5x^ -f- 6y® - a; -f 7y - 12 =0. 

23. Show that the line 

4a; -2y + 3=0 

touches the circle 

2x^ + 2y2 - 6a; + 2i/ - 5 =0, 

and determine the point of contact ; find also the equation of the 
circle which touches the given line at the same point and which 
passes through the point (1, 2). 

24. Show that the equation 

a;(a; - 1) + y (y - 2) = A;(2a; + y - 2) 

represents for all values of A; a circle passing through the points 
-4 (1, 0) and B(0, 2 ) ; hence determine the equations of the circles 
passing through A and B and touching the line, a; =5. 

25. Two circles pass through the points common to the 

circles 

a;2 + y2_2a;--16=0, a;2 + y24-4a:-6y + 8=0 ; 

Si passes through the point (3, 1) and S 2 passes through the centre 
of Si ; find the equations of Si and and show that S 2 has as 
diameter the common chord of the given circles. 

28. Show that, if P is any point on the radical axis of two circles, 
the polars of P with respect to the circles meet on the radical axis. 

27. Show that the polar of a fixed point P with respect to any 
circle of a coaxal system passes through a fixed point Q and that 
the radical axis bisects PQ, 

28. Prove that the circles 

2a;2 + 2y2 -3a;-4y + 2=0, a;* + y* -4a; + 2y=0 
intersect orthogonally. 

29. A, B, C, D, E are the joints ( -4, 3), (2, ~5), (6, 2), (6, -2), 
(2, 0) ; find the equations of (i) the circle on AB as diameter, (ii) the 
circle CDE^ and prove that these circles are orthogonal. 

80. Find the equation of the circle which touches the line 
3a; -y- 6=0 

at the point (2, 0) and passes through the point (0, -2), and of the 
circle which has the points ( -2, 5), (1, 4) at the extremities of a 
diameter ; prove that the circles are orthogonal. 
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31. A circle passes through the point (h, k) and cuts orthogonally 
the circle 

x^ + y^-{-2gx + 2fy-\-c=0 ; 
show that its centre lies on the line 

2(h + g)x ■h2(k -\-f)y =h^ + - c. 

32. Prove analytically that, if a circle S cuts orthogonally the 
circles and S 2 , the centre of S lies on the radical axis of and /S'j. 

33. Find the equation of the circle which is orthogonal to the 
circles 

+ + -2y + 1=0, a:^ + i/2 + 4a: -4y + 3 — 0 

and whose centre lies on the line 

3a; - y-2=0. 

34. Find the equation of the circle which is orthogonal to the 
circles 

+ 2/2 4. _ 5y _|_ 0 — 0^ 4^2 4 ^y2 _ 28a; + 29 =0 
and whose centre lies on the line 

3a; + 4y + 1 =0. 

35. P is a variable point on the line 

2a; + y-l= 0, 

and Q is its inverse with respect to the circle 

a;2+y2_4 . 

show that the locus of Q has equation 

a;2 4. 2/2 _ 8a; - 4y = 0, 

and determine the equation of the circle which is orthogonal to this 
and the given circle and whose centre lies on the line 
a;+y + 1 =0. 

36. Find the equation of the circle which cuts orthogonally the 
circles 

x^-\-y^=5, a;2+y* +6a; + 1 =0, 
a;2 4. 2/2 _ 4a; _ 4i/ 4- 7 = 0, 

37. Show that the circle which is orthogonal to the circles 

a:* + + 4a: + 6y - 5 =0, a;^ + 4- 8a: + y - 20 =0 
and a:^ +y2 +6a; + 2y - 14=0 

is orthogonal to the circle 

a:^ +y2 6a: + 16y + 30 =0. 

38. Find the equation of the circle which is orthogonal to the 
circles 

a;2 4.y2 4.3a; _6y + 5=0, a:® + y® -7a: -■y=0 
and which passes through the point ( - 3, 0). 
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39. Show that each circle of the system 

x^+y^ + ky-c=0 

is orthogonal to each circle of the system 

x^ + y^ + kjX + c—O ; 

hence determine the equations of the circles which are orthogonal 
to the circle 

a:* + y* + 10a; + l=0 
and which touch the line 

3ar-y-7=0. 

40. Find the equation of the circle passing through the point 
(3, 1) and orthogonal to the circles 

_gaj^4=0, a:2 + y2 



REVISION EXERCISES 


D. On Chapters IX-X 

1. Find the centres and length of the radii of the circles 

(i) + + i=:0, (ii) a;(a; -3) +y(y +2)=0, 

’ (hi) 2x^ + 2i/^ -6x- lOi/ -1=0, 

(iv) + 

o d-(p/ d + <p , . 6 + (p 0-(p\ 

= 2a cos — ^ ( a; cos + y sin ~~ -- a cos — ^ 

2. The circle 

-hy^ -4x -4y - 5=0 

meets OX, OF in Ai, Bi and 0X\ OY' in A^t B 2 respectively ; show 
that 

(i) AiBi=5A2B2f (ii) || ^ 2 -^ 2 * 

3. Show that the circles 

x^ + y^ -2x-0y-l5=0, x^ -^y^ -0x-\-2y -1 =0 
make equal intercepts on the a;-axis. 

4. The circles 

x^ -\-y^ •h2gx +2fy -\-c=0, x^ + y^ + 2giX + 2fiy + €^=0 

make equal intercepts on the a;- axis ; show that 

5. Find the length of the chord 

a;-y + l=0 

of the circle 

x^ + y^ -2x + 2y -3=0. 

6. Find the length of the chord 

x-2y + l=0 

of the circle 

4x2 + 4y2 _ iga; i2y - 47 =0. 

7. Find the mid-point of the common chord of the circles 

x2+y2-4y-6=0, x2 + y2 + 4x~2y-20=0. 

155 
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8* Find the length of the common chord of the circles 

- 10a;+5y=0. 

9. Show that the triangles with vertices 

(i) (4,1), (3, 4), (-4, -3), 

(ii) (-1, -4), (2, -3), (3, -2) 
have the same circumcircle. 

10. Show that the points (0, 0), (4, 2), (3, 4), (IJ, ^) lie on a 
circle, and find the intercepts which the circle makes on the x- and 
^-axes. 

11. The line 

2a;-y + 6=0 

meets the circle 

a;2 + y2 -2y -9=0 

at A, R ; find the equation of the circle on AB as diameter. 

12. The line 

x-hy—a 

is a chord of the circle 

+y® + 4a; - 4y + 8 =a‘'‘ ; 

show that the circle having this chord as diameter passes through 
the centre of the given circle. 

13. Show that the equation of the circle which has as diameter 
the chord common to the circles 

a;2 + y2 _aa;=0, a;2 + y2~6i/=0 

is 

(a2 + h^) (x^ + y^) = ah (hx + ay). 

14. Determine the equation of the circle which has as diameter 
the line joining the origin to the point (a, 6) and find the lengths of 
the intercepts OA, OB which tho circle makes on the x- and y-axes ; 
find the equations of the circles on OA and OB as diameters and 
show that they intersect on the line 

ax~hy. 

16. Interpret the polar equations 

(i) r =2a cos fi, (ii) r=2a cos (fi - a). 

16. The equation 

y—mx 

represents, for different values of m, a system of chords of the circle 

a;2 + i/2_4j._8y==o . 

show that the mid-points of the chords lie on the circle 
a;2+y*-2a; -4^=0. 
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=0 

is a chord of the circle 

-\4,x -\-2y -¥21 =0 ; 

find the ratio in which the chord is divided by the circle 
a:2 + 1/2 -10a;-2y + 21=0. 

18. Show that the chord of the circle 

having the point {xi, y^) as its mid-point, has equation 

19. Through the point (3, 4) on the circle 

4a;2 + 4y^ - 24.r - 7y =0 

two chords of length 5 are drawn ; find their equations. 

20. The circle x^-\-y^^T^ 

has a chord whose equation is 

5 +^= 1 • 

a^b 

show that the chord is equal in length to the radius if 
Sr® (a® + 6®) = 4a®6®. 

21. The line passing through the centres of the circles 

a;® + y® + 2gx + 2fy =0, a;® + y® + 2^ia: + 2/,y = 0 

meets the x- and t/-axcs in A, B respectively ; shew that the 
circle on ^ I? as diameter has equation 

(9 -9i)(f +y^) -igfi -9i!){9^ix-T^iy)^o. 

22. Show that the equation 

(aa; + + r)® + (^>a; - ay + d)® = e 

represents a circle of which the lines 

ax-k-hy + hx-ay -\-d=^0 

are perpendicular diameters. 

23. is a diameter of the circle 

^2 ^ 2 /® - 4a: - 5 =0 
and CDy a diameter of the circle 

a:® + y® - 6y + 5 =0, 

is perpendicular io A B\ show that D is the orthocentre of I^ABCa 

24. Show that the tangent at the point (ar^, y^) on the circle 

(a:-^)® + (y-l-)®=tt® 

has equation _ ft) + (y _ fc) _ ft) == a*. 
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25. Show that the line 

{x-a cos B){Xi -a cos 0)4-(y-a sin -a sin 0)=a* 
touches the circle 

a;* - 2aa; cos 6 - 2ay sin 0=0, 


when (ojj, y^) is a point on the circle. 


26. The line 
touches the circle 
find L 


Zx'hky -1=0 
x^+y^-Sx-2y-¥^=0 ; 


27. Show that the tangent at the point (2, - 1) to the circle 

x^ -{-y^ -6x -2y + 5=0 

touches the circle 

x^+y^+(jx + 22y + 5=0. 

28. Show that the tangents to the circle 

x^+y^ + 0x + 2y-S=0 

at the points (0, 1), ( -1, -4) are inclined at 45® to the chord of 
contact. 


29. Show that the lines 

2x^ + 5xy + 2y^ -lx- 14y =0 
are tangents to the circle 

x^+y^ -0x + Sy + 20 =0. 

30. The line 

y=mx 

touches the circle 

x^ + y^ +2gx +2fy +c=0 ; 

prove that 

(c - 2fgm + (c - g^) =0. 

31. AB and CD, chords of the circle 

x^ + y^=5, 

have equations 

a;+y + l=0, x-y-l=0; 

the tangents at A and B meet at P, and the tangents at C and D 
meet at Q ; show that PQ is the line 

y + 5=0. 

32. Find the equation of the diagonals of the parallelogram which 
has as sides the tangents to the circle 

x^+^=5 

at the points of intersection of the circle and the lines 

2x*-5a:y + 2y*=0. 
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88. The tangent at the point y^) to the circle 
a;a + 2/2 + 2gx + 2fy + c = 0 

touches the circle 

x^+y^=a^ ; 

prove that 

{gxi +/ 2/1 + c)» =a^(g’‘+P-c). 

34 . Find the equations of the chords of the circle 

a;2 ^ 2/2 - 2x ~ 4!/ - 20 =0, 

which have length 4^5 and gradient 

35. The point (4, - 1) is the mid-point of a chord of the circle 

+y^ - 6x - 2y - 15 —0 ; 

find the length of the chord and show that the tangents at its 
extremities meet at the point (8, - 9). 

36 . Find the equations of the tangents to the circle 

_|_ 2/2 - 8a; -f 2y - 8 = 0, 
which are perpendicular to the line 

3a; + 4y + l=0, 

and show that the diameter joining the points of contact touches 
the circle 

a;2 + i/2 -2a; + 10y + 1 =0. 

37 . Find the equation of the circle passing through the points 
-3, 1), J5(l, ~5) and ( 7 ( 2 , 0). The tangents at A and B make 

an intercept DE on the tangent at C ; find the length of DE and 
show that DE subtends a right-angle at the centre of the circle. 

38 . Find the equations of the tangents to the circles 

a;2+y2 _4a; _2y=0, ^2 ^ y2 _ gx - 4t/ + 10 =0 
at their points of intersection. 

39 . Show that the circle 

2a;2 -f 2y2 ^2x-5y - 2 =0 

touches the circle 

x^-\-y^ -^x -5y + 9=0, 

and find the equation of the tangent at the point of contact. 

40 . Show that each of the circles 

+y^ + 4:y -1=0, x^ + y^ + 0x+y + %=^0, 
a:2 4- 2/2 - 4a; - 4y - 37 =0 

touches the other two ; determine the points of contact and the 
point of concurrence of the tangents at these points. 
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41. Show that the circles 

a;*+y*+2^a;+2/y+c=0, x^-\-y^=a^ 
touch each other if 

(a2 + c)2=4a2(ga+/2). 

42. Prove that the circles 

+ _0y _ 12=0, + -3y-4=0 

have internal contact. 

43. Prove that the circles 

2x^ + 2y^ + 3a; - y - 1 =0, 2x^ + 2y^ - 5a; + 7y 4- 3 =0 
have external contact. 

44. Prove that the circles 

(x-h)^^-(y-kf=a^, (a: ~ )* + (y - 
touch externally or internally according as 

kyY=z(a ±a^Y, 

45. Prove that the circles 

a;® + y* + 2gx + 2fy 4- c = 0, a;® + y® 4- 2yia; 4* 2f^y 4- Cj = 0 
touch externally or internally according as 
2(?S?i+//i±»Ti)=c+c, 
when r, are the radii. 

46. Find the equation of the circle passing through the point 
(3, 2) and touching the line 

4a;-3y-ll=0 

at the point (2, -1). 

47. Find the equation of the circle of minimum radius, passing 
through the point (1,3) and touching the circle 

2x^ 4- 2y2 ~ 9a; “ 2y 4- 5 =0. 

48. Find the equations of the circles which pass through the 
points (-1,4), (1,2) and which touch the line 

3a;-y-3=0. 

49. Find the equation of the circle which passes through the 
points (0, 2), (1, 5) and has its centre on the line 

a; 4- 5y- 16=0 ; 

show that the point (2, 6) lies on the circle, find the equation of the 
tangent at this point, show that the tangent touches the circle 

4a;2 4-4t/2 -12a;- 20y 4-9=0 , 
and determine the point of contact with this circle. 
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60, A circle touches the y-axiB and makes intercept a on the 
a;-axis ; show that its centre lies on the curve 

61. A circle passes through the point (3, 1) and touches the line 

a: ~3y -6=0 ; 

show that its centre lies on the curve 

(3a: + i/)2=25(2a: + 2y-3). 

52. A circle touches the line 

y = 2x 

and makes intercept 2a on the ^-axis ; show that the locus of its 
centre has equation 

x^ + 4xy -y^ + 6a® =0. 

53. Find the equations of the circles which pass through the point 
(4, 3), touch the y-axis and have their centres on the line 

?^x~2y, 

54. Find the equation of the circle passing through the points 
A ( - 6, 0), ^(1, 0), (7(2, 1), and show that the line 

4a; - 3y -6=0 

is a tangent to it ; determine the equation of the other circle which 
touches this line and which passes through A and B. 

55. Find the equations of the circles touching the line 

y=2 

at the point (3, 2) and making an intercept of 8 on the i^-axis. 

56. Find the equations of the circles which pass through the point 
( -1,5) and touch the lines 

a;-2y + 13=0, 2a; + y + 6=0. 

57. Show that the line 

a;-2y +4=0 

is a common tangent to the circles 

6a;® + 5y® = 16, a;® + y® +2a; + 2y - 3=0 ; 
find the other common tangent. 

58. Find the equations of the common tangents to the circles 

a:® +y* -2y-4=0, a;® +y* -6a; - 11 =0. 

59. Find the equation of the pair of transverse common tangents 
to the circles 

a;®+t/®=:5, a;®+2/®-24a;-12y + 160=0. 

60. Find the equations of the four common tangents to the circles 
6a;® + 5y® + 10a; + \0y + 6=0, 6a;® + 6y® + 30a; + 30y + 74 =0. 
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61. Common tangents are drawn to the circles 

(x-hY + (y-kf=^a^ (i) 

and (x - + (y - ; 

show that the chord of (i) joining the points of contact of direct 
tangents has equation 

(h^-h)(x-h)-{-(1c^--k)(y -k)=a{a-a^ 

and that the chord joining the points of contact of transverse 
tangents is 

-h)(x-h) + (k^-k)(y -‘k)=a(a+ai), 

62. Find the equations of the pairs of tangents from the origin to 
the following circles : 

(i) a:2+t/2 4-4a;_22/ + 4=0, 

(ii) (:r~l)(a;-3) + (y^l)(y-7)=0, 

(iii) 3a;2 + 32/*-5a; + 2y + l=0. 

63. Find the equations of the tangents from the following points 
to the given circles : 

(i) (3, -1), a:2 + 2/2=:5; 

(ii) (5, -1), a:2 4-/ = 13; 

(iii) (-3, -6), x^ + y^ + %yz^0; 

(iv) (1, -4), a;2+y2 + 4a: + 6y + 8=0 t 

(v) (3,0), a;2+y2_|.2a;-4y + l=0. 

64. Find the equation of the line which bisects the tangents from 
the point ( - 1, - 10) to the circle 

x^+y^ - %x- lOy + 16 =0, 

65. Show that the line 

+5=0 

passes through the point P( - 1, 2) and touches the circle 

i*^®+y^-4a;-2y=0 ; 

determine the equation of the other tangent from P. 

66. Show that the points P(a cos 6, a sin d), Q(a cos q>, a sin (p) 
lie on the circle 

a;*+y*=a*, 

and that the equation of the chord PQ is 

6 + 07 . 6 + (p 6-07 

X cos — ^ +y sin “ ^^s — ^ ; 

deduce that the tangent at the point P has equation 
a; cos 6 +y sin 6=a. 
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67. Chords of the circle 

-f y 2 2gx + 2/y + c = 0 

pass through the point ; prove that the mid-points of the 

chords lie on the circle 

(* - *i) (* + 9) + (y - Vi)(y +/) =0. 

E. On Chapters XI-XII 

68. Find the polars of the points (1,2), (4, -1), (f, -J) with 
respect to the circle 

x‘-hy^ -x+y=0, 

and show that the polar of each point passes through the other two 
given points. 

69. Show that, for all values of 1% the points (1, -2), (3, 2) are 
conjugate with respect to the circle 

3a;2 + 3i/^-h2x -i-ky-'l =0. 

70. The points ( - 1, 2), ( -2, 3) are conjugate with respect to a 
variable circle passing through the origin ; show that the centre of 
the circle lies on the line 

3x -5y + 8=0, 

71. Find the locus of the centre of a circle which passes through 
the point (1,2) and with respect to which the points ( - 2, 1), (3, - 2) 
are conjugate. 

72. The polar of each of the points (6, - 3), ( - 3, - 12), ( - 1, - 2) 
with respect to a circle passes through the other two points ; find 
the equation of the circle. 

73. The polars of the origin with respect to the circles 

x^ + y^ + 2gx + c=0, x^+y^ + 2/y + c=0 

meet at P ; show that the line joining P to the origin passes through 
the points of intersection of the circles. 

74. Find the inverse of the point (1, - 2) with respect to the circle 

2x2 + 2y2=5. 

76. Find the inverse of the point (1, 1) with respect to the circle 
x^+y^ + 0x+2y ’- 15 =0. 

76. The inverse of P(x, y) with respect to the circle 
lies on the circle 

x^ + y^ -3x+y=0 ; 

show that 

3a;-y-4=0. 
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77. P is a variable point on the circle 

a;2 + ya_2a; + 3y=0 ; 

show that the inverse of P with respect to the circle 
has locus 

2x-3y-2=0. 

78. P lies on the circle 

x^ + y^+x-y=0 ; 

find the locus of the inverse of P with respect to the circle 

a;2 + y2 = 8. 

79. P lies on the line 

3a:~2.v + l=0 ; 

show that the inverse of P with respect to the circle 

a;2 + y2=3 

lies on the circle 

+ 9a;~6y=0. 

80. P lies on the line 

2a;-3y+4=0 ; 

find the locus of the inverse of P with respect to the circle 

x^ + y^ = l, 

81. A point moves on the circle 

x^+y^ -6x-3y + 6=0 ; 
show that its inverse with respect to the circle 
x^+y^-2x-2y + l-0 

has locus 

3a; + y-5=0. 

82. Find the points whose powers with respect to the circles 

a;2 + 3/2=3, 

x^-{-y^ -x=0, 

«* + y* + 3a; + 2y -6=0 
are in the ratio 1:2:3. 

83. Find the point whose powers with respect to the circles 

a;2 + y2=5, 

2a:* + 2y*-7a;=0, 
a;* + y*+2a:-52/ + 2=0, 

3a;* + 32/a-lly=0 

are as 4 : 3 : 2 : 1. 
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84 . The power of P with respect to the circle 

— 3 

is three times its power with respect to the circle 

=0 ; 

show that the locus of P is a circle passing through the origin. 

85 . Find the equation of the circle which passes through the 
points (1,0), (2, 1) the length of the tangent to which from the point 
(4, -1) i8 2>y5. 

86. Find the equation of the circle which passes through the 
points (1,2), (1, - 1) with respect to which the power of the point 
(2, 4) is 10. 

87 . Find the equation of the common chord of the circles 

a;2 ^ ^2 _ 12a; - 6i/ - 80 — 0, x^ + - 6a; + 2y - 40 =0, 

and show that the circle having the common chord as diameter 
touches the a;-axis at the origin. 

88. A, By C are the points (n, 6), (6, c), (c, a ) ; show that the 
common chord of the circles on AC, BC as diameters has equation 

x(a~h) +y(6 -c) + 6(c -a)=0. 

89 . Find the equation of the circle coaxal with the circles 

x^ + tj^-bx- Cyy + 10 =0, a;^ + + 3a; - 9y + 10 =0 

and passing through the point (5, 4). 

90 . Find the equation of the circle passing through the point 
(2, 4) and the points of intersection of the line 

a;-3y-f 6=0 

and the circle 

x^ + y^ -4:X~ 2y = 0. 

91 . Show that the circle coaxal with the circles 

x^ + y^ + x -ly-h 10=0, x^ + y^ -4:X -2y -6=0 
and passing through the origin touches the line 
lla; + 7y' 64=0; 
determine the point of contact. 

92 . Show that the equation 

x^ + y^ - 2x- 2ay -8=0 

represents, for different values of a, a system of circles passing 
through two fixed points A, B on the a;-axia, and find the equation 
of that circle of the system the tangents to which dA, A, B meet on 
the line 


x+2y + 6=0. 
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93. Find the equation of the circle passing through the origin and 
the points of contact of tangents from the origin to the circle 

4 . 2gra; + 2/t/ + c =0. 

94. Find the power of the point (3, 2) with respect to the circle 

2a;® 4- 2i/^ - 3a; + 6y - 2 = 0, 

and hence find the equation of the circle which has centre (3, 2) and 
which cuts the given circle orthogonally. 

95. Find the equation of the circle with centre (-1,3) and cutting 
orthogonally the circle 

3a;® + 3?/® - 2a; +4?/ - 1 =0. 

96. Find the equation of the circle passing through the point 
(3, 2) and cutting orthogonally the circles 

“ 3y 4* 12 =0, a;® + y® - a; - 6y + 3 =0. 

97. The point which divides in the ratio k : 1 the line joini ig the 
points (aTj, and (x, y) lies on the circle 

F(a;, y)sa;® + y®4-2gfa; + 2/y + c=0 ; 

show that 

k^F(x, y) 4 - 2^(a;a;i + yy^ + ya; +a;i ^fy 4 - t/i + c) + F(a;i, y^) =0, 
and deduce that the equation of 

(i) the tangent at a point (x^^ yi) is 

+ yvi + ^fy+Vi + c =o, 

(ii) the tangents from a point (x^^ y^ is 

F(x,y)I(x.i,yi)=(xxi+yyi+ gx+x^ +Jy+yi + c)*, 

(iii) the polar of a point (a;j, y^) is 

xx^ 4 - yy 1 + gxT^ +/y + yi + c = 0 . 

98. One of the lines 


a;* - 4a;y 4- 3y® +4a; - 12 =0 
meets the circle a;® 4- y® - 4a; - 2y =0 

at A, R, the other at C, i> ; find the equation of the line pairs 
ACg BD and BG^ AD, 


99. The lines 

Lis^ja;4-Riy + C'x=0, L^^A^x-^B^^C^^O 

cut the circle /fif-a;® 4-y* + 2ya;4-2/y 4-c=0 

at the points A, B and C, D respectively ; show that the equation 
of the lines AO, BD is of the form 


8 -kLyL^—Oy 


where A; is a constant. 



100. The line 
meets the circle 
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P= Ax ■¥ By C =0 

/S = + y 2 + + 2/y + c = 0 

at B ; show that the equation of the tangents at R is of the 
form 

^-A:P2=0, 

where A; is a constant, and deduce the equation of the tangents from 
the point y^) to the circle. 

101. Prove that the lines 

4- 2xy -^® + 5a; + y + 2=0 

intersect the lines 

4:X^ + 5xy - 6y^ -3x-h5y -1=0 

in four points which lie on a circle, and find the equation of the 
circle. 

102. The lines 

ax^ + 2hxy + hy^ + 2gx + 2fy-hc =0 

cut the lines 

a^x^ + 2hixy + + 2giX -f 2fiy + q =0 

in four concyclic points ; show that 
a — h Uj — 
h /I'j 

103. The sides, taken in order, of a cyclic quadrilateral have 
equations 

a^x + h^y^c^=0, 

+ + c^=0y 

a3a: + 63^ + 03=0, 
and a^x + + C4 =0 ; 

show that 


(aia3 - 6163) + 0462) = (QtP^a “ hW) («i^3 + «3^i)* 




PART III.— CONIC SECTIONS 


CHAPTER XIII 


CONIC SECTIONS. STANDARD EQUATIONS 


§ 70. Definition of Conic Sections. 

The locus of a point which moves in a plane so that its dis- 
tance from a fixed point in the plane bears a constant ratio to 
its distance from a fixed straight line in the plane is called a 
conic section. 

The fixed point is called the focus, the fixed line the directrix 
and the constant ratio the eccentricity of the curve. 

A conic section is called a parabola, ellipse or hyperbola 
according as the eccentricity is equal to, less than or greater 
than unity. 

Note. The intersection of a plane and a right circular cone may 
be a parabola, ellipse or hyperbola according to the position of the 
plane ; hence these curves are called conic sections or, briefly, 
conics. 


§ 71. conic is represented by an equation of the second degree. 
If the focus is the point (Xj, yfj, the directrix the line 
ax + % + c = 0 

and the eccentricity e, the equation of the conic is 


which is an equation of the second degree. 

Note. By suitable choice of focus and directrix, the equations of 
conics can written in simple forms ; these standard equations are 
established in §§ 72, 74, 76. 
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Example, Find the equation of the ellipse with foms (2, - 1), 
directrix a? - y + 1 = 0 and eccentricity 
The equation is 

i.e. 3a;^ + 2xy + - 18a5 + 10^ + 1 9 = 0. 

Exercises 

Find the equations of the parabolas with the following foci and 
directrices : 

1. (-1, 1), x + y-\=Q, 2. (2,1), 2a: + t/ + l=0. 

3. (0,0), a:-22/ + 2=0. 4. (1,-1), x-y^O, 

5. (1,0), a;=0. 

Find the equations of the ellipses with the following foci, direc- 
trices and eccentricities : 

6. (1,2), a: + ^ + l=0, 7. (0, -1), a: + 2;/-l=0, 

8. (0,0), 2a: + 2y + l=0, |. 9. (1, 1), a: + 2y=0, jVS. 

10. (-1,0), *+2=0, i. 

Find the equations of the hyperbolas with the following foci, 
directrices and eccentricities : 

11 . (-1,1), a;-2/ + l=0, 2. 12 . (1, 2), 3a;-42/ + l=0, 

13. (0,0), a: + 2/-l=0, |. 14. (1, 1), a; + 2y=0, 4. 

15. (1,0), a; + 2=0, 2. 

§ 72, Standard equation of the parabola. 



£ 10 . 47 . 


§ 73 ] CONIC SECTIONS. STANDARD EQUATIONS 171 

Let the focus S (Fig. 47) be the point (a, 0), and let the 
directrix DD' be the line, 

x + a=0. 

Let P(x, y) be any point on the curve ; draw PM perpen- 
dicular to DD\ 

Then PS=^PM\ 

/. PS^ = PM^‘ 

/. {x-aY + y^=^{x^a)^y 
i.e. y^ = 4ax. 

This is the standard equation of the parabola. 

§ 73. Form of the parabola, = iax, where a is positive. 

If the point {x, y) lies on the curve, y^ — 4ax, the point (x, *- y) 
also lies on it ; therefore the curve is symmetrical about the 
x-axis. 

For real values of y, y- and therefore x must be positive but 
can have any value however great ; therefore no part of the 



Fig. 48. 


curve lies on the left of the y-axis, but the curve extends to 
infinity on the right of the ^/-axis. 

The origin, midway between the focus and the directrix, is a 
point on the curve, and if in the equation, y^ = 4ax, we make x 
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zero, we get ^ =0 ; therefore the y-axis meets the curve in two 
coincident points at the origin and is therefore the tangent at 
the origin. 

When x = a,y—±2a\ therefore LU (Fig. 48), the double 
ordinate through the focus, has length 4a. 

Note 1. In any parabola the line which passes through the focus 
and is perpendicular to the directrix is called the axis of the parabola, 
and the point of intersection of the curve and its axis is called the 
vertex. The chord which passes through the focus and is perpen- 
dicular to the axis is called the latus rectum. In the parabola, 
y^=4ax, therefore, the axis is the a;-axis, the vertex is the origin and 
the latus rectum has length 4a, while the t/-axis is the tangent at the 
vertex. 

Note 2. Since a conic is represented by an equation of the 
second degree, any straight line will meet a conic in two points, 
real or imaginary. A line is a tangent to a conic if it meets the 
conic in two coincident points. 

Note 3. The equation, y^=4tax, where a is negative, represents 
a parabola whose axis is the a:-axis and whose vertex is the origin, 
the curve lying wholly to the left of the y-axis. 

Example 1 . Show that the equation, 
y^-x + iy + b==0, 

represents a parabola ; find the axis, vertex and directrix. 

The equation can be written, 

(y^2f^x-\. 

Changing the origin to the point (1, -2), this equation 
becomes 


y^^x, 

and therefore represents a parabola with the new x-axis as axis, 
the new origin as vertex and latus rectum of unit length. 
Referred to the original axes, the parabola has axis, 

y + 2=0. 
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vertex (1, - 2) and directrix, 

i.e. 4aj = 3. 

Example 2. Find the equation of the parabola with focus 
(1, 1) and vertex ( - 1, 1). 

Distance between focus and directrix = 2 ; 

/. distance between vertex and directrix = 2 ; 

/, equation of directrix is x = - 3 ; 

/. equation of parabola is 

(a:-l)2 + (y-l)2 = (x + 3)2, 

i.e. - 8x - 2i/ - 7 = 0. 

Exercises 

Find the lengths of the latera recta of the parabolas ; 

1. y^ = Sx, 2. (y-2)2=2(a; + l). 

3. (y + 2)2 + 4(a; + 3)=0. 4. -Qx-^4:y=0. 

Find the equations of the parabolas with the following vertices 
and directrices : 

6. (1,2), x + l=0, 6. (2,1), a; + 3=0. 

Find the equations of the parabolas with the following foci and 
vertices : 

7. (-2,-1), (-1,-1). 8. (2,1), (1,1). 

9. (3,2), (1,2). 

Find the vertices and directrices of the parabolas : 

10. 2 /* -4a; -42/=0. 11. y® + 8a; - 4?/ - 4 =0. 

Find the foci and directrices of the parabolas : 

12. y* + 2a;-2y-4=0. 13. y* -4a; + 2y -3=0. 

14. 2/2 - 8a; - 22/ + 17 =0. 16. {y - k)^ =4a (x - h). 

16. a;*-6a;-4y + 17=0 
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Sketch the parabolas : 

17. x^=Ay. 18. 

19. (t/-ifc)2=4(x-A). 20. (a;-A)2=4(i/-^). 

§ 74. Standard equation of the ellipse. 



FlO. 49. 


Let S (Fig. 49) be the focus and DZ>' the directrix. Draw 
SZ perpendicular to DD\ Let A, A' divide SZ internally and 
externally in the ratio e : 1 where e is the eccentricity ; then 
A, A* are points on the ellipse. Take 0 the mid-point of AA* 
as origin, OZ as 5C-axis and OF, perpendicular to OZ, as y-axis ; 
then 

A'S^eA^Z, 

and SA=eAZ; 

A'A==e(A'Z-hAZ)=^2e.OZ, 
and 20S=e(A'Z i4Z) =e . A' A ; 

letting OA=a, 

OZ==- and OS = ae. 
e 

Let P(x, y) be any point on the ellipse ; draw PM perpen- 
dicular to Diy. 

Then PS^=e^.PM^; 
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i.e. (1 - e^)x^ + (1 “ ^), 

which, if we write 6^ =a2(l - becomes 

-+^=i 
a2 62 ’ 

the standard equation of the ellipse. 


§ 75. Form of the ellipse, - 2 '^p = l* 

If the point (x, y) lies on the curve, the points (x, - y) and 
( - X, y) also lie on it ; therefore the curve is symmetrical about 
both the X- and y-axes. 

x^ 

For real values of y, ^>1 ; therefore no part of the curve 
lies outside the lines x= ia. 

When a; = ±a, = 0 ; therefore the lines x = ±a (Fig. 50) are 

tangents to the ellipse at the points ( ±a, 0). 



Fiq. 50. 


Similarly the curve does not lie outside the lines y — ±b and 
these lines are tangents to the curve at the points (0, ±6). 
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Note 1. The chord AA* passing through the focus and perpen- 
dicular to the directrix DD' is called the major axis ; 0 the mid-point 
of A A' is called the centre, and BB' the chord through the centre and 
perpendicular to A A' is called the minor axis. The chord LU 
through the focus and perpendicular to the major axis is called the 
latus rectum. 


^2 if A 

In the ellipse, — +^ = 1, the centre is the origin, the major axis 
a* 0* 

lies along the a;-axis and has length 2a, the minor axis lies along the 
2 /-axis and has length 2&, while the latus rectum has length 


26 



i.e. 


a ‘ 


Note 2. The ellipse is symmetrical about its centre, and the 
centre may be defined as the point such that all chords passing 
through it are bisected at that point. 


Note 3. From the symmetry of the curve it follows that the point 
S'(-ae, 0) is a second focus and that the line A A' whose equation 

is x= -- is a second directrix. The reader should establish the 
e 

equation, ^+^ = 1, taking 8' and B.D/ as focus and directrix, 
a* 0 * 


Example 1. Fmd the centre, foci and directrices of the ellipse, 
9 5 

Changing the origin to the point (-1,2) the equation 
becomes 

9^5 

the centre is the new origin, the length of the major semi- 
axis is 3 and the eccentricity is e, where 

5=9(1 -e2), 

i.e, e=f; 

/, relative to the new axes the foci are the points ( ±2, 0) 
and the directrices are the lines »= ±| ; 
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/, relative to the original axes, 

the centre is the point (-1,2), 
the foci are the points (1, 2), ( -3, 2), 
and the directrices are the lines a; = |, x= - 

Example 2. Find the equation of the ellipse with the point 
(1, 2) as centre, the line 4x = 29 as directrix and eccentricity 
Distance from centre to directrix = 0] ; 

/. length of major semi-axis = ^ x = 5 ; 

square on minor semi-axis = 25 (1 - -J t) == 9 ; 

/. required equation is 

25 9 

which may be written 

9x2 ^ 25^/2 - 18x - lOOy -116=0. 
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16. Find the foci of the ellipse, — + = 

16. Find the foci and directrices of the ellipse 

9 d 

17. Find the centre and the extremities of the major axis of the 
ellipse 

25 9 

Find the centres, axes and eccentricities of the ellipses : 


in (^-i)V(y-2)v 


19. (a;+4)=* + |(2/4-l)’* = 7. 


20. Find the centre, axes and the extremities of the major axis of 
the ellipse 

(x + ir {y + 2y 
9 4 

Find the centres, eccentricities, foci and directrices of the ellipses : 


(*+!)« (y-3)«_ 
25 ^ 16 


• 9 20 


28. Sor* + 9^^* - 30a; -36y + 36=0. 

Find the equations of the ellipses from the following data : 

24. Major axis = 6, minor axis =4, major axis y=2, minor axis 


25. Foci ( ~ 1, 1), (3, 1), eccentricity 

26. Extremities of major axis ( -1, 1), (3, 1), eccentricity ^*^2. 
Sketch the ellipses : 


f = 1 . 

(2a; + l)« (y-l)» 
49 4 " 


I n.-i 

9 + 4 


80. 4a:* + 9y»- 16a: -20=0. 




Let S (Fig. 51) be the focus and DD' the directrix. Draw SZ 
perpendicular to DD\ Let Ay A' divide SZ internally and 
externally in the ratio e : 1 where e is the eccentricity ; then 
Ay A! are points on the hyperbola. Take 0 the mid-point of 
A A’ as origin, OZ as x-axis and OY perpendicular to OZ as 
y-axis ; then 

A'S = eA'Zy 

and AS-eZA ; 

/. ^'^=e(^'Z-ZJ) = 2e.OZ, 
and WS^e{A'Z^ZA)^e , A* A ; 

letting OA=ay 

OZ = - and OS = ae, 
e 

Let P(x, y) be any point on the hyperbola ; draw PM per- 
pendicular to DB\ 

(c2-l)a;2-^=a2(e2-l), 

^ I 

a2 a2(e2-l) ’ 


Then 

i.e. 

i.e. 
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which, if we write 6®=a®(e*-l), becomes 

o* ’ 


the standard equation of the hyperbola. 



Qr2 ^.2 

m of the hyperbola, = 


If the point (x, y) lies on the curve, the points (x, - y) and 
( - X, 2/) also lie on it ; therefore the curve is symmetrical about 
both the X- and y-axes. 



For real values ol y, ^ \ \ therefore no part of the curve 
a 

lies between the lines x= ±a, but the curve extends to infinity 
in both directions outside these lines. 

When x= ±a, y^ = 0; therefore the lines x= ±a (Fig. 52) 
are tangents to the hyperbola at the points ( ±a, 0). 

The equation of the hyperbola can be written, 

(i) 
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therefore, as x tends to infinity, the equation tends to the 
equation, ^ 

y-V- 

therefore the lines y= ±-x are asymptotes to the curve. 

Considering equation (i) we see that, when x is large and 

either positive or negative, y is numerically less than ±^^^5 

hence the hyperbola approaches its asymptotes as indicated in 
Fig. 52. 

Note 1. The equations of the asymptotes have been obtained by 
taking an asymptote to be a line to which the curve tends as one 
coordinate tends to infinity. An asymptote may be defined as a 
tangent to the curve at infinity, and the equations of the asymptotes 
may be obtained from this definition by expressing the condition 


that the equations y=ma; + c and 


y 


~=1 should, when solved 


simultaneously, have two infinite roots. 

Note 2. The chord A A' passing through the focus and perpen- 
dicular to the directrix DD' is called the transverse axis ; 0 the mid- 
point oiA'A is called the centre, and BB' the line of length 26, which 
is bisected at 0 and which is perpendicular to A' A, is called the con- 
jugate axis. It is to be observed that the conjugate axis is not a 
chord of the hyperbola. The chord L'L through the focus and per- 
pendicular to the transverse axis is called the latus rectum. 

In the hyperbola, ^ ~ centre is the origin, the transverse 

axis lies along the a;-axis and has length 2a, the conjugate axis lies 
along the i/-axis and has length 26, while the latus rectum has length 


, . 26* 
> a* a 


Note 3. From the symmetry of the curve, it follows that the 
point 8'( -ae, 0) is a second focus and that the line whose 

equation is x= - - , is a second directrix. The reader should 


taking S' and D^Di as focus 


establish the equation, 
and directrix. “ 

Note 4. The hyperbola is symmetrical about its centre, and the 
centre may be defined as for the ellipse (see § 75, Note 2). 
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Example. Find the centre^ eccentricity, fody directrices and 
asymptotes of the hyperbola, 

9x2 - 162/2 - 18x + 32t/ - 151 = 0. 

The equation can be written 

9 (x2 - 2x + 1) ~ 16 (1/2 - 21/ + 1) = 144, 

(X-1)2 (l/-l)2 


i.e. 


16 


9 


- = 1 


/. the centre is the point (1, 1), 
and the eccentricity is e, where 9 = 16(e2 - 1), i.e. e = f ; 

the distance from the centre to either focus is 4(-|), i.e. 5, 
and therefore the foci are the points (6, 1), ( -4, 1). 

Also the distance from the centre to either directrix is 4-J>f , 
i.e. ^6" ; 

the directrices are the lines, 5x = 21, 5x + ll =0. 

The asymptotes are the lines 

(x~l)2 (y-l)2 

16 9 


i.e. 3(x-l)±4(i/-l)=0, 

i.e. 3x + 4i/-7=0, 3x-4y + l=0. 


Exercises 

Find the eccentricities of the hyperbolas ; 


1 

16 9 


2 

^•9 16' 


1 . 


3. 8x2 -1/2=2. 


Find the lengths of the latera recta of the hyperbolas : 


4 

• 4 3 


5 


6. x2~2i/2 = L 


Find the foci of the hyperbolas : 

7 = 

^*7 2 


9. x 2-82/*=2. 


8 ^1-yl-x 

9 7 

10, 9a:*-16y‘=36. 



CONIC SECTIONS. STANDARD EQUATIONS 183 

Find the centres of the hyperbolas : 

(a;4-l)2 iy-2Y 

11. = 12. (a:-l)2-3(y + 4)2 = l. 


13. a:*-2y2-f 4a; + 2=0. 14. a;*-2?/2-4a;-4i/=0. 

Find the asymptotes of the hyperbolas ; 


X* vr 

I5.y-S=l. 


16. 4a;2-y2=,i. 


17. 


Find the centres and eccentricities of the hyperbolas : 


18. 

4 5 


10 

i». 9 7 1- 


20. (x + l)‘-2y‘=2. 21. 5j:*-4y2-10a:=0. 

Find the directrices of the hyperbolas : 


22 .-f-? = l. 

5 4 

24. + 2)^ = 1. 


23. 


26. x^-y^-\-2x=l. 


Find the centres, eccentricities, foci and directrices of the hyper- 
bolas : 


(* + !)“ (y-2)»_ ^ {2x-W (%-2)» 

26. —9 ^ -1. 27. — ^ 

28. 3a:2-i/2 + 12a: + 2 y-l= 0. 

29. Find the centre, eccentricity, foci, directrices and asymptotes 
of the hyperbola 

(.r + 2F + 

16' 9 

30. The transverse axis of a hyperbola has length 6 and is parallel 
to the a:-axis ; the conjugate axis has length 4 ; the centre is the 
point (2, 3) ; find the equation of the curve. 

31. Find the equation of the hyperbola with foci (5, 2), ( - 3, 2) 
and eccentricity 2. 

32. Find the equation of the hyperbola with eccentricity 2, focus 
(1, 2) and corresponding directrix, a; + 2=0. 

33. Find the equation of the hyperbola with centre ( - 1, 3), focus 
(2, 3) and eccentricity f . 
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34. Find the equation of the hyperbola with foci ( - 3, - 1 ), 
(2, - 1), the transverse axis being of unit length. 


35. An hyperbola has foci (6, 2), ( - 4, 2) and eccentricity f ; find 
the equations of the curve and its asymptotes. 

Sketch the hyperbolas : 




‘ 16 9 


38. x^-y^ = l. 


39. a;* - 4y‘-* - 2a; - 3 =0. 


40. 16a;2 - + 32a: + 36y- 164=0. 



CHAPTER XIV 


THE PARABOLA 

§ 78. The coordinates of any point on the parabola, y*^ = 4ax, 
expressed in terms of a single parameter. 

If wc substitute 2at for y in the equation 

= 4ax, 

we have x = at^ ; therefore the point (ai^, 2at) lies on the para- 
bola for any value of t, and may be referred to briefly as the 
point t. 

Example 1. The point t is one extremity of a focal chord of 
the parabola, y^ = 4ax ; prove that the other extremity is the point 

and hence show that the locus of the mid-points of focal 

chords is the parabola 

y^ = 2a(x ~ a). 

Any line through the focus has equation of the form 
y==m(x-a ) ; 

if this line meets the parabola at the point t, 

2at = m{at^ - a), 
i.e. mt^ - 2t-m — 0, 

The product of the roots of this equation is - 1 ; therefore, 
if the point t is one extremity of the chord, the other extremity 

is the point - 

c 


185 
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At the mid-point of the chord, therefore, 



2a;=a/2+ 

tr 

i.e. 

-=‘■ 4 - 

and 

2y = 2a< — 

i.e. 

at" 

and /. 

1 

+ 

11 


i.e. the equation of the locus of the mid-points of focal chords is 
the parabola 

2/2 = 2a (x- a). 

Example 2. A circle cuts the parabola^ = 4ax, at the points 

^4 * show that "f" ^2 ^3 ^4 “ 

Let the circle have equation 

x2 + 2/* + 2^a: + 2fy + c = 0 , 

The circle meets the parabola at the point t, where 
a2«^ + 4a2^2 + 25^0^2 + 4/a^ + c = 0 ; 

therefore this equation has roots t^, t^y t^, t^, and therefore, as the 
coefiftcient of in the equation is zero, 

ti + t2'}-tQ-\-t^ = 0, 

Exercises 

1 . Find the gradient of the chord joining the points ti, on the 
parabola, y*=4aa:. 

2. The chords PQy PR of the parabola, y^—4ax, are equally in- 
clined to the axis ; PQ passes through the focus ; show that P and 
the mid-pomt of QR are equidistant from the axis. 
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3. The point t is one extremity of a focal chord of the parabola, 
y2=4aa: ; show that the length of the chord is 



4. M is the mid- point of a focal chord AB of a parabola ; prove 
that the distance of M from the directrix is half the length of AB, 

6. P, (?, R are points on the parabola, y^=^ax; PQ passes 
through the focus, and PR is perpendicular to the axis ; show that, 
as P moves along the given parabola, the mid-point of QR moves 
along the parabola 

y^=2a{x-\-a). 

6. PQ is a chord of the parabola, y^=^ax, such that the ordinate 
of P is twice that of Q ; show that the mid- point of PQ lies on the 
parabola 

5y^=lSax. 

7. Show that the mid-points of lines drawn from the focus to the 
parabola, y^=iax, lie on the parabola 

y^—a{2x-a), 

8. Lines are drawn from the point ( - 2a, 0) to the parabola, 
y^=4ax ; show that their mid points lie on the parabola 

y^~2a(x-\-a), 

9. P is a variable point on the parabola, y*=4aa:, with focus S 
and vertex A ; Q is the mid-point of SP and R is the mid-point of 
AQ ; show that the locus of P is a parabola and find its vertex and 
the length of its latus rectum. 

10. P is a variable point on the parabola, y^=^ax, with focus S 
and vertex A ; show that the locus of the centroid of A ^ SP is a para- 
bola and find the coordinates of its vertex and focus. 

11. PC, a chord of the parabola y*=4aa:, subtends a right-angle at 
the vertex ; show that the mid-point of PQ lies on the parabola 

y2=2a(a; -4a). 

12. PQ is a focal chord of the parabola, y^=iax\ PR, QR are 
parallel to the x- and y-axes respectively ; show that the locus of R 
has equation 

xy^=4a\ 

13. A circle cuts the parabola, y*=4aa:, a,t A, B, C, D ; show that 
the chords AB, CD are equally inclined to the axis. 
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14. The coordinates of a variable point on a curve are given by the 
equations 

x=at-ht^y y=ct; 

show that the curve is a parabola, and find the vertex and the length 
of the latus rectum. 

15. The line 

lx + my + n=Oy 

meets the parabola, y^—4ax, at the points ; show that 

and that the points coincide if 

am^=ln» 


§ 79. Chord and Tangent 



Let A(xi, y^, B(x^, y,) (Fig. 53) be two points on the para- 
bola, ^=iax ; then 

y2^~yi=ia{x2-Xi); 

the gradient of .45, which = 

X^-Xi 

_ 

"yi+ya’ 
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§79] 

/, the equation of AB is 

4a 

i-e. 2/ (^1 + 2^2) = 4aa: + 2/12/2 (i) 

Now let the point B tend to the point A ; the equation (i) 
tends to the equation 

22/2/1 = 4ax + 2/l^ 

i.e. to 22/2/1 = 4ax + 

i.e. to ytj^ = 2a (x + Xi), (ii) 

which is therefore the equation of the tangent at A, 

Using equation (i), we find that the chord joining the points 
ti and <2 has equation 

2 2aLL 

?/ = X 

^ h + h ^1 + ^2 

and, using equation (ii), that the tangent at the point t has 
equation 

Note 1. Equation (i) can be established in the following wa}’^ : 
Consider the equation 

(y-yi)(y-yz)=y^-^xi (iiv 

this equation is linear and therefore represents a straight line ; it is 
satisfied by the coordinates of A and of B and therefore represents 
the chord AB, 

Note 2. The reader familiar with the calculus may derive the 
equation of the tangent thus : 

t/*=4aa;; 

dy 2a 
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the tangent at {x^, yi) has equation 
y-yi^2a 

i.e. yyi=2ax+yj^-2axi, 

i.e. yyi=2a(x + Xi), 

Note 3. The reader should observe that, as in the case of the 
circle, the equation of the tangent at a point {Xi, on a conic is 
obtained by substituting, in the equation of the curve, xx^, yy^, 
\(x+x^ and J(y f-yi) for x^, x and y respectively. 

NaU 4. From the equation of the tangent at the point t on the 
parabola, we see that t is the cotangent of the angle which the 
tangent at the point makes with the a;-axis. 

Example 1. Find the mid-point of the chords 
2a; + y-4 = 0, 

of the parabola, y^ = 4x. 

If the extremities of the given chord are the points (x^, 

(Xg, 2 / 2 ) > equations 

2/(yi+2/2)=4a;+M2. 
and - 22 / = 4x-8 

represent the same line ; therefore 

2/1 +2^2 =-2. 

The ordinate of the required mid-point is therefore - 1, and, 
from the given equation of the chord, we have that the abscissa 
is f. 

Example 2. The tangent to a parabola at a point P meets the 
axis at T ; prove that the tangent at the vertex bisects PT, 

Let P be the point (Xj, y^) and let the parabola have equation 
y* = 4ax. 

Then the equation of the tangent at P is 
yyi-2a(x + xi); 

x=:-a^; 


/. at T 
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/, at the mid-point of PT 

and therefore the tangent at the vertex bisects PT. 

Example 3. Show that P(x^y is external to the parabola, 
y^ = iax, if y^-4iax{>0, and deduce that there are two real 
tangents from any external point to the parabola. 

Take Q any point on the parabola, and let the equation of 
PQbe 

cos ^ sin ^ 

Where PQ meets the parabola 

(^1 + r sin 6)^ = 4a {x^ 4- r cos 0), 
i.e. sin^^ 4- 2r (y^ sin 0 - 2a cos 0) + {y^^ - iaxfj = 0. 

This equation has one real root, viz. the length of PQ ; there- 
fore the other root is real, and, if y^ - ^ax{>0, the roots have 
the same sign and neither root is zero, i.e. P is external to the 
parabola. 

The tangent at the point t has equation 
y = j + at, 

and passes through the point (x^, y^), if 

i.e. if at^-’ y^t 4- Xj = 0. 

This equation gives two real and distinct values of t, if 
yj^-4tax^>0, 

i.e. if the point (xj, y^) is external to the parabola. 

There are therefore two real tangents from any external 
point. 
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§ 80. The line 

a 

^ m 

touches the parabola^ = iax, for all values of m. 

Comparing the equations, 


y=^mx + c 


and y=^j + at, 

we see that the former represents the tangent at the point ^ if 


c = a 



Note, This value which c must have in order that the line, 
y — mx-\-c, may touch the parabola can be determined directly by 
solving simultaneously the equations of the line and curve, and 
expressing the condition for equal roots. 


Exercises 

Find the equations of the tangents to the following parabolas at 
the points indicated : 

1. y^=4ax, {a, 2a), 2. y^=^x, (4, -2). 

8. y*=4(a:-l), (5,4). 

Show that the following lines are tangents to the given parabolas, 
and determine the points of contact : 

4. x-6y + 9=0, y^=x, 5. a: + 2y+4=0, y^=4:X, 

6. a;-2y-l=0, y^ = 2{x-3), 

7. MP is the ordinate of P, a point on the parabola, y^=4ax ; the 
tangent at P meets the axis at T ; prove that the vertex of the para- 
bola is the mid-point of TM. 

8 . The tangent at P, a point on the parabola, y^=4ax, meets the 
axis at T ; show that 8P—8T where 8 is the focus. 

9. P is any point on a parabola with vertex A and focus 8 ; the 
tangents at P and A meet at Z ; prove that 8Z'^ = 8 A . 8P, 

10. Show that the line joining the origin to any point P on the 
parabola, y^=4ax, has gradient twice that of the tangent at P. 
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11. P is a variable point on a parabola whose focus is S ; the 
perpendicular from 8 to the tangent at P meets this tangent at Z ; 
find the locus of Z. 

12. PT is the tangent at P(a;i, a point on the parabola, 

PN is parallel to the axis, and 8 is the focus ; prove that PS and PN 

A 

are equally inclined to PT and that tan SPT = ±— . 

Vi 

13. The tangent at a point on a parabola, with focus 8, meets 
the latus rectum at A and the directrix at B ; prove that AS = BS, 

14. The tangent at a variable point on the parabola 

meets the axis and the tangent at the vertex at Q and R respectively ; 
show that the locus of the mid-point of QR is the parabola 

2y^-\-ax=0. 

15. PQ is a variable focal chord of a parabola ; TP is the tangent 
at P, and TQ is parallel to the axis ; show that the locus of the mid- 
point of PT is the directrix. 

16. PT is the tangent at P, a variable point on the parabola, 

; T lies on the directrix ; show that the locus of the mid- 
point of PT has equation 

y^ {2x + a) = a (3a; + a)*. 

17. Prove that the line joining the points (aA^ 2«A), 2a(i) of 

the parabola y^-^x~0 passes through the focus of the parabola, if 

A/z + 1 =0. 

Show that the radical axis of the circles described on any two focal 
chords of a parabola as diameters passes through the vertex of the 
parabola. (Camb. H.S.C.) 

18. Find the equation of the chord joining the points P(ap2, 2ap) 
and Q(aq^, 2aq) on the parabola y^—4MX, 

If the chord PQ subtends a right angle at the point (aP®, 2aT) on 
the curve, prove that 

{T-hp)(T + q)+4=0; 

and deduce that if the circle on PQ as diameter cuts the parabola 
again at H and K, then the chords PQ, HK are equally inclined to 
the axis of the parabola. (Jt. Matric. Bd. H.S.C.) 

19. Show that the tangents at the points and <2 on the parabolc^ 
y*=4aaj, intersect at the point 


o 


(d^ ^2)* 
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20. PQy PRy two tangents to a parabola, are mutually perpen- 
dicular ; show that P lies on the directrix. 

21. The tangents at the extremities of a focal chord of a parabola 
meet at P ; show that the join of P to the focus is perpendicular to 
the chord. 

22. Prove that the tangents at the extremities of a focal chord of 
a parabola are mutually perpendicular. 

23. Py Q are two variable points ty 2t on the parabola, y^=4<ix ; 
TPy TQ are tangents ; show that the locus of T has equation 

24. Py Q are two variable points t^y on the parabola, y^=Aax ; 
TPy TQ are tangents ; show that, if t^-v2t^—0y the locus of T has 
equation 

2y^+ax=0, 

25. Py Q are the points <i, ^2 on the parabola, y® =4aa; ; TP, TQ are 
tangents ; show that the area of A TPQ is — (^2 “ ^i)®* 

di 

28. Py Q are points on the parabola, y^—4dCLx; TPy TQ are 
tangents ; the area of A TPQ is 4da ^ ; show that T lies on the para- 
bola 

t/2=4a(a; + a). 

27. Ay B are the points on the parabola, y2=4aa: ; TAy TB 
are tangents ; the tangent at the point t meets TA, TB at C, D ; 
show that 

AC iTC=t-ty^:t-t^ 

and deduce that 

AC:TG=TD-.BD. 

28. The tangents to a parabola from any point T are cut by the 
tangent at any point P, in the points Q and R, The parallel through 
T to the axis of the parabola cuts QR in P'. Prove that the points 
P and P' are equidistant from the middle point of QR, 

(Oxf. H.S.C.) 

29. The product of the ordinates of P, Qy two variable points on 
the parabola, y^—AaXy is constant ; show that the locus of the point 
of intersection of tangents at P, Q is a line parallel to the directrix. 

30. Py Q are any two points on a parabola ; PT, QT are tangents ; 
M is the mid-point of PQ ; prove that the parabola bisects TM, 

31. PQy a chord of the parabola, y*=4aa:, meets the axis at R; 
the tangents at P and Q meet at T ; prove that R and T have equal 
and opposite abscissae. 
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32. PA, PB are tangents to a parabola with focus S ; show that 
the inclination of PA to the axis is equal to that of PB to PS, 

33. P is any point on a parabola ; the chord PQ passes through 
the focus S, and the chord PR is perpendicular to the axis ; TQ, TR 
are tangents ; show that ST is perpendicular to the axis. 

34. The chord PQ of the parabola, y^=4cax, passes through the 
point (b, 0) ; show that the tangents at P and Q meet on the line, 
x + b=0. 


35. P is a variable point on the line, y = mx; tangents PQ, PR 
are drawn to the parabola, y^—^x ; show that the locus of the mid- 
point of the chord QR is a parabola with vertex ^ - ^ 


36. P is a variable point on the parabola 


y^ + Anx~0 ; 

the tangents from P to the parabola, y^^Aax, meet the latter a,tQ,R; 
show that the locus of the mid-point of the chord QR is the parabola 

3y^=4ax, 


37. PQ is a focal chord of the parabola, y^=4ax; PR, QR are 
parallel to the tangents at Q and P respectively ; show that the locus 
of R is the parabola 

y^—a(x-3a). 


38. The chord PQ of the parabola, y^=^x, passes through the 
fixed point ( - a, b ) ; TP, TQ are tangents ; show that T lies on the 
line 

by=2a {x-a), 

39. Find the equation of the tangent to the parabola, y^=4ax, 
which is parallel to the line 

.3.r-2y = l. 

40. Find the equations of the tangents to the parabola, y®=4aar, 
which are equally inclined to the axis and directrix. 

41. Find the equation of the tangent to the parabola y®=4aa: at 
the point {at\ 2at). 

Obtain the equation of the tangent to this parabola which is 
parallel to the lino 2x + y^0, and find the coordinates of the point of 
contact. (Camb. H.S.C.) 

42. Show that the line 

a: cos a+y sin a=p 
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touches the parabola, ^^=4aa;, if 

p = - a sin a tan a. 

43. Show that the chord 

y—mx-¥c 

of the parabola, y*=4aa:, has length 

4 

— N/a(a~mc)(l 


and deduce that the line 


a 

y=mx-\- — 
m 

touches the parabola. 

44. Find the values of m if the line 


1 

y=mx + — 
m 

passes through the point ( - 2, - 1) ; hence determine the equations 
of the tangents from the point ( - 2, - 1) to the parabola 

2/*=4a?. 


§ 81. Normal to the parabola, y^ — ^ax. 

The tangent at (x^, y^) has equation, yyi = 2a(x-hXj) ; 

/, the normal at (x^, yj) has equation, 2/ ~ 2/i = ~ o” 

Za 

The tangent at the point t has equation, yz=j+at; 
the normal at the point t has equation 
y-2at= -t{x-afi), 
i.e. y + ix~2at + at^. 

Example 1. The normal to the parabola, y^ = 4ax, at the point 
t, mjeets the curve again at P ; show that P is the point 



The normal has equation 
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and passes through the point t^ if 


2 a<i + att^ = 2a< + afi^ 

i.e. if 

2 (<-<i) + <(<2~<j^2)^0, 

i.e. if 

{t — <2) (2 + <3 -f- U-j^ — 0, 

i.e. if 

. . 2 
<i = < or 


P is the point - 7 - <• 

I 


Example 2. Show that three normals can be drawn from the 
point (21, -30) to the parabola, y^==4:x; find their equations. 
The normal at the point t has equation 
y^tx^2t + t^, 

and passes through the point (21, -30), if 
-30 + 21 « = 2 ^ + «», 

i.e. if <3^19^ + 30 = 0, 

i.e. if (<-2)(<2 + 2<-15)=0, 

i.e. if < = 2, 3, —5. 

/. the normals at three points pass through (21, -30), and 
the equations of the normals are 

2/ + 2aj = 12, y + 3x = 33, 2/-5x= -135, 

i.e. 2ir + y-12 = 0, 3x + y-33 = 0, 5x-y-135 = 0. 

Exercises 

Find the normals to the following parabolas, at the points indi- 
cated : 

1. y^^x, (1,1). 2. i/»=4x, (1, -2). 

(5,2). 

Show that the following lines are normals to the given parabolas, 
and find the coordinates of the feet of these normals : 

4. 2a;-y-3=0, y^—x, 5. 2a;+y-12=0, y*=4a:. 

6. 2a;+y-12=0, y*=2a;-6. 
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7. Show that the line joining the points (1, 2), (9, ~6) on the 
parabola 

is normal to the parabola at the former point. 

8 . The tangent and normal at a point on a parabola meet the 
axis at T and G respectively ; prove that TS=SO where S is the 
focus. 

9. P is a variable point on a parabola, M the foot of the perpen- 
dicular from P to the axis and G the intersection of the axis and the 
normal at P ; prove that MG is constant. 

10. PN is the normal at P, a variable point on the parabola, 
y^=4:ax; the line which passes through the focus and which is 
parallel to the tangent at P meets PN at N ; show that the locus 
of N is the parabola 

y^=a(x -a), 

11. M is the mid-point of P©, a. focal chord of the parabola, 
y^=4ax; the line through M and parallel to the axis meets the 
normal at P at the point V ; show that the locus of V is the parabola 

y^=ia(x-Za), 

12. P, G, R are points on the parabola, ?/*=4aa:, such that PQ is 
perpendicular to the axis, and PR is the normal at P ; the tangents 
at Q and R meet at T ; show that the foot of the ordinate of T lies 
on PR. 

13. P, Q are the points ty on the parabola, ; the normals 

at P, Q meet on the parabola ; show that 

«i=2. 

14. P, Qy R are points in the parabola, y^=4ax ; PP, QR are the 
normals at P, Q ; show that the centroid of A PQR lies on the axis. 

15. P, Q are points on the parabola, y^=4aXy such that the normals 
at P, Q intersect on the parabola ; show that the mid-point of PQ 
lies on the parabola 

y^=2a(x + 2a). 

16. The normal at P, a point on the parabola, y^=4ax, meets the 
curve again at Q ; the axis divides the chord PQ in the ratio 1:3; 
show that P is an extremity of the latus rectum. 

17. The normal at P, a point on the parabola, y^=4aXy meets the 
curve again at Q ; the axis divides the chord PQ in the ratio A; : 1 ; 

2ka 

show that the abscissa of P is r — r* 

1 -k 
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18. Find the equation of the normal to the parabola y® =4aa; at the 
point P(ap^, 2ap), 

If this normal cuts the parabola again at the point Q, prove that 
the lines joining the origin to P and Q are at right angles, if p^ — 2. 

(Camb. H.S.C.) 

19. Normals are drawn to the parabola, y^—4ax, at the points 
; show that the point of intersection of the normals is 

{d + t-J/2 4* + 2), — (/j + ^ 2 )}* 

2 

20. P, Q are the points I, - on the parabola, y^=4dax ; prove that 

t 

the normals at P, Q intersect on the parabola. 

21. PQ is a variable focal chord of the parabola, y^ — ^x ; the 
normals at P, Q meet at N ; show that the locus of N is the parabola 

y^=a{x-Sa), 


22. Find, in its simplest form, the equation of the normal to the 
parabola y^—4ax at the point («P, 2at). 

PQ is a chord of a parabola drawn in a fixed direction. Prove that 
the locus of the point of intersection of the normals at P and Q is a 
straight line, which is itself a normal to the parabola. 

(Oxf. and Camb. H.S.C.) 


23. PQ, a variable chord of the parabola, y^=4ax, subtends a right 
angle at the vertex ; the tangents at P, Q intersect at P, the normals 
at N, while M is the mid-point of PQ ; find the loci of T, N and M, 

24. PQ, a variable chord of the parabola, y^=4ax, subtends a 
right angle at the vertex ; PP, TQ are tangents ; NP, NQ are 
normals ; show that the locus of the mid-point of TN is the parabola 

2y^=25a(x-a), 


25. M is the mid-point of the chord PQ of the parabola, y^ = iax ; 
PN, QN are normals at P, Q, and MN is bisected by the axis ; show 
that the tangents at P, Q intersect on the line, x=a. 


26. Find the equations of the three lines which pass through the 
point (9a, 6a) and which are normal to the parabola, y^=4ax, 

27. Show that two of the three normals from the point (5a, 2a) to 
the parabola, y*=4aa;, coincide. 


28. Find the equations of the two distinct normals from the point 



to the parabola, y^=4ax. 
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29. Prove that three real normals cannot be drawn from a point 

(hf 0) on the axis of the parabola to the curve unless h>2a. 

Find the area of the triangle whose vertices are the feet of the three 
normals from the point (3a, 0). (Lond. H.S.C.) 

30. Show that there are three real and distinct normals from the 
point (a;, y) to the parabola, y*=4aa:, if 

21 ay^ <4(a:-2o)*. 

31. The normals from the point (a;, y) to the parabola, y^—4MX, 
meet the curve at the points yi), (xg, y^^ (x^, y ^) ; show that 

yi + ^2 + 2/3 =0, Xi+X 2 +X 3 = 2 {X’- 2a). 

32. PA, PB, PC are normals at A, B, C on the parabola, y^—4ax ; 
show that the circle ABC passes through the origin. 

§ 82. Chord of contact of tangents from P(x^i yf) to the para- 
bola, y^ = 4ax. 



Let the tangents from P (Fig. 54) touch the parabola at Q 
and R. 

If Q is the point (^ 2 , PQ bas equation 
yy^^2a(x + x ^) ; 

P lies on this line, therefore 

M2=2o(a;i+ai) 
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i.e. Q lies on the line 

Similarly R lies on this line, which is therefore the line QR^ 
i.e. the equation of the chord of contact is 

yy^=^2a(x^x^Y 

§ 83. Tangents from the point P{x^y y^ to the parabola^ 
y^ = 4aa;. 



Join P (Fig. 55) to any point Q (x, y). The point dividing 
PQ in the ratio h : 1 lies on the parabola if 



i.e. if (i/ - iax)k^ + 2 {yy^ - 2ax -f xf^k + - iaxj) = 0 (i) 

If PQ cuts the parabola at A and B, the two values of k given 
by equation (i) are the values of the ratios PA : AQ and PB : BQ, 
Now if Q lies on either of the tangents from P to the parabola, 
these two values of k must be equal and therefore 

{y^ ~ 4aa;i) {y^ - ^ax) = (yy^ - 2ax + x^f, 
which is therefore the equation of the tangents. 
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Example. Find the equation of the pair of tangents from the 
point (-1,2) to the parabola 

i/2 = 2x. 

The required equation is 

i.e. - 4cxy ~ 2y^ + lOx + 4i/ + 1 =0. 

§ 84. Definition of pole and polar. 

The polar of a point P with respect to a conic is the locus of 
the point of intersection of tangents drawn at the extremities 
of a variable chord passing through P. 

The point P is called the pole of the locus. 

§ 85. The polar of P yfj with respect to the parabola, 
y^ = iax, is the straight line 

yy^^2a{x^x^. 



Let AB (Fig. 56), a chord of the parabola, pass througli P, and 
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let the tangents at A and B intersect at ^ 2 ) y 
equation 

2/2/2 = 2 a (X + X2) ; 

F lies on this line, therefore 

2/1^2 = 2a(a;i + 0 : 2 ), 

i.e. Q lies on the line 

2/2/1 = 2 a (jj + xj), 

which is therefore the polar of P. 

§ 86. If the polar of P passes through Qy the polar of Q passes 
through P. 

Let P, Q be the points (xj, 2 / 1 ), (^ 2 , 2/2)- 
Then the polar of P has equation 

2/2/1 = 2 a (x + Xi), 

and Q lies on this line, therefore 

Mi = 2a(x2 + Xi), 

i.e. P lies on the line 

2/y2 = 2a(x + X2), 

which is the polar of Q, 

Note, Points such that the polar of either with respect to a conic 
passes through the other are called conjugate points, and lines such 
that either passes through the pole of the other are called conjugate 


lines with respect to the conic. 

Example. Show that the lines 

2/ = 2x + 4, (i) 

3y = x + l, (ii) 


are conjugate with respect to the parabola 
= 4x. 

Let the pole of (i) be P{x^, yi); then the polar of P has 
equation 


j^i=2(x+*j), 
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and therefore, from (i), 

12 4’ 

P is the point (2, 1). 

This point lies on (ii), therefore (i) and (ii) are conjugate lines. 

§87. IfAB, a chord of a parabola, passes through a point P 
and intersects the polar of P at Q, (AB, PQ) is harmonic. 



Fiq. 57. 

Let P, Q (Fig. 57) be the points (afg, y^) and let the 

parabola have equation 

= iax. 

The point dividing PQ in the ratio k : 1 lies on the parabola if 



i.e. if (y^^ - 4ax2)P + 2 + ^ 2 )^ + il/i - 

and, since Q lies on the polar of P, the coefficient of k in this 
equation is zero, and therefore the two values of k which satisfy 
the equation are equal in magnitude and opposite in sign, 
i.e. A, B divide PQ internally and externally in the same ratio ; 

(PQf AB) is harmonic ; 

/. {AB, PQ) is harmonic. 
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Note, If is a variable chord through P, the locus of Q the 
harmonic conjugate of P with respect to A and B is the polar of P. 

Exercises 

Find the equations of the chords of contact of tangents from the 
given points to the following parabolas • 

I. (-2, 1), = 2. (3,2), 

3 . ( 0 , 1 ), y^=x-\. 

Find the coordinates of the points, the chords of contact of tangents 
from which to the following parabolas are the lines given : 

4. y^ = 2x, 2y=x, 6. y^=4tx, 2x -3y + 2=0. 

6. y^ — 2(x-l)t x-2y-3=0. 

7. Show that the chord of contact of tangents from the point 
(-a, a) to the parabola, y^ = 4ax, has length 6a. 

8. P is the point (2, 3) ; PQ, PE are tangents to the parabola 

y^=4x ; 

state the equation of the chord QR^ and deduce the equations of the 
tangents from P. 

9. Show that the tangent at the point (1, - 2) on the parabola 

y^ = 4:x 

passes through the point ( - 2, 1 ), and determine the equation of the 
other tangent from this point. 

10. Find the equations of the tangents from the point ( - 3, 1 ) to 
the parabola 

y^=x. 

II. P, Q are points on the parabola, y^=4ax ; TP, TQ are tan- 
gents and cut the tangent at the vertex at ^ , P ; show that the line 
joining the focus to the mid-point of ilP is perpendicular to PQ. 

Find the polars of the following points with respect to the given 
parabolas : 

12. (-3, 4), y^=4x. 13. (2, 1), y^=x. 

14. (1, -2), y^=2x + ^. 

Find the poles of the following lines with respect to the given para- 
bolas : 

16. 2a;-3y + 2=0, y^=4x. 16. 3a;-2y-6=0, 3/2=3a;. 

17. 3a;4-4y=0, 2y*=3(a;-l). 
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Show that the following pairs of points are conjugate with respect 
to the given parabolas : 

18. (2,1), (2,2), y^=x. 19. (3, -1), (-3,0), 

20. (-1,-2), (5,-1), y*=2(a?-l). 

Show that the following pairs of lines are conjugate with respect 
to the given parabolas : 

21. a;-2/ + l=0, 2a;-3^ + 4=0, y^=4:X, 

22. 3a; + 2?/ + 3=0, a; = l, y^=Zx. 

23. a;-2i/-5=0, a; + 3y-7=0, y^=2(x-3). 

24. PQ is a focal chord of a parabola ; show that the pole of PQ 
lies on the directrix. 

25. P, Q are points on the parabola, y^—^x^ such that the normals 
at P and Q intersect on the parabola ; show that the pole of PQ lies 
on the line 

x=2a. 

26. A chord of the parabola, y^=4ax, has gradient m ; show that 
its pole lies on the line 

2a 

m 

27. A point lies on the line 

2a;-3y + 8=0 ; 

show that its polar with respect to the parabola, y^=4tx, passes 
through the point (4, 3). 

28. Show that the poles of the lines 

2a;-y + 4a=0, x-y + 3a=0y 
with respect to the parabola, y^=^4tax, lie on the line 
x-y 

29. Py Q are points on the parabola, y^=4aXy such that the nor- 
mals at Fy Q meet on the curve ; show that the locus of the pole of 
PQ with respect to the circle, x^ + y^=a\ has equation 

2a;+a=0. 

30. Tangents are drawn to the parabola, y^=iax; find the 
equation of the locus of their poles with respect to the circle, 

a;*+y*=a®. 
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31. Normals are drawn to the parabola, y^-^x ; find the locus 
of their poles with respect to the circle, 

Use the reciprocal property established in § 86 to prove the follow- 
ing theorems for the parabola : 

32. The pole of any line PQ is the point of intersection of the 
polars of P and Q, 

33. If a number of points are collinear, their polars are concurrent. 

34. If tangents are drawn from a variable point on a fixed straight 
line, the chords of contact are concurrent. 

35. li A, B, C are points such that BC, CA are the polars oi A, B, 
the line AB is the polar of C. 


§ 88. The chord of the parabola, y^ — 4ax, whose mid-point is 
(^v yd equation 


Where the line 


yy^-2ax^\j^-2ax^. 


cos ^ sin 0 


.(i) 


meets the given parabola 

(^1 + ^ sin 6)^ = 4a {x^ + r cos 9 ) , 
i.e. rhin^O + 2r {y^ sin 0 — 2a cos 0) + y^ - 4aa;i = 0, 

and the roots of this equation are equal in magnitude and 
opposite in sign if 

sin 6 -2a cos ^=0 ; 

/. from (i) the required chord has equation 

yi{y-yi)-Mx-xi)=^o, 

i.e. yyi - 2ax = y^ - 2axi. 


§ 89. Diameters of the parabola, y^ = 4ax. 

The chord of the parabola, whose mid-point is (x^, yfj has 
equation 

2a . 

Vi 
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if the gradient of the chord is m, 

2a 

m= — > 
yi 

2a 

i.e. Vi= — ; 

/. the mid-points of all chords of gradient m lie on the line 

2a 

y^m 

A line bisecting each of a system of parallel chords is called a 
diameter. 


Note, Diameters of a parabola are parallel to the axis. 

Example 1. Show that the tangent at the extremity of a dia- 
meter of a parabola is parallel to the chords which the diameter 
bisects. 

Let the equation of the parabola be 
~ iaxy 

and let the diameter have equation 


2a 



The extremity of this diameter is the point — , and the 
tangent at this point has equation 

a 

y = mx + — , 

^ m 

and therefore has gradient m, i.e. the tangent is parallel to the 
chords which the diameter bisects. 


Example 2, Show that the equation of a parabola referred to 
any diameter and the tangent at its extremity as axes is 

y^ = 4cur, 

where a is the distance of the focus from the extremity of the 
diameter. 
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Let the parabola (Fig. 58) referred to rectangular axes OX, 
OY have equation, y* = 4ax, and focus S. 



Let the tangent with gradient tan 0 touch the curve at P ; 
then P is the point (a cot^d, 2a cot 0). 

Take any point Q{x, y) on the curve ; let its coordinates 
referred to the diameter and tangent through P be 17 . 

Then x-a coi^0 + f + 17 cos 

and y^2a cot 0 -hr) sin 0 ; 

but y^^iax; 

4a^ cotW + iarj cos 0 + Tf sin ^0 

= cotW + 4af + 4 ar 7 cos 0, 


i.e. 


’ sin^e 




Now 


SP^ = a* (cot®tf - 1)® + 4a® cot®0 
=a®(l +cot®«)® 


o® 

sin«0’ 


ij®=4af, where the length of SP = a. 
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Exercises 

llnd the equations of the chords of the following parabolas, which 
have the given points as mid-points : 

1. (2,-1). 2. 2t/^=3x, (2,-1). 

3. !/^ = 3(x-hl), (1,1). 

Find the mid- points of the following chords of the given parabolas: 

4. 2a; -y- 2=0, y*=4a;. 5. a; + 2y-l=0, y^—x. 

6. a;-y-l=0, y^=2(x-\), 

7. Show that the chord 

a;-y-2a=0 

of the parabola, y^ = ^x, bisects the chord 
2a;-y-5a=0. 

Find the mid-points of the following chords of the parabola, 
y*=4aa; : 

8. fa; + my=l. 9, a? cos a+y sin a=p. 

Find the equations of the diameters of the following parabolas, 
which bisect chords parallel to the given lines : 

10, y*=4aa;, 2a;-3y-a=0. 11. y2=2a;, 3a; + 4y + 2=0. 

12. y2 = 3(a;-l), a;-f2y-l=0. 

Find the gradients of the chords of the following parabolas, which 
are bisected by the given diameters : 

13. y*=4aa;, y-}-4a=0. 14. y*=a;, y-l-2=0. 

15. 2y*=a;-3. 4y-l=0. 

Write down the equations of the tangents to the following para- 
bolas at the extremities of the given diameters : 

16. y*=4aa;, y-2a=0. 17. y*=a;, 2y4-l=0. 

18. y*=2(a;-3), y + 3=0. 

19. Show that the tangents at the extremities of any chord of a 
parabola intersect on the diameter which bisects the chord. 

20. AT is the mid-point of a chord of the parabola, y^=4ax ; show 
that the chord is parallel to the polar of M, 

21. M is the mid-point of a chord PQ of a parabola ; TP, TQ are 
tangents ; show that the parabola bisects TM. 
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22. Find the coordinates of the mid-point of the chord 

t/=ma; + c, 

of the parabola, y^—Aax, and deduce that the locus of the mid-points 
of chords of gradient m is the diameter 

2a 

y=—> 

m 

23. PQy a variable chord of the parabola, y^—iax, passes through 
the fixed point {x^ ,i/i) ; show that the locus of the mid-point of PQ 
has equation 

y^-2ax=yy^-2ax^, 

24. BCy a chord of the parabola, y^=^x, subtends a right angle 
at the extremity of the diameter which bisects it ; show that the 
locus of the pole of BC has equation 

3?/* - 4a (x -h 4a) = 0. 

25. M is the mid-point of a variable chord of the parabola, 
1 /- = 4aa; ; C is the extremity of the diameter through M ; AB passes 
through a fixed point {x^ y^) ; show that the locus of the mid-point 
of CM has equation 

3i/2 - %ax = 2 (yy^ - 2ax^, 



CHAPTER XV 


THE ELLIPSE 

§ 90 . In this chapter, a number of theorems concerning the 
ellipse are stated without proof. The reader should establish 
these theorems, using the methods by which the corresponding 
theorems concerning the parabola were established. To assist 
the reader in this, references to the corresponding proofs for the 
parabola are given in all such cases. 


§ 91 . Parametric representation. 

The point (a cos b sin d) lies on the ellipse 


for any value of 0. 




If we write t for tan we have that the point 

2i 


lies on the ellipse for any value of U 
If NP (Fig. 59), the ordinate of a point P (a cos 6, b sin 0) on 
the ellipse, is produced to Q, so that 


NP 6’ 


the coordinates of Q are a cos 0, a sin 0, i.e. Q is a point on the 
circle 

212 
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This circle is called the auxiliary circle, and 0 the vectorial 
angle of Q is called the eccentric angle of the point P. 



Fig. 59. 

Example 1. Show that the distances of the point 0 from the 
foci of the ellipse 

^ 4.^-1 

a* 6* 

or6a(l±ecos 0). 

Let P be the point 0, S the focus (ae, 0), S' the focus ( - ae, 0), 
where e is the eccentricity. 

Then SP^ = (a cos 0 - ae)^ + sin^^ 

= a^ cosW - 2a^e cos 0 + sin^ff 

= cos^0 - 2ah cos 0-^a^-b^ + b^ sin^d 
= a* cos^0 — 2a^e cos 0-\-a^-b^ cosW 
= a^e^ cos^0 - 2ah cos 0 
=a2(l-ecos 0f; 

/. SP=a(l -ccos 0). 

Similarly S'P = a (1 + e cos fl). 
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Example 2. P is a variable point 0 on the ellipse 

a^ b^~ ^ 

Q is the point 0 + a; show that the area of the triangle with 
vertices P, Q and the origin is independent of 0. 

Area of triangle = \{a cos ^ . 6 sin (^ + a) - a cos (^ + a) . 6 sin 
= \ab sin a, 

and is therefore independent of 


Exercises 

1. Show that the gradient of the chord joining the points 6, <f) on 
the ellipse 

y* - 

— — = 1 

. b 6+^ 

IS - - cot — . 
a 2 

2. M is the mid-point of PQ, a variable chord of the ellipse 

V* - 

with centre C ; show that the product of the gradients of CM and 
PQ is constant. 

3. AA\ BB' are the major and minor axes of an ellipse with 
centre C ; P is any point on the ellipse ; PM perpendicular to A A' 
meets A A' at M ; show that MP ^ : A'M . MA =CB ^ : CA^, 

4 . If in the previous exercise m is the foot of the perpendicular 
from P to the minor axis, show that mP ^ : B'm . mB=^CA^ : CB\ 

5. Show that the points 0, </) on the ellipse 

nr* 


-^=1 
o ^ in 


a* 6* 

with eccentricity e, are the extremities of a focal chord if 

— 1 € + 1 


tan — tan = or . 

2 2 6 + 1 6-1 


6. The chord joining the variable points 0, (/> on the ellipse 
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subtends a right angle at the point (a, 0) ; show that 

8 6 1^ 

tan - tan ~ = . 

2 2 a* 

7. P is a variable point on the ellipse 


-- + — = 1 

a* 62 

with focus 8 ; show that the locus of the mid- point of 8P is an ellipse, 
with centre midway between the origin and 8. 

8, Show that the point 

air» ' i 


(^a i 


d + <1} 6 - <i> , . 

___cos-^, 6sm— ' cos ^ 


i) 


is the mid-point of the chord joining the points (f> on the ellipse 


— h - = L 

9. Two variable points 6, <f> on the ellipse 

are such that d + <l>is constant ; show that the locus of the mid-point 
of the chord joining the points is a straight line passing through the 
origin. 

10. Two variable points <{> on the ellipse 

a;2 y2 
— 1-^ —1 
« 2^62 

are such that 0 - <^ is constant ; show that the locus of the mid- point 
of the chord joining the points is an ellipse. 

11. P, Q are the points 6, 20 on the ellipse 

y2 , 
a 2^62 

show that the locus of the mid-point of the chord PQ has equation 


fx^ 4y2 

Va»'^6»Aa* 62 V o' 


+ jV-3. 

12. Show that the point whose coordinates are given by the 
equations 

1-^2 2ht 
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lies on the ellipse 

a» ’ 

show that the gradient of the chord joining the points is 

d ^1 + ^2 

13. If a circle cuts the ellipse 

- +^--1 

at the points 0i, flj, 04 , show that 

01 + 02 + ^3 + 04 =2w7r, 

where n is integral. Use the method of example 2, § 78, noting that 

^ f I - 2t \ 

the point 0 on the ellipse is the point where 

<=tan| j 

14. A circle cuts the ellipse 

a;* V* , 

— h— = 1 

at the points A, B,C, D; show that the chords AB, CD are equally 
inclined to the axes. 

15. A circle meeting the ellipse 

o« 

in two coincident points at P, cuts the curve again at Q, P ; show 
that PQ, PR are equally inclined to the axes. 

16. A circle passing through the points (a, 0), (0, h) on the ellipse 

5!+y!=i 

a* 

cuts the curve again at P, Q ; show that the mid-point of PQ lies on 
the line 
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§ 92. Chord and Tangent 

The chord joining the points y^) on the ellipse 


has equation 


- 4 .^ = 1 

O* 


® / \ V i V V1V2 1 

“2 ^ (^1 + 2 / 2 ) = '^“ +-^+15 

the tangent at the point (x^, y-^ has equation 
"a^ 62 * 

The chord joining the points d, <f> has equation 
X 6 <f) y • 0 (f> 6 — <h 

the tangent at the point 6 has equation 

-cos fl + f sin ^=1. 
a 0 

[Use the method of § 79.] 

Example 1. MP is the ordinate of any point P on the ellipse 
x^ 2/2 
a2^62 

the tangent at P meets the major axis at T ; show that 
OM,OT = a^ 

where 0 is the origin. 

Let P be the point {x^, y ^) ; then OM—x^. 

PT has equation, ^ ^ ^ ’ 


OM,OT=x^. 
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Example 2. P, Q are the points 6,^ on the ellipse 

■ 

a* ’ 

TPy TQ are tangents ; find tJie coordinates of T and show that, 

TT 

if P arid Q move so that d-<l>=-^ythe locus of T is the ellipse 
a^ 

OC t! 

TP has equation, - cos + f sin 6 = 1 ; 

a 0 


X %! 

TQ has equation, - cos ^ 4- f sin ^ = 1 ; 
a 0 


/. atT,x = a - 


sin ^ - sin ^ 


cos 




■ ==a - 


sin 6 cos d- cos 6 sin d) d-d) 

cos 


and 




. 0 +^ 

^ 2 ~ 

sin Q cos d) - cos ^ sin ^ 0-d» 

cos 


cos <f)-cosB 


= then at T 

2t 


[;=\/2a cos — y=j2h sin 


a^ tr 


the equation of the locus of T, 
§ 93. The line 


touches the ellipse 


y = mx ±J a^m^ + 6^, 




for all values of m. 

[Use the method of § 80.] 
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Example, Find the equations of the tangents common to the 
ellipse 

+ 2y^ = 6 , 

and the circle 

2x^ + 2y^ - 9. 

The tangents to the ellipse, with gradient m, have equations 

y = mx ±s/ 6m^ + 3. (i) 

The tangents to the circle, with gradient m, have equations 

y==mx±-j^Jl+rrfi (ii) 

The equations (i) and (ii) represent the same lines, if 

+ 3 = 1(1 -f m^), 

i.e. if m=±\\ 

/. the common tangents have equations 
y = x±3, 

and y^-x±^. 


Exercises 


Find the equations of the tangents to the following ellipses at the 
points indicated ; 

1. = (-1,3). 2. a:* + 2y»=6, (2,-1). 

3 . ( 2 ,- 2 ). 


Show that the following lines are tangents to the given ellipses, 
and determine the points of contact : 

4. 2^ + 3y + 5=0, 2a;2 + 3y2=5. 

6. 2a;-2y + 3=0, 2^2 + 4y2=3. 

6. 2a; + y-5=0, 4(a:~ l)® + (y + l)®=8. 

7. Show that the line 

X cos a+y sin a=p 
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touches the ellipse 




= 1 , 


if p = Va® cos®a + siii*a;. 

8 . Show that the line 

Ix-^-my-hn—O, 

touches the elllipse 


a* 



= 1 , 


if aH^ + = nK 

9« Show that the line 

y -k=m{x-h) ±^a^m^-\-b\ 
is a tangent to the ellipse 

(x-h)^ (y-k)^. 
a* b^ 

10. If m is the gradient of a common tangent to the circle 


and the ellipse 


a;*+y*=c*, 


y^ 


= 1 , 


c*-6* 

show that m* = -r — i ; 

a^-c^ 

hence find the common tangents to the circle 




and the ellipse 


169 16 


11. P is a point on the ellipse 




4-^- = l • 


By 8' are the foci ; show that 8P, S'P are equally inclined to the 
tangent at P. 

12. The tangent at P, a point on an ellipse, meets the directrix 
at T ; show that PT subtends a right angle at the focus. 

13. If Pf Pi are the distances of the foci from a variable tangent to 
an eUipse, show that ppi is equal to the square on the minor semi- 
axis. 
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14. P is a point on the circle 


Q is a point on the ellipse 


^ y , 


having the same abscissa as P ; show that the tangents at P and Q 
meet on the x-axis. 

16. P is a point on the ellipse 

a;® w® , 

— j- - =1 * 

a® 6® * 

the tangent at P and the perpendicular from P to the minor axis 
meet this axis at i and m respectively ; prove that 

Om . Ot=h^, 

where 0 is the origin. 

16. P, Q are the points 0, <f} on the ellipse 

a:® y® , 
a®^6® ’ 

TP, TQ are tangents ; show that T is the point 

/ 0-h(f> 6 — (f> , , S-hd) 6 — (l>\ 

( a cos sec b am — -- sec 

17. P, Q are points on an ellipse ; TP, TQ are tangents ; show 
that the line joining T to the mid-point of the chord PQ passes 
through the centre of the ellipse. 

18. P, Q are variable points on the ellipse 

a®^6® ’ 

the mid-point of the chord PQ lies on the ellipse 
a;* V* 1 

show that the tangents at P, Q intersect on the ellipse 

a®'^6‘® id 


19. P, Q are the points 0, ^ on the ellipse 
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TP, TQ are tangents ; show that the area of A TPQ is 


20. Show that the line x cos a+y sin a=p touches the ellipse 




= 1 . 


if cos^a + 6® sin®a. 

If the perpendiculars from R, B\ the extremities of the minor axis, 
to any tangent are equal to Pi, p^ in length, prove that the locus of Q 
is a circle through B, B\ where Q is distant p^ p^ from B and B* 
respectively. (Lond. H.S.C.) 


21. Show that any point on the ellipse 


may be denoted by 


x^ y2 


=1 


x_\-t^ y_ 2t 


and find the equation of the chord joining the points ti and 
The lines joining any point on the ellipse to the points (Aa, 0), 
(A'a, 0) meet the ellipse again at R, Prove that the tangents at 
Qy R meet on the conic 

x^ (1-A^)(1,A-^) 

(1-AA'P 

Interpret the result when AA'=1. (Oxf. and Camb. H.S.C.) 


22. Prove that any point whose coordinates x and y satisfy the 
equations 


1 ~ 


X 

a 



1 


y 

b 

? 


where t is an auxiliary variable, lies on the ellipse 


a* 



= 1 , 
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and that the coordinates of the point of intersection of the tangents 
to the ellipse at the points for which 1—1^ and 1 = 1^ satisfy the 
equations 


X , X 

1 +- 
a a 




y 

h 

\ ih + ^ 2 ) 


ABC is any triangle circumscribing an ellipse. A\ B\ C' are the 
points of the ellipse diametrically opposite the points of contact of 
the sides BC, CA, AB respectively. Prove that AA\ BB\ CC' are 
concurrent. (Oxf. H.S.C.) 

23. Pf Q are the points 0, (f) on the ellipse 


x^ y® 


= 1 


the chord PQ touches the circle 

show that the tangents at P and Q intersect on the ellipse 
x^ _ 1 

24. P, Q are points on the ellipse 


TP, TQ are tangents to the ellipse ; the chord PQ touches the para- 
bola 

y^=4:Cx ; 

show that T lies on the parabola 

a^cy^-{-b*x=0. 

25. TP, TQ are tangents at P, Q the extremities of a focal chord of 
the ellipse 


show that T lies on the directrix. 


26. A variable chord PQ of the ellipse 




= 1 , 


subtends a right angle at the point (a, 0) ; show that PQ passes 
through a hx^ point on the major axis. 
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Find the equations of the tangents to the following ellipses, which 
are parallel to the given lines : 

27. a:-y + l=0. 

28. J + f = L 2*-y + 3=0. 

29. = x + y-2=(i. 

§ 94. Normal to the ellipse, -x + ^ = 1. 

or Ir 

The normal at the point {x^, has equation 

Vi 

the normal at the point 0 has equation 
COS a sin d 

[Use the method of § 81.] 


Example 1. Find the condition that the line 
Zx + my = l, 

should he normal to the ellipse 
a* 

The equations = 

^ COS 6 sm 0 


lx + my — 1 


represent the same line if 

cos 0 and sin 9; 

.-. if S + = 

P m^ ^ 

which is therefore the required condition. 
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Example 2. Show that the feet of the normals from the point 
(a?!, yi) to the ellipse 

lie on the curve 

(a^ - h^)xy + l^yyX - a^x^y = 0 . 

The normal at a point (f , ri) on the ellipse has equation 
? V 

If this normal passes through the point (Xj^, y^), 

? V 

i.e. the point (f, tj) lies on the curve 
X y 

i.e. (a^ ~ b^)xy + b^yiX - a^x^y = 0. 

Example 3. The normals at the points O^y O^y 6^ on the 
ellipse 

a2 6* 

are concurrent ; show that 

+ ^2 ^3 ^4 ~ i^n + 1 )7r, 

when n is integral. 

The normal at the point 6 passes through the point {x^y y^ if 

=a2_62, 

cos d sin d 

i.e. if axi sin 0 -by^cos 6 — (a^ - b^) sin ^ cos ^ (i) 

0 

Writing t for tan - , equation (i) is 

{2ax^t-by^(l-t^)}(l +fi)^{a^-b^)2t(l-t^)y 
i.e. byit^ + 2 (ax^ + - b^)^ + 2 (ax^ - + h^)t -^byj=^0 (ii) 


H 



226 ELEMENTS OF ANALYTICAL GEOMETRY [§ 94 

If the normals at the points 0^, $ 2 , 6^, 0^ pass through the 
point (%, y^, equation (ii) will have roots 

X X ^2 X ^3 X ^4 

tan , tan , tan ^ , tan ; 

/. tan tan ^ tan ^ tan - 1, 

0 0 ^ 
and 2'tan ^tan 2 ^ = 0 ; 


but 


2 tan ^-2 tan ^ tan ^ tan ^ 

71 v! ^TT. K1 ^ 4 ’ 

1-2 tan tan + tan - ■ tan tan - ® tan - * 

Ji Jf J J J J 

= 00; 

01 "h 09 "i" 09 'i' 04 1 \ r * • X 1 

^ 3 4 _ ^2n + 1) - , where n is integral ; 

01 -h 02 + ^3 + ^4 = (2w + 1 ) 77 , where n is integral. 


Exercises 


Find the normals to the following ellipses at the points indicated : 
1. 2x^ + 1/^ =6, (1,2). 2. 3a;* + 2y*=5, (-1,1). 

8. ^-^^+r=3, (3, -1). 

Show that the following lines are normals to the given ellipses, and 
find the coordinates of the feet of these normals : 


4 . 2a;+y-2=0, a:*4-2t/2 = 12. 

6. 4a: + 3y-2=0, 3a;*+2y* = ll. 


6 . x-^-l=0, 


(x-3)» t/^ 
4 i2 


7. Find the length of a diameter POQ of an ellipse of centre 0 and 
semi-axes a, h which makes an angle with the major axis. 
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Prove also that the tangent of the angle between OP and the 
nonnal to the eUipse at P is ^ g ^ ^ 

8 . Find the condition that the line 


y=mx + c 

should be normal to the ellipse 
a:* 

a* 6*“ 

9. P is a point on an ellipse with focus ;Si and eccentricity c ; the 
normal at P meets the major axis at G ; show that GS =eSP, 

10. P is the point on the ellipse 

— =1 • 

the normal at P meets the y-axis at g ; show that the ordinate of g is 

„ 

11. P is the point {Xi, y^ on the ellipse 

the normal at P cuts the a;-axis at G ; prove that the abscissa of is 
where e is the eccentricity. 

12. P is any point on the ellipse 

x^ y^ _ 

+ =1 

with foci 8, 8 ' ; the normal at P meets the minor axis at N ; show 
that 

N8^:8P.8'P=a^-b^:b\ 

13. Show that the coordinates of the point of intersection of 
normals at the points 0, ^ on the ellipse 

b^ 


are 






a>-6» 


_C03<?C08^ 


a^^b^ . 


sm 


sin B sin <f> 


cos- 
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14. NP, NQ are normals to the ellipse 

show that, if PQ is a focal chord, N has the same ordinate as the mid- 
point of the chord. 

15. Show that the mid-point of the chord of the ellipse 

which is the normal at the point 6, lies on the line 

^cos ^ + ^ sin 0—0, 
a* 0® 

16. The normals at the points $ 1 , 02» on the ellipse 

_ 

- -f - =1 

are concurrent ; show that 

sin ( 02 + 03) + sin ( 03 + 0i) + sin ( 0i + 0^ = 0. 

§ 95. The chord of contact of tangents from the point (xj, y^) to 
the ellipse 


has equation 


a* 62 " ’ 

O ' 1 o 


62 


[Use the method of § 82.] 


§ 96. The equation of the pair of tangents from the point 
(Xj, to the eUipse 

3^ 


— + — =1 
a2 62 


IS 


W ^ 6*' “ V W* ^ a* V • 

[Use the method of § 88.] 
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Example, Show that the locus of the point of intersection of 
mutually perpendicular tangents to the ellipse 

is the circle 

x^ + y^=^a^-\-l^, 

{This circle is called the director circle,) 

The tangents from the point (x^, y^) to the ellipse have 
equation 

4 . _ 1 V- 4 . - 1 ^ = Z'— » + - 1 Y 

U*'*'6* V V’ 

and, if these Hnes are perpendicular. 




i.e. x^ + yi^^a^ + b^, 

i.e. the point of intersection of the tangents hes on the circle 

which is therefore the required locus. 

§ 97, Pole and Polar, 

The polar of a point with respect to a conic has already been 
defined in § 84. 

The polar of the point (aj^, y^ with respect to the ellipse 


is the line 


^ 4 . 2 '*-! 


^i4.yyj_. 


[Use the method of § 86.] 
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Following the methods of §§ 86 and 87, the reader should 
prove that 

(i) if the polar of P, with respect to an ellipse, passes 
through Qy the polar of Q passes through P, 
and (ii) if ABy a chord of an ellipse, passes through a point P 
and intersects the polar of P at Q, (ABy PQ) is harmonic. 


Example, Show that the locus of the poles of chords which are 
normal to the ellipse 


has equation 




The polar of the point (x^, has equation 


a® 6* “ 


The normal at the point d has equation 




cos 0 sin 0 

Equations (i) and (ii) represent the same line if 
cos 0 yi sin 0 1 


63 


“a 2 - 62 ’ 


i.e. if 




..(i) 

.(ii) 


/. if (Xj, t/i) is the pole of a normal chord, (Xi, y^) lies on the 
curve 


Exercises 

Find the equations of the chords of contact of tangents from the 
given points to the following ellipses : 


1 . ( 2 , 1 ), 


X' 


2 y2 

+ -= 1 . 
3 ^2 


2. (-1,1), 2a;* + 5t/*=3. 
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8. (1,0), = 

Find the coordinates of the points, the chords of contact of tangents 
from which to the following ellipses are the lines given : 

^2 

4. ^ + = a: + t/-l=0. 5 . 3a;2 + 42/*=2, 3a;-4?/-2=0. 

lx -2)^ 

6. + a; + 82/-6-0. 

7. State the equation of the chord of contact of tangents from the 
point (4, 6) to the ellipse 



16 12 ’ 

and deduce the equations of the tangents from the given point to the 
ellipse. 

8. Find the equations of the tangents from the point (1, 2) to the 
ellipse 

a:2 + 2y2=6. 

9. Find the equation of the pair of tangents from the point 
(2, “ 1 ) to the ellipse 

2a;2-f 3y2=4. 

10, Show that the tangents from the point (2, 1 ) to the ellipse 

2j;2 + 3y2=6 

are mutually perpendicular. 

Find the polars of the following points with respect to the given 
ellipses ; 

11. (3,1), 0:2 + 31/2^15. 12. (~2, 1), 3o:2 + 4y2 = 18. 

13. (1, -i), + 1)^=1. 

Find the poles of the following lines with respect to the given 
ellipses : 

14. 4o; + 2/-1=0, 4o:2 + 3^2^3. 15. ^^2i/+4=0, 0:2+22/2=8. 

16. o: “61/ -4=0, 0:2 +41/2+41/ =0. 

17. Find the equaticHi of the polar of the point (2f, 1-0 with 
respect to the ellipse 

aa;2 + hy^ — 1, 

and show that, for all values of the polar passes through a fixed 
point ; determine the coordinates of this point. 
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Show that the following points are conjugate with respect to the 
given ellipses : 

18. (2,1), (-1,2), a:*+2i/*=2. 

19. (-1,1), (1,2), ar»+V=5. 

20. (0, -2), ( -3, 1), 4a:2 4-3^2- 4a; =0. 

Show that the following lines are conjugate with respect to the 
given ellipses : 

21. a; + 22/-l=0, a;-i/4-2=0, 5a:® + By® = 15. 

22. a;-2y-6=0, a; + y-l=0, a:® + 4y® = 12. 

23. 2a;-2/ + 2=0, 3a; + 4i/-4=0, 4a;® + 9i/® = 12(a; + y). 

24. Show that the polar of a focus of an ellipse is the corresponding 
directrix. 


25. Show that the poles of the lines 

a;4-2y-{-3a=0, 2a; + 3y + 4a=0, 
with respect to the ellipse 

2a:® + 3t/® =4a®, 

lie on the line 

x-^y-2a = 0 . 

26. Show that each pair of the lines 

x + ^y-a =0, 
5x-32/+a=0, 
x-6y + lla=0, 

are conjugate with respect to the ellipse 
a;2 + 3y®=a®. 

27. A chord of the ellipse 

has gradient m ; show that its pole lies on the line 

5® 


y= 


a*m 


The polar of P with respect to the ellipse 

-+y-=i 
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meets the a;-axis at Q ; the line through F perpendicular to the polar 
meets the 2 ;-axis at B . ; show that, if 0 is the origin, 

0(2.01i=a*-6*. 

29. Show that the points which lie on the ellipse 

and which are distant c from their polars with respect to the ellipse 




lie on the ellipse 


a^ir* c*' 


30. The line through P perpendicular to the polar of P with 
respect to the ellipse 


6* 


= 1 , 


meets the a;- and i/-axes at (?, P ; F is the fourth vertex of the 
rectangle with vertices (?, P and the origin ; show that, if P lies on 
the line 


-1 


F lies on the line 


a;-y=a*-6^ 


81. A variable chord PQ of an ellipse passes through a fixed point. 
P', Q' are the points of the ellipse diametrically opposite P and Q. 
Prove that the pole, with respect to the ellipse, of P'Q' lies on a fixed 
straight line. (Oxf. H.S.C.) 

32. Prove that the perpendicular from any point P of the conic 
(a* ~ b^)xy + - a^XQy=0 to the polar lino of P with respect to the 

/|•2 

ellipse “ 2 passes through the point {Xq, y^\ and deduce 

that four normals can be drawn from any point to an ellipse. 

If the tangents to the ellipse at the feet of two of these normals 
meet in the point (ajj, f/j), prove that the line joining the feet of the 

other two normals is — + 4- 1 =0. amb. H.S.C.) 

Vi 
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§ 98. The chord of the ellipse 

a* 6* ’ 

whose mid-point is (aji, y^) has equation 


+ sj U S. _S^ , 

O' 


a- 62 
[Use the method of § 88.] 

§ 99. Diameters of the ellipse 


62- 


a2^62 

The chord whose mid-point is has equation 

a* i)* a* 6* ’ 
if the gradient of the chord is m, 

62 aji 

m= — 2* “» 

«* yi 


i.e. 


a^m^ 


/. the mid-points of all chords of gradient m lie on the line 




a^m'^ 


This is a line passing through the centre of the ellipse and is 
called a diameter of the ellipse, 

§ 100. Conjugate diameters of the ellipse 
a* 

In §99 it is shown that the mid-points of all chords of 
gradient m lie on the diameter 

6 * 



§ 100 ] 
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/. the mid-points of all chords of gradient 
diameter 




62 

a2 


/ a^m\ 

\ b^) 


X, 


- lie on the 
arm 


i.e. on the diameter y^mx. 

Hence, if a diameter A bisects chords parallel to a diameter 
By the diameter B bisects chords parallel to A. Two such dia- 
meters are said to be conjugate. The reader should remember 
that conjugate diameters have the product of their gradient 

equal to - 
^ a2 


Example 1. 


with centre 0 ; 
if 


Ay B are the points 6y <f> on the ellipse 

show that OAy OB are conjugate semi-diameters 




OAy OB have gradients ^ tan 6y - tan ^ ; 

OAy OB are conjugate semi -diameters if 
tan 9 tan ^ = - 1, 

77 

and this relation holds when = 


Example 2. AB is a diameter of an ellipse ; show that the 
tangents at Ay B are parallel to the diameter conjugate to AB, 

Let A be the point 0 on the ellipse 

a* 6* ’ 

then B is the point (^ + 77), and the tangents at Ay B have 
equations 

X cos 0 y sin 0 x cos 9 y sin 0 
a 0 


= 1 . 
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Each of these tangents has gradient “ ~ cot 6; 

and the gradient of AB is - tan 6 ; 

a 

the tangents are parallel to the diameter conjugate to AB, 


Example 3. Prove that the tangents at the extremities of a 
chord of an ellipse intersect on the diameter which bisects the 
chord. 

The tangents at the points (/> on the ellipse 




intersect at the point 


cos-^ sin 

a — — b 


cos 




cos 


e-<i> 


/ 


2 2 
The chord joining the points 6, <f) has mid-point 


(a 


cos 


cos 


h sin 


2 2 ’ 2 
The points (i) and (ii) lie on the line 

^ = -tan-^; 


cos- 


0 - 


X a 


(i) 


.(ii) 


/. the tangents intersect on the diameter bisecting the 
chord. 


Exercises 

Find the chords of the following ellipses which have the given 
points as mid-points : 

1. a:2 + 3y*=8, (2,1). 2. 3x»-f4y*=12, (-1,1). 

8. x^-h2y^-2x=0, (f, -J). 

Find the mid-points of the given chords of the following ellipses: 
4 . 3a;-5y~8=0, 5y*=15. 
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6. 2a!;-4t/ + 3=0, a;=* + 2y*=l. 

6. 22/=a; + 2, 

Find the equations of the diameters of the following ellipses, which 
bisect chords parallel to the given lines : 

7. a;*+2i/* = l, 2a;-3t/ + l=0. 

8. 3a:® +41/* =2, a: + 2i/-3=0. 

9. (a;-l)® + 3i/® = l, a;+y-2=0. 

Find the gradients of the chords which are bisected by the given 
diameters of the following ellipses : 

10. a;=2y, a;® + 2i/®=2. 11. 9r + 8y=0, 3a;® + 4i/® = l. 

12. a; -32/ -2=0, + 

O 


18. CPf CD are two equal and conjugate semi-diameters of the 
ellipse 

^* + ^* = 1; 
o* ’ 

show that their gradients are 

14. CPy CD are conjugate semi-diameters of the ellipse 


- +^ =1 • 
a® 6® ’ 


p is the distance of P from CD ; show that 

P 

15. OC, OD are conjugate semi-diameters of the ellipse 
a®^6® ’ 

show that the mid-point of the chord CD lies on the ellipse 


\a®^6®y 


1 . 


16. Show that tangents at the extremities of conjugate semb 
diameters of the ellipse 

a;® y® , 
a® 6* 
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intersect on the ellipse 


— h— =2. 

a* 


17. OCf OD are conjugate semi-diameters of the ellipse 

- 4 - 2 '"-! . 

TCf TD are tangents ; show that the area OCTD is ab. 

18. OC, OD are conjugate semi-diameters of the ellipse 

NC, ND are normals ; show that CD is perpendicular to the line 
joining N to the origin. 

19. AB is & fixed diameter of an ellipse ; CP, CD are conjugate 
semi-diameters; Pilf, DiV are the perpendiculars to /I R ; show that 
PM^ + DN^ is constant. 

20. Show that, for all values of 0, the extremities of the chord 


of the ellipse 




— = 1 


are the extremities of conjugate semi-diameters. 

21. OC, OD are conjugate semi-diameters of an ellipse with foci 
8 ^ ; prove that C8 . C8i = 0D^. 

22. CP, CQ are conjugate semi-diameters of the ellipse 

* 

the tangent at P meets the x-axis at A, the tangent at Q the ^-axis 
at B ; chow that the mid-point of AB lies on the lines 


3. The extremities of a variable chord of the ellipse 
o> 6* 
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are the extremities of conjugate semi-diameters ; show that the 
locus of the pole of the chord with respect to the circle 


is the ellipse 




+ =2c*. 


24. P, Q are extremities of conjugate semi-diameters of the 
ellipse 




= 1 ; 


the chord PQ meets the x- and y-axes sX A^B ; show that the locus 
of the mid-point oi AB has equation 




25. Define conjugate diameters of an ellipse, and find the equation 
of the diameter of the ellipse 


conjugate to the diameter y^mx. 

If <f>' are the eccentric angles of the extremities of a pair of 
conjugate semi-diameters, show that 

If PSQ is a focal chord of an ellipse, whose centre is at C, and CP, 
CQ are conjugate semi-diameters, prove that if ^ is the eccentric 
angle of P, then 

e(cos ^ + sin ^) = 1, 

and PQ equals the semi-major axis. (Cent. Welsh Bd. H.S.C.) 


§ 101. Ellipse as projection of a circle. 

Let P (Fig. 60) be any point (x, y) on the circle whose 
equation is 

relative to axes OX, OY, and let NP be the ordinate of P. Let 
Ori and Np be the projections of OF and NP on the plane 
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passing through OX and inclined to the plane of the circle at 

cos~^-. 

a 



Then, if p is the point (^, -q) relative to axes OX, O-q, 


and 

but 

i.e. 


x*+y*=a*; 

a* 6* ’ 


/. the projection of the circle is an ellipse with semi-axes 
a and b. 


Note. Many properties of the ellipse can be established by con- 
sidering the ellipse as the projection of a circle. Before attempting 
to answer the exercises at the end of this paragraph, the reader 
should follow carefully the worked examples, remembering that 

(i) the projections of parallel lines are themselves parallel, 

and (ii) the ratio of the projections of two parallel lines is the ratio 
of the lines. 
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Examjjle 1. NP is the ordinate of P, a point on the dlipse 

- +^*=1 
a* 6* ’ 

with centre 0 ; the tangent at P meets the major-axis at T show 
that ON. OT-a^. 

/Y 






Consider the ellipse (Fig. 61) as the projection of the circle 
x^ + y^=a^ ; 

let Q be the point of which P is the projection. 

TP meets the ellipse in two coincident points at P ; therefore 
TQ meets the circle in two coincident points at Q, i.e. TQ is the 
tangent to the circle at Q ; 

/. ON.OT^OQ^ 


Example 2. Show that the locus of the mid-points of parallel 
chords of an ellipse is a diameter. 

The parallel chords of the ellipse are the projections of 
parallel chords of a circle ; the mid-points of the chords of the 
ellipse are the projections of the mid-points of the chords of the 
circle. The latter mid-points all lie on a diameter of the circle, 
and the projection of a diameter of the circle is a diameter of 
the ellipse ; hence the mid-points of the parallel chords of the 
ellipse lie on a diameter of the ellipse. 
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Example 3. Show that, if a diameter A of an ellipse 
bisects chords parallel to a diameter B, B bisects chords parallel 
to A, 

Consider the ellipse as the projection of a circle, and let A, B 
be the projections of the diameters a, b of the circle. Then A 
bisects chords parallel to B ; therefore a bisects chords parallel 
to b. The diameters a, bare therefore mutually perpendicular, 
and therefore b bisects chords parallel to a. Hence B bisects 
chords of the ellipse which are parallel to A, 

Example 4. H, K are any two points on an ellipse with a 
diameter PQ ; PH, QK meet at X ; PK, QH meet at Y ; show 
that X Y is parallel to the diameter conjugate to PQ, 

Consider the ellipse as the projection of a circle, and let h, h, 
p, q, X, y (Fig. 62) be the points of which H, K, P, Q, X, Y are 
the projections. 


,v 



Then pq is a diameter of the circle ; therefore pk, qh are 
perpendiculars of t:^xpq. Therefore is perpendicular to pq, 
and hence AY is parallel to the diameter of the ellipse conju- 
gate to PQ. 
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Exercises 

1. P is any point on an ellipse with diameter QR ; prove that PQ, 
PR are parallel to conjugate diameters. 

2. PP', DD' are conjugate diameters of an ellipse ; show that the 
diameters which bisect PD and P'D are conjugate. 

3. CP, CD are conjugate semi-diameters of an ellipse ; the 
tangent at P meets the axes dXQ, R; show that QP, PR=CD\ 

4. is the mid-point of PQ, a chord of an ellipse with centre C ; 
show that the tangents at P and Q intersect on CM produced ; show 
also that, if the tangents intersect at T and CT meets the ellipse at A, 

CM. CT=CA\ 

5. Q is any point on an ellipse with conjugate diameters PP', 
ZIP'; PQ, P'Q meet DD' at M, N ; show that CM ,CN = CD\ 
where C is the centre of the ellipse. 

6. PQ is a focal chord of an ellipse ; P', Q' are the points on the 
auxiliary circle corresponding to P, Q ; show that the tangents at 
P', Q' to the circle intersect on the directrix. 

7. P is any point on an ellipse with a diameter QR ; PR meets 
the tangent at Q in P ; show that the tangent at P bisects QT, 

8. P is any point on the tangent at P to an ellipse with centre C ; 
the line through P parallel to TC meets the ellipse at Q, and R is the 
point diametrically opposite to Q ; show that TR is the tangent at R. 

9. PQ, HK are two chords of an ellipse, such that PQ is bisected 
by HK ; the tangents at P, Q meet at T and the tangents at H, K 
meet at V ; show that PF is parallel to PQ, 

10. M is the mid-point of a chord HK of an ellipse with centre C ; 
CM meets the ellipse at P ; iV^ is the mid-point of the chord PH ; 

CN, HM intersect at Q ; show that CH bisects the chord passing 
through P and Q, 

11. CP is any semi-diameter of an ellipse with diameter QCR ; the 
lino through Q parallel to CP meets RP at V and the ellipse at iT ; 
show that the tangent at P bisects VK, 

12. 8R, a chord of an ellipse, is bisected by the diameter PQ ; the 
tangent at S meets at P the line through R parallel to QS ; show that 
PS bisects RT, 

13. CP, CQ are conjugate semi-diameters of an ellipse ; R is the 
other extremity of the diameter through Q ; the tangent at any 
point P meets QR at V and CP at X ; the line through R parallel to 
CT meets CP at Y ; show that RX and the parallel through Q to 
VY intersect on the ellipse. 
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14. CP, CQ are conjugate semi-diameters of the ellipse 

a tangent parallel to PQ meets CP, CQ at P, ^S' ; show that R and 
8 lie on the ellipse 

show also that the line R8 is bisected at the point of contact. 

16. A tangent from the point (2c, 0) to the ellipse 

- +~=1 
a* 62 

meets the curve at P ; show that P lies on the ellipse 

(x-cY yY 

a* 

16. Prove that the sum of the squares on two sides of a triangle is 
twice the square on the median through their point of intersection 
plus twice the square on half the base. 

PQ is a variable diameter of an ellipse, A is a fixed point in its 
plane. The lines AP, AQ meet the ellipse again at R, 8 respectively. 

AP AQ 

Prove, by orthogonal projection, that constant. 

(Oxf. and Camb. H.S.C.) 
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THE HYPERBOLA 

§ 102. Parametric representation. 

The point (a sec 6, b tan 0) lies on the hyperbola 

t-t-i 
a* h* 

for any value of 0, 

0 

If we write t for tan we have that the point 
/ l+P , 2t \ 

lies on the hyperbola for any value of L 
Example, P, Q are the points 6, <l> on the hyperbola 

where = ~ ; show that the iocus of the mid-point of the 

chord PQ has equation 

a;2 1/2 y 

a2”^"'6’ 

At the mid-point of the chord PQ, 

2a; = a (sec ^-f-sec 4) 

=a(sec ^ + cosec tf), 

and = 6 (tan 0 + tan 

=6(tan ^ + cot 0), 

245 
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and /. 4 J = 2 sec 6 cosec 0 

_2sin2^4-cos2^ 
sin 6 cos 6 

= 2 (tan tf + cot 0) 

“ h ’ 

/, the equation of the locus is 
a* 6* h' 


Exercises 


1, Show that the gradient of the chord joining the points 0, on 
the hyperbola 


?! 

a* 



is 


h cos 


2 



2. Show that the gradient of the line joining the origin to the 
mid-point of the chord joining the points /i, on the hyperbola 


a* 62 


1 


6 ^1 + ^2 
Oi 1 H" ^1^2 


8. Show that the line joining the points fj, on the hyperbola 


6 * 


has gradient 


6 
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4 . Show that the coordinates of the mid-point of the chord 
joining the points 0, <f> on the hyperbola 

can be written 

a JL 0-^<l> O — cf} - ^ 6 + <l> 

a sec 0 sec (f) cos — — cos — b sec 0 sec tp sin cos — ~ . 


5. P, Q are the points j ^ ~ ^ on the hyperbola 


- = 1 • 

show that the locus of the mid-point of PQ has equation 

b^ b 

6. The points 0, tf) are the ends of a focal chord of the hyperbola 


show that 


2 


b^ * 


2~\+e 


1 +e 

r^e* 


7. P, Q are variable points 0, -0 on the ellipse 

if , 
b- ’ 

with major axis AA ' ; AP, A'Q meet at R ; show that the locus of R 
is the hyperbola 

a* 6=’ 

8 . P is a variable point on the hyperbola 

Q is the mid-point of the line joining P to the vertex (a, 0) ; show 
that the locus of Q is a hyperbola with centre (^, o) and axes 
half the lengths of the axes of the given hyperbola. 
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9. P is the point {x, y) on the hyperbola 

with foci 8 ' ; show that 


a* 6* ’ 


8P=ex-a, 


and that 8'P~ex+a. 

10, Show that the difference of the focal distances of a point on 
the hyperbola 

a* 6* 

is constant and equal to the length of the transverse axis. 


§ 103. Chord and Tangent, 

The chord joining the points (x^, y^y (xg, y^ on the hyperbola 


has equation 




5 + =^ 2 ) - p iVi + Vi) = “f* - + 1 


the tangent at the point (x^, y^ has equation 
a2 

The chord joining the points By ({> has equation 
X O-d) y . + 6 + ^ 

a"”® 2 

the tangent at the point 0 has equation 

-sec 0-f tan 0 = 1. 
a 0 

[Use the method of § 79.] 

Example, The tangent at P, a variable point on the hyperbola 
aa 62 “ 
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meets the axes OX, OY at A, B respectively, and OAQB is a 
redangle ; show that the locus of Q has equation 


if 



Let P (Fig. 63) be the point 6 ; then PAB has equation 

-sec 6-^ tan 0 = 1; 
a 0 

therefore, at x=a cos 0, 

and, at P, y= - b cot 0 ; 

Q is the point (a cos 6, -b cot 0), and therefore the equa- 
tion of its locus is 


i.e. 


§ 104. The line 


y^c^mx ±Ja^m^ - 6 ® 


touches the hyperbola 


o® 6® 


for all values of m. 

[Use the method of § 80.] 
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Exercises 

Find the equations of the tangents to the following hyperbolas at 
the points indicated : 


1 . 


8 


-y^=h (4,1). 


2.x^-2y^ = h (-3,2). 


3. (a;-2)*-i/2=3, (0, -1). 


Show that the following lines are tangents to the given hyperbolas, 
and determine the points of contact : 


4. a; + 1=0, 4a:2-3«/^=4. 

6. x+y-l=0, 

7. Show that the line 


5. a;-2y + l=0, a;*-6y*=3. 


X cos a + y sin a = cos^a - sin*a 
is a tangent to the hyperbola 


8. Show that the line 
touches the hyperbola 


--^= 1 . 
a* 6* 


lx+my + n=0 

a* 6* ' 


if aH^-hHn^=n\ 

9. The tangent at P, any point on a hyperbola, meets the 
directrix at T ; show that PT subtends a right angle at the focus. 

10. is the ordinate of P, any point on the hyperbola 

a* 62 

the tangent at P meets the transverse axis at T ; show that 
ON,OT=a\ 

where 0 is the origin. 

11, P is any point on the hyperbola 

a* 6'“* ’ 
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the tangent at P meets the conjugate axis at T', and PN' perpen- 
dicular to the conjugate axis meets this axis at N ' ; show that 

ON\OT'=^h\ 

where O is the origin. 

12. P is a point on a hyperbola ; the line joining P to the focus is 
parallel to an asymptote ; prove that the asymptote, the directrix 
and the tangent at P are concurrent. 

13. P is a variable point on the hyperbola 


with focus S ; PT is the tangent at P and ST is perpendicular to PT ; 
show that the locus of P is the circle 


14. Show that the point of intersection of the tangents at the 
points 6, <f) on the hyperbola 


has coordinates 


0-6 
cos -2-'^ 


0+<f>’ 


b tan 


$ + 

2 • 


15. P, Q are the points 6, -^-r 6 on the hyperbola 


a2 



show that the tangents at P, Q intersect on the hyperbola 

2x^ iP 
'a2 ~62“ 


16. P, Q are the points ^ ^ on the hyperbola 

a2 62 

show that the tangents at P, Q intersect on the line 

y=zh. 
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/ 1 2^ \ 

17. Show that the point \^a - — h hyperbola 

a* 6* ’ 

show that the equation of the chord joining the points is 

- (1 + - T (fi + ^a) = 1 ~ fi^a- 

a 0 

18. P is the point in the previous exercise, Q is the point ; 
show that, if ^i + ^ 2 =c, the tangents at P and Q intersect on the line 

2ay=hc(x-\-a), 

19. Prove that any point on the hyperbola 

a* 

may be represented by 

and find the equation of the tangent at t. 

The point P on a hyperbola, with focus S, is such that the tangent 
at P, the latus rectum through 8 and one cisymptote are concurrent. 
Prove that 8P is parallel to the other asymptote. 

(Oxf. and Camb. H.S.C.) 

20. Find the equations of the tangents to the hyperbola 

2a:*-3y*=6, 

which are parallel to the line 

a: + y-2=0. 

21. Find the equations of the tangents common to the hyperbola 

4 2" 

and the circle 

a;a + y* = l. 

§ 105. Normal to the hyperbola 

a* 6®“ 

The normal at the point (a:^, has equation 
ah; , 

Vx 
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the normal at the point 0 has equation 

sec 0 tan 0 

[Use the method of § 81.] 
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Exercises 

Find the equations of the normals to the following hyperbolas at 
the points indicated : 

l.x^-2y^=2, (-2,1). 2. 3x^-2y^=:l, (1,-1). 

3. 3(a;-l)* -41/2 = 18, (4, f). 

Show that the following lines are normals to the given hyperbolas, 
and find the points at which the lines are normals : 

4. 3a; + 42/~ 10=0, 2x^ -Sy^=5. 

5. 5a;-82/ + 18=0, 4x^-6y^ = U, 

6. 2a;-32/ + 8=0, (2x-l)^-2y^=h 

7. P is a variable point on the hyperbola 

* 

the normal at P meets the axes OX, OY at B respectively, and 
OAQB is a rectangle ; show that the locus of Q is the hyperbola 

a2a;2-62t/2 = (a2 + 62)2. 

8 . The normal at P, a variable point on the hyperbola 


62 ' 


meets the conjugate axis at Q ; QP is produced its own length to R \ 
show that the locus of R is the hyperbola 

x^ 62 y 2 ^ 

4^“(^2 - 62 )'*'” • 

9. Show that the normal at the point 0 on the hyperbola 

a2 62 

meets the curve again at the point where 


«• /)• 0-^<f> 0 — <f> 

a* sm 0 sin + 62 cos — ^ = 


: 0 . 
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10. Show that the polos of normals to the hyperbola 


with respect to the circle 
lie on the curve 


a;2-f + 


11. Normals are drawn to the hyperbola 

show that the locus of their poles with respect to the ellipse 
has equation 


- + - = 1 




§ 106. The chord of contact of tangents from the point 
to the hyperbola 


a2 62 


has equation 

[Use the method of § 82.] 


a2 62 ' 


§ 107. The equation of the pair of tanyents from the point 
(»!, y^ to the hyperbola 

a2 62”^ 


_yi_ -tVt 

\a* ^ Vva* 6* J~W 

[Use the method of § 88.] 



IS 
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*loq 

§108. Pole and Polar, 

The polar of the point (xj, with respect to the hyperbola 


a2 62 


is the line 


xx^yyi 

a2 62 

[Use the method of § 85.] 


= 1 . 


Note. The reader should note that theorems (i) and (ii) of § 97 
hold for the hyperbola. 

Example. Show that the poles of tangents to the parabola 
aif' - 262x = 0, 

with respect to the hyperbola 

lie on the parabola 

ay 2 -f 262 x= 0 . 

The polar of (x^, with respect to the hyperbola is the line 
a2 62 ’ 

62xi 62 

i.e. y = 

Vi 

and, if this line is a tangent to the parabola 
oy2 _262 x = 0, 


i.e. ayi2-j-262xi=0, 

i.e. (Xj, yfi lies on the parabola 

ay2 + 262x=0. 
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Exercises 


Find the equations of the chords of contact of tangents from the 
given points to the following hyperbolas : 

1. (1,2), 2a;*-32/* = l. 2. (2, -4), a;2~2y*=4. 

3. (0, -2), (a;-l)*-3(y + l)*=2. 

4 . Prove that the tangents to a hyperbola at the extremities of a 
focal chord intersect on the directrix. 


5. Write down the equation of the chord of contact of tangents 
from the point (1, -2) to the hyperbola 


■3 



hence determine the equations of the tangents. 


6. Find the equation of the pair of tangents from the point 
(1, - 1) to the hyperbola 

2a;2-3^*=6. 

7. The tangents from P to the hyperbola 


are mutually perpendicular ; show that the locus of P is the circle 


8, Show that the points (1,2), (-2, -1), (-1, -f) are the 
vertices of a triangle which is self-conjugate with respect to the hyper- 
bola 

2a;2-3y2=2. 


9. Show that the poles of tangents to the ellipse 


a* 6* 


= 1 , 


with respect to the h 3 ^rbola 
lie on the ellipse. 

19 Show that the locus of the poles of tangents to the parabola 

y*=4ca;. 



§§ 109 , 110, 111] THE HYPERBOLA 257 

with respect to the hyperbola 

* 

is the parabola 

-\-b*x=0. 

§ 109. The chord of the hyj>erhola 

whose mid-point is y^) has equation 

o2 6* a2 ^ • 

[Use the method of § 88.] 


§ 110. Diameters of the hijperhola 


6* 


The mid-points of all chords of gradient m lie on the 
diameter 

62 


y^-2- 

a^i 


[Use the method of § 89.] 


§ 111. Conjugate diameters of the hyperbola 


x2_^2^ 
a2 62 


If a diameter A bisects chords parallel to a diameter R, the 
diameter B bisects chords parallel to A, 

[Use the method of § 100.] 

Two such diameters are said to be conjugate. The reader 
should remember that conjugate diameters have tie product of 
62 

their gradients equal to . 


1 
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§ 112. Conjugate hyperbolas. 

Two hyperbolas are said to be conjugate when the transverse 
and conjugate axes of one are respectively the conjugate and 
transverse axes of the other. 
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§ 113. Conjugate diameters (continued). 

If a diameter of a hyperbola meets the curve in real points, 
the conjugate diameter does not. 

The diameter, y = mx, meets the hyperbola 

a2 62 ’ 


where 
i.e. where 


ah 

X= ±-7===, 


and therefore x is real and finite, if and only if 


rn <- numerically. 

If two diameters, y^m^y y^m^, are conjugate, 

62 

if one of the gradients 7^2 is numerically less the other 
is numerically greater than and therefore if one diameter 

meets the curve in real points the other does not. 

The diameter, y=^mx, meets the conjugate hyperbola 

x2 7/2 
a 2 "‘ 62 ^ 

in real points at a finite distance if 


?7i>- numerically ; 


therefore, of two conjugate diameters of a hyperbola, one 
intersects the hyperbola, the other the conjugate hyperbola. 

The points of intersection are called the extremities of the 
conjugate diameters. 
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Example 1. Show that the point P {a tan 9, b sec 6) lies on the 
hyperbola conjugate to the hyperbola^ 

--^=1* a) 

o* 6* ’ 

show that the points 

Q(a sec 0, b tan 6), P(a tan b sec 0) 

are the extremities of conjugate semi-diameters of (i). 

2 2 

At P, ^ - Lo = tan^^ - sec^^ 

= -i; 

/. P lies on the conjugate h 3 rperbola. 

If 0 is the centre of (i), 

gradient of OP = 

® a tan 0 

and gradient of OQ = f ; 

® a sec 0 

OP, OQ are conjugate, the product of their gradients 

being 

Example 2. Show that a hyperbola referred to its asymptotes 
as axes of co-ordinates has equation of the form 
xy = constant. 


Y 


77 
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Let the hyperbola (Fig. 65) referred to rectangular axes OX, 
OY have equation 


= 1 . 


Let P, the point (x, y), have co-ordinates f , rj referred to the 

A 

asymptotes Of, Orj, and let XOr) = d. 


Then 




but 


i.e. 


+ 0* 
r* i/ 


y=^(-i + r})sin0; 
y _ -^ + fl . 


= 1 


a2 62 

. a2 + 62 

Si — 4-- 


Exercises 

1. CP, CQ are conjugate semi-diameters of the hyperbola 

a^~ h^' 

show that the mid-point of the line PQ lies on an asymptote. 

2. CP, CQ are conjugate semi-diameters of the hyperbola 


r ,2 /.2 ^ » 


show that CP^^ 


a® 

^CD^=a^-h\ 


= 1 ; 


3. Show that the line joining the extremities of two conjugate 
semi-diameters of a hyperbola is parallel to one of the asymptotes. 

4 . Show that the tangents at the extremities of a diameter of a 
hyperbola are parallel to the conjugate diameter. 

5. Show that the tangents at the extremities of two conjugate 
diameters of a hyperbola intersect on the asymptotes. 
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6. OP, OQ are conjugate semi-diameters of the hyperbola 
a® ’ 


show that the area of A OFQ is Ja6. 

7. OP, CQ are semi-diameters of a hyperbola ; OP', CQ' are the 
conjugate semi-diameters ; show that PQ, P'Q' are parallel to each 
other or to conjugate diameters. 

8. OP, CQ are semi-diameters of a hyperbola ; OP', OQ' are the 
conjugate semi-diameters ; M' are the mid-points of the chords 
PQ, P'Q ' ; show that CM, CM' lie along conjugate diameters. 

9. P is a point on an asymptote of a hyperbola ; show that the 
polar of P is parallel to the asymptote on which P lies. 

10. Show that the polar of P with respect to a hyperbola touches 
the conjugate hyperbola if P lies on the latter. 

11. P, Q are the extremities of conjugate semi-diameters of the 
hyperbola 

a* 6^” ’ 


PQ meets the a;-axis at P ; QV, RV are parallel to the x- and i/-axes 
respectively ; show that the co-ordinat^ of V satisfy the equation 


2xy 


= ± 1 . 


12. P is a point on the hyperbola 


a2 



Q is a point on the conjugate hyperbola, such that P and Q are the 
extremities of conjugate semi-diameters ; QP is produced its own 
length to R ; show that the locus of R is the hyperbola 


?! 

a* 


§ 114. Rectangular hyperbola, 

A hyperbola is said to be rectangular when its transverse anc 
conjugate axes are equal in length. 

The equation 
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therefore represents a rectangular hyperbola referred to its axes 
as axes of co-ordinates. 

In the case of the rectangular hyperbola, the equation re- 
ferred to its asymptotes as axes, viz. : 

xy — dL constant 

is a specially useful one as the axes are rectangular. Writing 
the equation 

xy^c\ 

the point ^ct, lies on the curve for any value of t, and we 

have the following equations : 

(i) the chord joining the points (a:^, y-^^ (Xg, y^y 

c^x -f x^x^ = {xi + X2 ) ; 

(ii) the chord joining the points 

(iii) the tangent at the point (xj, t/j), 

(iv) the tangent at the point t, 

X + thj - 2ct ; 

(v) the normal at the point (xj, y^), 

(vi) the normal at the point t. 



(vii) the chord of contact of tangents from the point (Xj, yj), 
xyi + xiy = 2(^ ; 

(viii) the tangents from the point {xy, y^, 

4 {xyyy - c2) {xy - c*) = (xy^ + x^y - ; 

(ix) the polar of the point (xy, yy}, 
xyy + x^^^^-. 
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(x) the chord with mid-point {x^y ^i), 

(xi) the diameter bisecting chords of gradient m, 

y= -maj. 

Two diameters of the hyperbola, xy — c^, are conjugate if 
their gradients are equal in magnitude but opposite in sign. 


Example 1. A variable chord of the rectangular hyperbola 
xy=c^ 

is such that its projection on the x-axis has constant length 2c ; 
show that the locus of its mid-point has equation 
x^y=c^{x + y). 

Let the chord have extremities (ajj, yf^y (x^, y^ ; then, at the 
mid-point 

2x^'jCi + x^ = ±J\xi- x^^ + 4x^aj2 = ± n/4c^ -f iXyX2^y 


and 


‘^y=yi+yi=<^ 


(l+l) 

Va?! x^^ X1X2 XjX^ 


and therefore ^x^ - 4c^ = 4 — , 

y 

i.e. x^y=c^{x-{-y)y 

the required equation. 


Example 2. A straight line passing through the fixed point 
(a, j8) meets the x- and y-axes at P, Q respectively ; show that the 
locus of the mid-point of PQ is a rectangular hyperbola with 


centre 



Let PQ (Fig. 66) have equation 


X y 
^■^26 


= 1 ; 




then 
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at M, 
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x=a, y = b; 

- + -^ = 1 
2x^2y ’ 



i.e. the locus of M has equation 

jSo- 


= f « 

Referred to parallel axes through (^, equation (i) becomes 


ap 

*2^ =4-. 


and therefore represents a rectangular hyperbola with centre 
at the point Q, referred to the original axes. 


Exercises 

1. Show that the equation 

xy + 2x-y-Q=0 

represents a rectangular hyperbola, and find the equation of its axes. 
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2. Show that the equation 

where a, 6, c, d are constants, represents a rectangular hyperbola 


with centre 



3. Write down the general equation of a straight line passing 
through the point (a, 6). 

A line is drawn through the point (1, 2) to cut the axes OX, OF at 
//, K respectively, and the parallelogram OULK is completed. Find 
the equation of the locus of L. (Jt. Matric. Bd. H.S.C.) 

4. P is the point {a tan 0, h tan {6 + </>)}, where 0 is variable and 
<l> is constant ; show that the locus of P is a rectangular h 3 q)erbola 
with centre (a cot - 6 cot ^). 

5. Find the gradient of the chord joining the points as the 
hyperbola, xy^c^\ hence or otherwise show that the orthocentre of 

the triangle whose vortices are the points t^y is the point - . 

hhh 


6, P, Q are two variable points on the hyperbola, xy—d^y such 
that the tangent at Q passes through the foot of the ordinate P ; 
show that the locus of the mid-point of the chord PQ is a hyperbola 
with the same asymptotes as the given hyperbola. 

7. A variable chord of the hyperbola, xy = d^, passes through the 
fixed point (a, h ) ; show that the locus of the mid- point of the chord 
is a rectangular hyperbola and determine its asymptotes. 


8 . Show that the line 


a;+y-hl=0 


is a tangent to the hyperbola 
and to the parabola 


4xy=h 

y^=4tx-y 


determine the points of contact. ' 


9. P is a variable point on the hyperbola, xy—d^; the tangent 
at P cuts the x- and y-axes at A, B respectively ; Q is the fourth 
vertex of the rectangle with vertices A, B and the origin ; show that 
the locus of Q is another hyperbola with the same asymptotes as the 
given one. 
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10. Find in its simplest form the condition that the four points 
with co-ordinates ^ kI, where the parameter t has the values a, 6, c, 
(/, should lie on a circle. 

A, B,C, D are four points on a rectangular hyperbola and are not 
coney die ; if the circles BCD, CAD, ABD, ABC meet the rectangular 
hyperbola again in the points a, j8, y, S respectively, prove that the 
middle points of the chords A a. Bp, Cy, D8 lie on another rect- 
angular hyperbola with the same asymptotes. (Camb. H.S.C.) 

11. P, Q are the points ti, on the hyperbola, xy = c^ ; show that 

the gradient of the chord PQ is - — ; hence or otherwise prove that, 

* 1^2 

if PQ subtends a right angle at a third point R on the hyperbola, the 
tangent at Jf? is perpendicular to PQ, 


12. Show that the tangent at the point t on the hyperbola, xy — c’^, 
has equation 


x-\-ihj=2ct. 


XP is the ordinate of a point P on the hyperbola ; the tangent at 
P meets the //-axis at M, and the line through M parallel to the 
a;- axis meets the hyperbola at Q ; show that NQ is the tangent at Q, 

13. Show that the tangents at the points 
h 3 ^perbola, xy~c^, intersect at the point 

/2c<i<2 2c \ 

uV+T/ t^tj 


(c<i, -), (c<„-)ontho 


14. P, Q are the points (^ct^, on the hyperbola, xy=c^; 

TP, TQ are tangents ; show that the line joining the origin to T 
bisects the chord PQ, 

16. P, Q are variable points (c/j, (ct^, on the hyperbola 

xy = t; show that, if is constant, the locus of the intersection of 
tangents at P and Q is a straight lino passing through the origin. 

16. P, Q are the points (ct^, ^-) on the hyperbola, a^=c“; 

TP, TQ are tangents, M is the mid-point of the chord PQ, and AMBT 
is a rectangle with sides parallel to the axes of co-ordinates ; show 
that A and B lie on the hyperbola. 
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17. P, Q are two variable points on the hyperbola, such 

that the tangent at Q passes through the foot of the ordinate of P ; 
show that the locus of the intersection of tangents at P and Q is a 
hyperbola with the same asymptotes as the given hyperbola. 

18. The normal at P(x^, t/i), a point on the hyperbola, xy=c\ 
meets the curve again at 0 (^ 2 » V ^) ; show that 

19. The normal at P, a variable point on the hyperbola, xy~c\ 
meets the curve again at Q ; show that the locus of the mid-point of 
PQ has equation 

4:X^y^ -f- (ar® - y^Y = 0. 

20. P, Q are the points (^ct, p) on the hyperbola, xy=c^% 

PQ is normal to the curve at P ; show that 

21. A variable normal to the hyperbola xy=^c^ meets the X’ and 
^'-axes at P, Q respectively ; show that the locus of the mid-point of 
PQ has equation 

(x^ - y^Y -}- 4a;®2/® = 0. 

22. The normal at a variable point P on the hyperbola, xy=c\ 
meets the 2 C-axis at Q ; show that the locus of the mid-point of PQ 
has equation 

Sy*=c^(c^-2xy). 



CHAPTER XVII 


POLAR EQUATIONS OF CONICS 
§ 115, The polar eqwition of a conicy the focus being the pole. 



Let S (Fig. 67) be the focus and DU the directrix. Let XSZ 
be perpendicular to DU, and let SL, the semi-latus rectum, 
have length 1. Let P be any point on the conic and let PM, 
PN be perpendicular to DU, ZX, 

Take SX as the positive direction of the initial line, and let P 
have co-ordinates r, 6 ; then, if the eccentricity of the conic is 6, 
we have 

^e,MP 

^e(ZS-¥8N) 

=iSL + er cos d 
— l-\-er cos B, 

269 
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i.e. - = l-ecostf, (i) 

r 

which is therefore the polar equation of the conic. 

Note 1. The reader should verify that, in the case of the farther 
branch of a hyperbola, equation (i) holds if r is the negative radius 
vector corresponding to the vectorial angle 6. 

Note 2. If SZ is chosen as the initial line, the polar equation is 

- = 1 +e cos 8. 
r 

Here also r is negative for points on the farther branch of a hyper- 
bola. 

Note 3. If the axis of the conic is inclined at angle a to the initial 
line, the polar equation is 
I 

-=1T ecos(^-a), 

according as the initial line is 8X or SZ. 

Note 4. In the case of the parabola, equation (i) becomes 

-=l-ooae 

r 

=2 8m»l 

Example, P, Q are the extremities of a focal chord of a conic 
with focus S and semi-latus rectum of length I ; show that 

SP'^8Q~r 

Let the conic have equation 

- e cos 0y 
r 

and let P, Q be the points (r, 6), (r^, tt + O); then 

-=l-ecos dy 
r 

— =l+ecos0; 


and 
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uu. 

r rj 
1 1^2 
V 


§ 116. The chord of the conic, 

I . 

- = 1 - e cos 
r 

joining the foints with vectorial angles a and j9. 

As has been shown in § 22, Note 3, the polar equation of any 

straight can be written 

A cos 9 -h B sin 6 = ^ : 

r 

let the equation of the chord be written 



p cos 9 + 0 8111 9 — -. 

r 

Then 

p cos aH-gsina = l- e cos a, 

and 

p cos + g sin j3 == 1 ~ e cos j5, 

i.e. 

(p + e) cos a + sin a - 1 = 0, 

and 

{p + e) cos j34-g'sinj3-l=0; 


sin a - sin B a + 6 a- B 

p + e- -cos ^"^sec , 

^ 8m(a~P) 2 2 

and 

cos B - cos a , a + B a- B 

’ sm(o-p) 2 2 


the equation of the chord is 


I 

r 

I 

r 


-ecos 9 + 

a — jS/ ^ a + )3 . 

sec — - ycos 9 cos + sin 9 sin 

a ® 

- e cos 9 + sec — ^ - cos 





i.e. 
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§ 117. The tangent to the conic 

C05 0, 

r 

at the point with vectorial angle a. 

The chord joining the points with vectorial angles a, jS has 
equation 

I ^ a-j8 + 

-= -6 cos u + sec — ^ cos ^ J\ 

therefore the tangent at the point with vectorial angle a has 
equation 

-= -e cos + cos(tf-- a). 
r 


Example. P, Q are variable points on the conic, 

I 


-^l-ecos d, 
r 


•(i) 


with vectorial angles a, j3 such that a - j8 = 2y, where y is constant ; 

show that the chord PQ touches the conic 

I cos y ^ ^ 

^l-ecos y cos dy 


and that this conic has the same directrix as the conic (i). 
The chord PQ has equation 


I a a-jS 

- = - c cos 0 + sec — cos I 
r 2 


= - 6 cos 0 + sec y cos ^6 - — J 

I cosy . a + 

i.e. — = - e cos y cos 0 + cos — j ; 

this is the tangent at the point with vectorial angle — to the 


conic 


I cosy 


= 1 - 6 cos y cos 0. 


.(ii) 
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The length of the perpendicular from the focus to the 
directrix of (i) is ^ ; therefore the directrix of (i) has equation 

- = - c cos 0, 
r 

Similarly the directrix of (ii) has equation 

I cos y . 

L = _ e cos y cos 0, 

r 

i.e. - = - e cos 0. 

r 

§ 118 . The normal to the conic, 


^ \ - e cos 0, 


at the point P with vectorial angle a. 

The polar equation of any straight line can be written 

A cos 0-\-B sin 0 = - ; 

r 

the polar equation of any straight line perpendicular to this is 

^cos^0 + |) + 5sm (e + '^ = y 

where A; is a constant depending on the position of the line. 

The tangent at P has equation 

-e cos 0 + cos (0-a): 
r 

therefore the equation of any line perpendicular to the tan- 
gent is 
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i.e. 


If the line passes through the point P, 
k{\-e cos a) = - e cos 

h-^ 


e sin a 


1 -6 cos a 


the equation of the normal at P is 

esina ( . . ... . 

; . “=* sin sin a), 

1 - e cos a J 


§ 119. The chord of contact of tangents from P(ri, to the 
conic 

i=l ~eco5 0 , 

r 



FlQ. 68. 


Let Q, R (Fig. 68), the extremities of the chord of contact, 
* have vectorial angles a, j8 ; then the chord has equation 


I 

r 


- e cos ^ + sec 


a — 


cos 



i.e. 


cos + 6 cos 0^ = COS^0-^-^j. 
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Now the tangent at Q has equation 

-6 cos 0 + cos(0- a), 

and P lies on this tangent ; therefore 

= -e cos + cos (^1 - a), 

^1 

and similarly - = - e cos + cos(^i - j8) 


Hence we may write 




i.e. 


e,= 


a + ^ 
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..(i) 

.(ii) 


I a — 8 

and therefore, from (ii), = - e cos + cos 

The equation of the chord is therefore 

+ e cos 0^ ^ cos - 6j), 

Note. From equations (i) and (ii) we get 

ei-a-=27i7r±{e,-ph 

where n is integral ; the positive sign is in-elevant, and the lower 
sign gives 


0 ^ = 71 TT + 


a + P 


There is no loss of generality in expressing a and so that 7i is 
zero, i.e. we may write 


^1 = 


_a + j3 


a-p 


SO long as we select the corresponding value of cos when sub- 
stituting in the equation of the chord. ^ 
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Exercises 


1. ASB, CSD are two mutually perpendicular focal chords of a 
conic ; show that 

1 1 
as.sb'^cs.sd 

is constant. 

2. Prove that mutually perpendicular focal chords of a rect- 
angular hyperbola are equal in length. 

3. Show that the locus of the mid- points of focal chords of the 
conic 

I 


has equation 


r=l 


1 - e cos 6 
e cos 0 


' 1 - e* cos*^ 

4. Show that the polar equations of the conics 

referred to the origin as pole and the a;- axis as initial line are 
r2(62 cos^^ ±a^ sin^O) —a%^, 

5. Show that the polar equation of an ellipse with the centre as 
pole can be written 


l-e^cos^d 

6. Show that the polar equation of a hyperbola with the centre 
as pole can be written 

r2 = 


6* 


e® GOs^O - 1 


7. Show that the equation 
I 


=2 sin* 


(M) 


represents a parabola with axis perpendicular to the initial line. 
8. Transform the equation 


L28in*| 

r 2 


into Cartesian co-ordinates. 
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9. Show that the second directrix of the conic 
I 
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= 1-6 COS d 


has equation 


r cos d 


I e^ + l 


10. Taking the initial line in polar co-ordinates as running posi- 
tively from left to right, and the vectorial angle measured positively 
in the counter-clockwise sense, sketch the curves 

(i) -^ = 1 +e cos (ii) - = l-ecos0 («<!)• 
r r 

Show that the equation of the line joining the points ^i), 

^ 2 (^ 2 * ^ 2 ) on the ellipse - = l+e cos 6 is 
r 

- = e cos 0 + sec - cos 0- - • 

r 2 \ 2 y 

If P 1 P 2 meets the major axis of the ellipse in 3/, and the latus 
rectum through the pole S in show that 




A- 01 


sec-——. H.S.C.) 

11. Show that the equations of the asymptotes of the hyperbola 

- = 1 - 6 cos 6 
r 

can be written 

sin ^^-cos“^ and 6= - r sin ^^ + cos“^ 

where e is the eccentricity and b is the length of the conjugate semi- 
axis. 

12. Show that the equation of the asymptotes of the hyperbola 

- = 1 -ecos 6 


+(e^-l) cos =(c2 - 1) sin^^. 
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13. P is an extremity of the latus rectum of the conic 

-=1 -c cos d ; 
r 

show that the tangent at P makes with the initial line an angle whose 
tangent is e. 

14. P is the point with vectorial angle a on the parabola 

-=2sin»-^, 
r 2 

with focus S ; the tangent at P meets the initial line at T ; show that 
Sr = cosec* V 

16. Show, using the method of § 116, that the chord joining the 
points on the conic, 

- = 1 - c cos 6 
r 

with vectorial angles a + /S and a - j8, has equation 
-e cos ^ + sec jS cos{d-a ) ; 

derive the equation of the tangent at the point with vectorial angle a. 

16. The tangent at the point P with vectorial angle a on the 
parabola 

- =2 sin* I 
r 2 

meets the initial line at Q ; show that the equation of the circle 
passing through P, Q and the pole is 

4r , . a n /o V 

~Y sm* - = - cos y 4 - cos(» - a). 

I it 

17. P, Q are points with vectorial angles a, j8 on the conic 

-=1 -ecos 0 ; 
r 

TP, TQ are tangents ; show that T is the point 
/ I 

\cos--^-ecos— ^ / 

18. The tangents at the points (r^, 0^), 0i + 2^) on the conic 

- = 1 ~C COB ^ 
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intersect at the point P ; r, is the radius vector of P ; show that 

2^=sec,^(i+i-?8in»4 

19. Show that the locus of the intersection of mutually perpen- 
dicular tangents to the conic 

- = 1 -ccos ^ 

r 

has equation 

^ € cos 1 - e®. 

What is this locus when e is unity ? 

20. P, Q are points on a conic with focus 8 ; TP, TQ are tangents ; 
show that T8 bisects angle P8Q, 

21. P, Q are points on a parabola with focus S ; TP, TQ are 
tangents ; show that SP . SQ=S2'^. 

22. Tangents to a parabola are inclined to each other at a constant 
angle ; show that the points of intersection lie on a hyperbola with 
the same focus as the parabola. 

23. Prove that the equations of the tangent and normal to the 
parabola 2a = r(l + cos d) at the point whose angular co-ordinate is a 
are 

a—r cos la co8(d - \a), 
and a sin |asec®ia=r sin{^- Ja). 

Prove that the ec^uation of the circle circumscribed about the 
triangle formed by the tangents at the points whose angular co-ordi- 
nates are a, jS, y is 

r cos la cos JjS cos ly=a cos(0- Ja + j8 + y), 

and that, if the corresponding normals meet at the point r\ this 
is the circle 

r + r' cos(0- ^')=0. (Oxf. H.S.C.) 

24. P is a point on the conic 

- = 1 - 6 cos 6 
r 

with focus 8 ; P has vectorial angle a and PT is the tangent at P ; 
show that the tangent of the angle SPT is 


e cos g - 1 
e sin a 
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25. Show that the line 


touches the conic 


-=a cos 0 + 6 sin 0 
r 


- = 1 - c cos 6 


if (a + e)2 + 62 = i. 

26. Show that tangents at the extremities of a focal chord of a 
conic intersect on the directrix. 

27. P, Q are points with vectorial angles a, j8 on the parabola 

I 

- = 1 - cos 6 ; 
r 

CL — 6 

show that the angle between the tangents at P and Q is » 

28. The normal at the point with vectorial angle a on the conic 

- = 1 cos 0 

r 

meets the curve again at the point with vectorial angle jS ; show that 
+ a 

cos — - ^ 

■ y = c H cos a. 

p-a e 


29. Show that the polar of the point (r^, 6i) with respect to the 
conic 

- = 1 - e cos 0 
r 

has equation 

^^ + e cos ® -- cos ( 0 - 0i). 

80. Three normals are drawn from a point P to the parabola 

-=1 - cos 0 ; 
r 

the vectorial angles of P and of the feet of the normals are respec- 
tively a, jS, y ; show that • 

a + j3 + y - 2^ =(2n + l)7r, 


where n is integral. 



CHAPTER XVIII 


GENERAL EQUATION OF THE SECOND DEGREE 


§ 120. A pointy a circle, a pair of straight lines as particular 
cases of conics. 


(a) A point. 
The equation 




(i) 


represents an ellipse with semi-axes of lengths a and 6 ; if a 
and b are both zero, equation (i) will represent a point. 

(6) A circle. 

The equation (i) represents an ellipse with eccentricity 
Ja^-b^ja and with directrix distant a^Js/a^-b^ from the 
centre. 

The equation 

x^ + y'^ = a^ (ii) 

represents a circle and is identical with equation (i) if 6^ = a^. 

The circle (ii) is therefore a conic with eccentricity zero and 
directrix at infinity 

(c) A pair of straight lines. 

If the y-axis is taken as the directrix of a conic with eccen- 
tricity e and if a point on the directrix, say the origin, is taken 
as focus, the equation of the conic is 

i.e. 

281 
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which represents two real and distinct lines, two real and 
coincident lines or two imaginary lines according as 6 ^ 1. 

In each case the two lines pass through the focus ; if there- 
fore the focus is a point on a directrix which is at infinity, the 
two lines will be parallel. 

Hence a point, a circle, and a pair of straight lines which are 
real or imaginary, intersecting, coincident or parallel are parti- 
cular cases of conics. 


§ 121. Every equation of the second degree represents a conic. 
The general equation of the second degree is 

ax^ + 2hxy -f by^ + 2gx -f 2fy + c=^0 (i) 

Turning the axes through angle equation (i) becomes 
a(x cos 0 y sin 0)^ + 2h{x cos 6-y^m 6) {x smd-¥y cos 6) 

+ b{xsin6-\-y cos 6 )^ -f 2g{x cos0-y sin 6) 

-h2f(x sin B + y cos 0) + c=^O (ii) 

In equation (ii) the coefficient of xy is 

2 (6 - a) sin 0 cos 0 + 2h (cos^fl - sin^^), 
and is therefore zero if 

2h 

tan 20 = — f (iii) 

a~6 ' ' 

Letting 0 have a value satisfying equation (iii), equation (ii) 

takes the form 

Ax^ -f By^ 4- 2Gx + 2Fy + c = 0 (iv) 

(a) 11 A and equation (iv) can be written 




(p P2 


= A, say (v) 

/ G E\ 

Changing the origin to the point { -i* - equation (v) 
■ \ A D/ 

becomes 

+ (vi) 
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and therefore represents an ellipse or a hyperbola according as 
A and B have the same or opposite signs. 

(6) If -4 =0 and R =j^= 0, equation (iv) can be written 

+ + (vii) 


and therefore represents a pair of parallel straight lines if 
6? = 0. If 6r =/= 0, equation (vii) can be written 





and therefore represents a parabola. 

Similar results are obtained ii A ^0 and R = 0. 

Hence, including as conics the particular cases considered in 
§120, we sec that every equation of the second degree repre- 
sents a conic. 


Note, The reader should remember that, after the axes have been 
rotated through the angle the ellipse or hyperbola has its axes 
parallel to the axes of co-ordinates ; the equation (iii) therefore gives 
the inclination of the axes of the conic to the original axes of co- 
ordinates. 


§122. Invariants, 

On changing the origin to the point (x^, and rotating the 
axes through the angle 0, the equation 

ax^ + 2hxy + 6^^ + 2gx + 2/^/ + c=0 

becomes 

a{x cos O-ysin 6-\-Xi)^ 

+ 2h{x cos sin 0-{-Xi){x sin d + ycos O + y^) 

■¥b{xsmd-¥y cos d+yif + 2g{x cos9-y sin 0-\-x^ 

+ 2/(x sin 6 + y cos ^ + yi) + c=0, 
i.e. becomes 


a,?:* + 2hjxy + + 2giX + 2/iy + c, = 0, 
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where 

= 2 (a cos^^ + 2Ji sin 0 cos d-\-h sin^^) 

= (a + 6) -f (a - 6) cos 2d + 2h sin 2$, 

26i = 2 (a sin^d ~ 2h sin d cos d + b cosW) 

= (a~i-b)-(a-b) cos 2d - 2k sin 2d, 
and 2k^ = -2a sin d cos ^ + 2k cos^d - 2k sin^^ + 2b sin d cos d 
= -{a-b) sin 2d + 2k cos 2d, 

and therefore 

fli + 6i=a + i, 

and 4 {a^b^ - k^)^ = (a 4- b)^ - {(a - b) cos 2d + 2k sin 2d}^ 

-{-{a-b) sin 2d + 2k cos 2d}^ 

= (a 4- 6)2 -(a- 6)2 - 462 
= 4(a6-62), 

i.e. ajbi - k^ = ab- 62. 

The expressions a 4- 6 and ab - ¥ are called invariants. 

Note, If the axes are translated but not rotated, the equation 
ax^ 4- 2hxy 4- by^ 4- 2gx 4- 2/y 4- c =0 
becomes an equation of the form 

ax^ + 2hxy 4- by^ H- 2Gx + 2Fy 4 - C =0 ; 
the coefficients of the terms of second degree are unaltered. 

§ 128 . Tke conic 

ax^ 4* 2kxy 4- 6i/2 4- 2gx + 2fy-\-c = 0 (i) 

is an ellipse, a parabola or a kyperbola according as 
62-a6g0. 

The conic is an ellipse if the given equation can be reduced 
to the form 

aia;2 4- 61^2=1, (ii) 

where and 6^ have the same sign, i.e. if -ayb^ and therefore 
62 - ab is negative. 

Similarly the conic is a hyperbola if 6* -06 is positive. 



§ 1231 GENERAL EQUATION OP SECOND DEGREE 285 

The conic is a parabola if the given equation can be reduced 
to the form 

i.e. if and and therefore ~ ah is zero. 

Note 1. The conic (ii) is a rectangular hyperbola if ai + hi—0; 
therefore the condition that equation (i) should represent a rect- 
angular hyperbola is - ah >0 and a + 6 = 0. 

Note 2. We know that equation (i) represents a circle if a = 6 and 
^=0, and represents two straight lines if 

dbc -{■2fgh ~af^-hg^-ch^=0; 
the two straight lines are parallel if is zero. 

Example, Determine the nature of the following loci : 

(i) 2x^-Sxg-2y^-\-x-2y-l=0 ] 

(ii) 3x2~2xy-f-3^2 + 2a:-~6^ + 2 = 0 ; 

(iii) ix^ -4:xy-\-y^-\-%x-3y + 2=^0, 

(i) If a = 2 and /= -1, 

6= -2 g = 
c=-l h = -i, 

abc + 2fgh - a/" * - 6;/® - cA® = 4 + 1 - 2 + J 0, 

A2-a6=| + 4>0, 
and a + 6 = 0 ; 

therefore equation (i) represents a rectangular hyperbola. 

(ii) If a = 3 and f= - 3, 

6=3 g=h 

c = 2 6=-l, 

a6c + 2/^/i-a/2~«^2-cA2 = 18 + 6-27-3--2it0, 
and h^-ah — l—^C.O; 

therefore equation (ii) represents an ellipse. 

(iii) If a = 4 and /= - I, 

6 = 1 g-S, 

c=2 A = — 2, 
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ahc + 2fgh - a/^ - _ g 4. jg _ 9 _ 9 _ 8 ^0, 

and A2-a6=4~4 = 0; 

therefore equation (iii) represents two parallel straight lines. 


§ 124. To find the centre of the conic 

ax^ + 2hxy + h'ifi + 2gx + 2/y + c =0 (i) 

Changing the origin to the point (x^, equation (i) becomes 

ax^ + 2 Ax^ + + 2 (ax^ + + ^)x + 2/ {kx^ + +/ ) 

+ ax^ + 2 Axi^^ + ^1 + + ^fVi + c = 0 (ii) 

If we choose x^, so that 

aXi + %1 4-^=0, Axi + 62 /i+/= 0, (iii) 

equation (ii) is 

ax^ + 2Axy-i- 62/^4- Cl = 0, (iv) 

where Cj = ax^ 4- 2Axiyi 4- hy^ 4- 2^Xi 4- 2fy^ 4- c. 


Equation (iv) represents a conic symmetrical about the origin, 
i.e. the origin is the centre. 

Therefore the centre of the conic (i) has co-ordinates given 
by equations (iii), i.e. the centre is the point 

\ah-h^^ ab-hV' 


Note 1. lih^-ah =0, the curve is a parabola and the centre is at 
infinity. If and A/~6g=0, the centre is indeterminate ; 

in this case the locus is two parallel straight lines. 


Note 2. 
which 


If axi4-Ayi4-g'=0 and ^i4-6yi4-/=0, 
axj* 4- 4- 6^1* 4- 2^X1 4- 2/yi 4- c, 

= Xi (oxi 4- hy^ 4- gr) 4- (^1 + hy^ +f ) 4- gxi +fyi 4- c 
=gxi+fyi‘\-c 


=9 


hf--bg 


+/ 


i-af 


ab-h^'^ ab-h^ 


+ c 


abc+2fgh-af*-bg^-ch^ 
~ ab-h^ 

A 

ab-h^' 
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Therefore the equation of the conic (1) when referred to ite centre 
as origin is 

ax^ + 2hxy + hy^ 4- - , =0, 
ab - hr 

which is of the form 

ayX^ + 2h^ocy + h^y^ = 1 . 

The expression denoted by A has already appeared in discussing 
the general equation of the second degree ; J =0 is the condition 
that the equation should represent two straight lines. 


Example. Find the centre of the conic 

Ix^ 4- i^xy - ly^ 4- 20a; - IlOy - 50 = 0 
and the equation of the conic referred to parallel axes through its 
centre. 


At the centre, 


and 


i.e. 


and 


7x4-242/4-10=0, 

24x-72/--55=:0, 


-1320 + 70 
-49-576 


= 2 , 


240 + 385 
625 


i.e. the centre is the point (2, - 1), and the equation referred 
to parallel axes through the centre is 

7x2 + 48xy- 72/2 + c = 0, 

where c = 28 - 96 - 7 + 40 + 1 10 - 50 - 25, 

i.e. the equation is 

7x2 + ^^xy - ly^ + 25 = 0. 


§ 125. To trace a central conic. 

The method is illustrated by the following examples. 

Example 1. Trace the conic 

11x2 + 4x2/ + - 4x - 2%y - 16 = 0. 

Since 4 - 11 x 14<0 the curve is an ellipse. 
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At the centre llx + 2^ - 2 = 0, 

and 2a; + 142^- 14 = 0 ; 

the centre is the point (0, 1). 

The equation referred to parallel axes through the centre is 
4- ^xy + \h/ + c =0, 
where c= 14 - 28 - 16 = ~ 30, 

i.e. is llcc2 + 4ir^ + 14?/2-30=0 (i) 



If an axis of the ellipse is inclined at angle B to the x-axis 

4 

tan 2B = z 


i.e. 


11-14’ 
2 tan 0 4 


1 - tan^^ 

i.e. 2 tan^B - 3 tan ^-2=0, 

i.e. tantf=2 or -J. 

Equation (i) expressed in polar co-ordinates is 
r2(ll cos^fl + 4 cos ^ sin 0 + 14 sin^B) = 3O(cos20 + sm®0), 

1 + tan*0 


i.e. 


r2 = 30 


11+4 tan 0 + 14 tan*0 ’ 
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when tan 0 = 2, r*=30x^5 = 2, 

A 

and when tan 0= - r2==30 x = 3 ; 

" 2 ~ 

the lengths of the semi-axes are >/3 and >/2. 

The axes are the lines passing through the point (0, 1) and 
having gradients - J and 2 ; therefore the equations of the 
axes are 

a; + 2y-2 = 0, 2aj-y-fl=0. 

The conic is therefore as indicated in Fig. 69. 

Example 2. Trace the conic 

- IQxy + 3^^ + 14x - 2y + 3 = 0. 

Since 25 - 3 x 3>0 the curve is a hyperbola. 

At the centre 3a; ~ -h 7 = 0, 
and - 5a; + 3y - 1 = 0 ; 

/, the centre is the point (1, 2). 

The equation referred to parallel axes through the centre is 
- \0xy -I- Zy^ + c = 0, 

where 0 = 3-20 + 12 + 14 -4 + 3 = 8, 

i.e. is Zx^ — 10a;y + Zy^ + 8 = 0 (i) 

If an axis of the hyperbola is inclined at angle 0 to the a;-axis, 

tan = 

i.e. tan 0 = 1 or - 1 . 

Equation (i) expressed in polar coordinates is 
^ l+tan20 

^ "" “■®3-lOtan0 + 3tan20’ 

2 

when tan 0 = 1, r2^_gx--^ = 4, 

and when tan 0= - 1, r*= -8 x j'o == "" 1 5 


E 
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/. the transverse and conjugate semi-axes have lengths 2 
and 1 respectively. 

The equations of these axes are 

a5-y + l=0, a;4-y~3=0. 

The conic is therefore as indicated in Fig. 70. 



Note. When sketching a conic the reader should check his calcu- 
lations by determining the points of intersection of the conic and the 
axes of co-ordinates. 


§ 126. The asymptotes of the conic 

ax^ + 2hxy + + 2gx + 2fy + c =0 (i) 

have equation 

ax^-{'2hxy-\-by^’\-2gx + 2fy-k-c = -^^^, 

where A =a6c + 2jl^A--a/*-i^*-cA*. 

When a hyperbola has its equation written in the form 


a* J82 


= 1 , 


(ii) 
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.(iii) 


the asymptotes are represented by the equation 

a* ' 

i.e. the equations of the curve and of its asymptotes differ only 
in the constant term. If the origin is changed and the axes are 
rotated and the equations (ii) and (iii) are transformed accord- 
ingly, the new equations will differ only in the constant term. 
Therefore the asymptotes of the conic (i) have equation 

ax2-f-2Aa:y + + c = A, (iv) 

where A is a constant. 

But equation (iv) does not represent two straight lines unless 
ah(c - A) + 2fgh A)A^ =0, 

A 


i.e. unless 


A- 




therefore the asymptotes have equation 

ax^ + 2hxy + hy^ 4- 2gx + 2/?/ + c = ( v) 

Note 1. The asymptotes of the conic 

(ax + + c) (a^x + h{y + c^) = a constant, 

have equation 

(ax + + c) (a^x + 6iy + Cj) = 0, 

for the latter equation represents two straight lines and differs from 
the former only in the constant term. 


Note 2. Since the equations of a hyperbola, its asymptotes and 
the conjugate hyperbola can be written 

--^=-1 

6*“ ’ a* 6* ’ o* 6* 

it follows from (v) that the hyperbola conjugate to the hyperbola (i) 
has equation 

2J 

ax^ + 2hxy + hy^ + 2gx+2fy + 

§ 127. To trace a parabola. 

Two methods are illustrated by the following examples. 

Example 1. Trace the parabola 

x^ - ^xy + 4:y^ -- 6x - 8^/ + 5 =0, 
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The equation can be written 

{x - 2yY - 6a; - + 5 = 0. 

Take x-2y=0 as a new x-axis, i.e. turn the axes through 
angle 6 where tan 6 = ^ ; the new equation is 

^ s/5 -Jb 

i.e. 5 n/ 5«/* - 20* -10y + 5^5=0, 

the parabola has vertex (q^, referred to the new axes 

4 

and has latus rectum of length -p- 

v5 

The curve is as indicated in Fig. 71. 
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Example 2. Trace the parabola 

4:X^ + 4:xy + + 2a; + -f 3 = 0. 

The equation can be written 

(2x + 2^ + A)2 = (4A - 2)x + (2A - 6)2/ + A^ - 3 (i) 

The lines 

2x + y-hX = 0, 
and (4A - 2)a; 4- (2A - 6)2/ + A^ - 3 =0, 
are mutually perpendicular if 



i.e. if A=l. 

With this value of A, equation (i) is 

(2a; + 2/ + l)2-2(x^22/-l), 

/ 2x + y + l ' * 2_ /* - 2y-l\ 

2 

which represents a parabola with latus rectum of length 
with axis 

2a;-i-y + l=0 

and with tangent at the vertex 

a; -2^ -1=0 ; 

the vertex is therefore the point ( - |, - f ). 

The parabola is as indicated in Fig. 72. 



Fig. 72. 
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Exercises 

Determine the nature of the loci : 

1. lla;*-6a:y + 19y®+6a; + 2y ~1=0. 

2. 16a:y-lly^-6a: + 12y-6=0. 

3. 9a;2~12a;^ + 4y*+4a;-7i/ + l=0. 

4. 3a:* + 3i/* + 4a;--22/--l=0. 

5. 6a:*“a:y-^*-a; + 3y-2=0. 

6. 9a;*-12a:y+4y*~3a;+22/-2=0. 

7. 3a;* + 8a:y-3y*+4a; + 2y+3=0. 

8. P is a variable point whose co-ordinates are given by 
equations 

y=t^-2t-hS; 

find the equation of the locus of P and show that the locus 
parabola. 

9. P is a variable point whose co-ordinates are given by 
equations 

x=at^-¥bt+c, y=zdt^ + et+f; 
show that the locus of P is a parabola. 

10. Find the centre of the conic 

x^ - 2xy -f 3y® - 10a; + 22y -f 30 =0, 
and the equation referred to parallel axes through the centre. 

11. Find the centre of the conic 

3a;* 4- 2xy + 4y* - 10a; - 18y + 28 =0, 
and the equation referred to parallel axes through the centre. 

Find the lengths and equations of the axes of the conics : 

12. llx*-24a;y+4t/* + 20=0, 

18. 8a;*+4a:y-f5y*-8a;-f 16y-16=0, 

14. 6a;*-i-4a;y + 9i/* -24a; -68y-f 89=0, 

16. 23a;*-F72a;y-f2y*-20a;-140y=0, 

16. a;* -4a;2/-2i/*-f 6a; + 12^-21=0. 

17. Show that the lines passing through the origin and the 
sections of the conic 


aa;*-f 2^y + 6y* = l 
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with the circle 
have equation 

deduce that, if r is the length of a semi- axis of the conic, 

and that the axis has equation 

(““;r2)^+%=0- 


18. Using the result of Exercise 17, show that if r is the length of a 
semi-axis of the conic 

ax^ -f 2hxy -f hy^ + 2gx + 2/y + c =0, 

(ah - J (a -f 6 ) (ah - h^)r^ + =0, 

where A = dbc + 2Jgh -af^-hg^- ch^» 

Find the equation of the asymptotes of each of the following 
hyperbolas : 

19. 2a;* - \2xy - Vy* - 4a; - 8y - 4 =0, 

20. 2a;*-l-a;y-t/*-a;-f2y-3=0, 

21. a;*- 2 /*-l-a; + y - 1=0. 

22. A hyperbola has equation 

f(x, y)=0, 

where /(a;, y)=aa;* + 2^a;y + 6y* + 2ya;-f 2/y + c ; the centre is the 
point (xi, yi ) ; show that the asymptote have equation 

y)=f{^i> 2/i)* 

23. Find the equations of (i) the asymptotes, (ii) the axes of the 
conic given by the equation 

a;*+y*-6a;y + 10a; + 22/=0. (Camb. H.S.C.) 

24. Find the equation of the hyperbola having the same asymp- 
totes as the hyperbola 

2a;® ■“ 3xy - 2y* + 2a; + lly - 13 =0, 
and passing through the point (3, 2). 
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25. A hyperbola has equation 

f{x, y)=ax^+2hxy+by^-\‘2gx+2fy+c=0 ; 
show that the equation 

/(*. y)=I(^v Vi) 

represents a h3q)erbola having the same asymptotes and passing 
through the point (ajj, i/i). 

26. Show that the equation of the asymptotes of the hyperbola 

ax^ + 2}ixy + hy^ +2gx ■\-2fy + c =0 

ean be written 

-2h^7j+a7)^—c, 

where ^=ax + hy + g, Tj^hx-i-hy+f. 

27. Find the equation of the hyperbola conjugate to the hyperbola 

x^-6xy + y^+4x-\-4:y-2=0. 

Trace the parabolas : 

28. x^ -4^y + 4y^ -‘2x -I6y + 25=0, 

29. 9x^ - 24a;y + lOy^ ~ 20a; - 140t/ =0, 

30. 4a;®-4a;y + t/*-3a:-6y + 3=0. 

31. Find A so that the lines whose equations are 

8a; + 16y + A=0, 

and (221 + 16A)a; + (30A - 1428)y + A* - 2023 =0 

may be at right angles to one another. 

Trace the parabola 

64a;2 + 240xy + 226^* - 221a; + 1428y + 2023 =0. 

(Lond. H.S.C.) 

32. Show that the latus rectum of the parabola 

ax*+2hxy+hy^+2gx+2fy+c=0 

has length 

2(a^f-b*g) 

(a+&)* 



REVISION EXERCISES 

A. On the Parabola 

Find the equations of the parabolas with the following foci and 
directrices : 

1 . (-1,2), x + 2=0. 2 . (3, 1), x = 7, 

3. (1, -2), x + y-2=0. 

Find the vertices and foci of the following parabolas : 

4 . y^=2(x-l). 5 . y^-Sx-2y + 25=0. 

6, y^ + x-2y + 2=0. 

7. Show that the parabola, y^=4ax, is the locus of a point whose 
distance from the line 

x~3a 

is equal to the length of the tangent from the point to the circle 
x^ + y^- lOax + 9a* =0, 

8 . Show that the parabola, y^=4aXy is the locus of the centre of a 
circle touching the t/-axis and the circle 

a:* + ^*-2ax=0. 

9, A variable circle passes through the point (2a, 0) and touches 
the y-axis ; show that the locus of its centre is a parabola and de- 
termine its vertex. 

10 . A circle of radius a touches the x- and y-axes ; a point P moves 
so that its abscissa is equal in length to the tangent from P to the 
circle ; show that the locus of P is a parabola. 

11 . A is the fixed point (a, 0) ; P is a variable point on the y-axis ; 
on AB and on the side remote from the origin O, AABP is drawn 
similar to AAOB ; show that the locus of P is the parabola, y*=4aa;. 

12. Show that the common chord of the parabolas 

y*=4aa;, y*=2a(a:*fa) 

is the latus rectum of the former. 

297 
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18. A, J9, G are points on the parabola, y*=4aa;, with ordinates yj, 
Vii ya ; 0 is the origin ; show that 

(i) A 0 ^ jB = ( yi - yj) ; 


(ii) A^BC=— (y,-y,)(y,-y,)(y3-y,). 


14. The parabola, y*=4aa;, divides the plane into two parts one of 
which contains the focus ; show that throughout this part 

y^-4£LX 

is negative, while throughout the other part it is positive. 

15. Show that the equation 

y=aa;* + 6a; + C 

represents a parabola, and find the co-ordinates of its vertex and 
the length of its latus rectum. 

16. P is the point (a?!, yi) and PAB is a line inclined at angle d to 
the axis of the parabola 

y*=4aa?, 

and cutting the parabola at A and B ; show that 


PA.PB^ 




17. Two variable chords ABy CD of a parabola, each drawn in a 
fixed direction, intersect at P ; prove that 

PA.PBiPC. PD 

is constant. 


18. QE, QF, the tangents at E and P, are parallel to ABy CD in 
Exercise 17, and 8 is the focus ; prove that 

PA,PB QE^ 8E 
PC .PD~QF^''8F 

19. Show that the focus of the parabola 

a;*+y*=(a; cos a+y sin a~p)* 
is at the origin. What is the length of the latus rectum ? 

20. Prove (do not merely verify) that the equation of the circle 
through the points (p, 0), (y, 0), (0, r) is 

r (a;* + y*) - r (p + q)x - (r* +py)y +pyr =0. 
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A circle passes through a fixed point, and the chord cut off from it 
by a given line is of constant length. Prove that the locus of its centre 
is a parabola. (Oxf. and Camb. H.S.C.) 

21. P, Q are the points on the parabola, y* =4aa;, with focus 8 ; 
find the area of ASPQ, and hence show that PQ passes through 8 if 
^1^2= -1. 

22. A circle has as diameter a focal chord of the parabola, y* =4aa; ; 
the circle cuts the axes of co-ordinates at the points 0), (Xg, 0), 
(0, yi), (0, ya) ; show that 

^i^2=yiyz= -Sa*. 

23. The circle 

aj2 ^ y2 ^ 2gx -f 2oy =0 

cuts the parabola 

y^=ax 

at the origin and three points whose ordinates are y^, yg, ; show 
that 

2/1^22/3= -2a®. 

24. A circle cuts a parabola di>t A, C, D ; the tangents to the 
parabola at A and B meet at T, the tangents at C and D meet at V ; 
show that the axis bisects TV. 

25. A is a fixed point on a parabola ; a variable circle passing 
through A meets the parabola again at R, 0, Z) ; G is the centroid of 
A BCD ; P divides AG in the ratio 3:1; show that the locus of P is 
the axis of the parabola. 

26. BC is a variable focal chord of the parabola, y^=4ax; the 
circle passing through B, G and the vertex A meets the parabola 
again at /) ; AC, BD intersect at P ; show that the locus of P has 
equation 

ay® + 4a:® (2a; - a) =0. 

27. A circle touches a parabola at P and meets the curve again at 
Q and R ; show that the axis bisects the line joining P to the mid- 
point of the chord QR. 

28. The points {xi, yi), (x^, ya) are the extremities of a focal chord 
of the parabola, y^=^x ; show that 

XjX^=a\ yiy2=-4a®. 

29. Find the length of the chord of the parabola, y®=4aa:, passing 
through the point (a tan® 6, 2a tan d) and inclined at angle ^ to the 
axis the parabola. 
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30. Show that the line 


cos d sin 0 

meets the parabola, y^=iax, where 

r* sin®d + 2r{yi sin d-2aco8 0)+ yi® - 4aa:i =0, 

and deduce that if parallel chords are divided so that the product 
of their segments is constant the locus of the points of section is a 
parabola congruent with the given one. 

31. PT is the tangent at P, a variable point on the parabola, 
y^=4ax ; T lies on the tangent at the vertex ; show that the locus of 
the mid-point of PT is the parabola 

2y^=9ax, 

32. The tangent at P, a variable point on the parabola, y®=4aa;, 

meets the parabola, ~ at Q and R ; show that the locus of 

the mid-point of QR is the parabola 

3y®-f-4aa:=0. 

33. PQ is a focal chord of the parabola, y* =4aa; ; QT is the tangent 
at Q and TP is parallel to the axis ; show that the locus of T has 
equation 

y® (a; + 2a) + 4a® = 0. 

34. P is a variable point on the parabola, y®=4ax, with focus 8 
and vertex A ; PS meets the curve again at Q and the tangent at Q 
meets PA at T ; show that the locus of T has equation 

4a:® + (2a:-l-a)y®=0. 

35. PQ is a chord of a parabola ; T is any point on the tangent at 
P ; the line passing through T and parallel to the axis meets PQ 
at N ; show that the parabola divides TN in the ratio PN : NQ, 


Find the conditions that the following lines should touch the para- 
bola, y®=4aa; : 

86. px+qy=l. 87. Ax+By+C=^0. 88. 

^ COS 0 sin 0 

39. Show that the line 

y=:mx+— 

m 
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touches the circle 

x^-{-y^=r\ 

a® 

if + — ^0=0; 

r* * 

hence find the tangents common to the parabola, and the 

circle 

20x^ + 20y^ =a^» 

40 . Find the equations of the tangents common to the parabola, 
y^=4ax, and the circle 

2x^-\-2y^—a^, 

41 . Find the locus of the foot of the perpendicular drawn from tho 
focus of a parabola to a tangent to the curve. 

If S is the focus of the parabola and SK the perpendicular to tho 
tangent at P, prove that SK^ is proportional to SP. 

(Jt. Matric. Bd. H.C.) 

42 . A variable tangent to the parabola, y^—^x, meets the 
parabola 

y^—^hx 

at P and Q and cuts the a;-axis at R ; show that PR : RQ is constant. 

43 . A, P, C are points on a parabola ; the tangents at P, C 
intersect in pairs at P, P, P ; show that 

AAPC=2APPP. 

44 . TP, TQ are tangents to the parabola, y^=^ax ; angle PTQ = 0; 
show that T lies on the curve 

y^ - 4ax = (a; 4- a)^ tan®^, 

and deduce that mutually perpendicular tangents intersect on the 
directrix. 

46 . P is a variable point on the parabola, y^=4ax, with focus 8 ; 
the chord through the vertex and parallel to SP meets the parabola 
at Q ; TP, TQ are tangents ; show that the locus of T has equation 

(x-\-a)y^—a(2x + aY. 

46 . The circle having as diameter 3/P, the ordinate of a point P 
on a parabola, meets the curve again at Q ; TP, TQ are tangents 
to the parabola ; NT, the ordinate of T, meets the parabola at R ; 
show that MQ—NR, 

47 . A circle passing through the vertex of a parabola meets the 
latter again at P,Q,R; the tangents at Q and R meet at T ; show 
that PT is trisected by the axis of the parabola. 
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48. A circle cuts the parabola, at the points P, Q, R, 8; 

show that the intersections of the tangents at P, Q, R, 8 are such that 
the sum of their ordinates is zero. 

49. A circle passing through the vertex of the parabola, y^=4ax, 
meets the curve again at A, B,C ; the tangents at A and B meet the 
tangent at C at the points P and Q ; show that the mid-point of PQ 
lies on the parabola 

2^* + aa:=0. 

50. Show that the normals to the parabola 


y^=2x 

at the extremities of the chord 

2a:-3y + 2=0 

intersect on the parabola. 

51. Find the equations of the tangent and normal at the point 
Vi) oil I'ho curve y=2s/(ax). 

Prove that the two tangents to this curve which pass through 
the point (-a, k) are at right angles. (Cent. Welsh Bd. H.S.C.) 

52. The normal at P, a point on the parabola meets the 

axis at Q ; show that the locus of the mid-point of PQ has equation 

y^=za(x-a). 

58. A, B, C, D are four concyclic points on a parabola ; is a 
focal chord ; AC is the normal at A ; show that the axis divides DB 
in the ratio 3:1. 

54. P is a variable point on the parabola, y^=4ax ; the chord PQ 
is the normal at P ; TP, TQ are tangents ; show that the locus of T 
has equation 

(a;4-2a)2/*+4a*=0. 

55. The chord PQ is the normal at P to the parabola, y^=Aax ; 
PT is the tangent at P and QT is parallel to the axis ; show that the 
locus of T has equation 

3y * (a: + 4a) + 4a (a: - 2a) * = 0. 

56. The normal at P, a point on the parabola ^‘=4aa;, meets the 
tangent at the vertex at Q ; show that the locus of the mid-point of 
PQ has equation 


ay*=2a:(a?+2a)*. 
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57. A chord PQ of the parabola, y^=4afl;, subtends a right angle 
at the vertex ; show that the normals at P and Q intersect on the 
parabola 

2 /*= 16 a(a:- 6 a). 

58. Normals to the parabola, y*=4aa;, from a point whose abscissa 
is 3a, meet the parabola at points whose abscissae are x^, x ^ ; 
show that 

59. Show that two of the three normals from the point (14, 16) to 
the parabola 

y^=4x 

coincide. 


60. Find the two distinct normals from the point (f, 
parabola 




- J ) to the 


61. Q is the foot of the perpendicular from P(xi, to the polar 
of P with respect to the parabola, y^—A^ax ; show that Q lies on the 
circle 

x^ + y^-yiy-xi^=0. 


62. A variable chord PQ of the parabola, t/*=4aa;, subtends a 
right angle at the vertex ; find the locus of the pole of PQ with 
respect to the circle 


63. The polar of P with respect to the parabola, y*=4ax, touches 
the parabola 

^2 + 4aa:=0 ; 

show that P lies on the latter parabola. 


64. Tangents are drawn to the circle x^ -\-y^—a^ \ show that the 
locus of their poles with respect to the parabola, y^ =4aic, has equation 

65. Show that the points (a, j8), f ^ - a, are conjugate with 

respect to the parabola, y^=iax ^ 

66 . Show that the lines 

are conjugate with respect to the parabola, y^=^aXy if 

liU^ + Zjni =2amiW,. 
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67. P, Q are any two points on a parabola ; TP, TQ are tangents ; 
TP meets the diameter through Q at P ; show that ET=^TF, 

68. The polar of a variable point P with respect to a parabola is 
parallel to the line joining P to a fixed point Q ; show that the locus 
of P is a parabola passing through Q. 

69. A line through P(Xiy yi), a fixed point on the parabola 

y^=Sax, 

meets the parabola —4ax at Q and P ; show that the locus of the 
mid-point of QE is the parabola 

(2y-yi)^==Sax. 


70. The point {Xi, y^) is the pole of a chord of the parabola y^=4ax ; 
show that the mid-point of the chord is the point 2^1 J* 


71. The mid- point of a chord PQ of the parabola, y^=4aa;, lies on 
the parabola 

lP—2a(x-a ) ; 

show that the pole of PQ with respect to the former parabola lies on 
the directrix of that parabola. 

72. The mid- point of a chord PQ of the parabola, y*=4aaj, lies on 
the parabola 

y^=ax; 

show that the pole of PQ with respect to the former parabola lies on 
the parabola 

y*-|-2aa;=0. 

73. The mid-point of a chord PQ of the parabola, y^=4ax, lies on 
the line 

x=y; 

show that the locus of the pole of PQ with respect to the parabola 
has equation 

y^=2a{x + y). 

74. P, Q are points on the parabola, y^=4<ix ; NP, NQ are the 
normals at P, Q ; N lies on the line 

t/+a=0; 

ehow that the pole of the chord PQ lies on the conic 

xy=aK 
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75. -P, Q are points on the parabola, y*=4aa; ; NP, NQ are the 
normals a>t P, Q ; N lies on the line 

x=y; 

show that the locus of the pole of the chord PQ has equation 
y(x + y)=a{x-2a). 

76. Obtain, in a simple symmetrical form, the equation of the line 

joining the points 2atz). 

P, Q, B are three points on a parabola. The diameters through P, 
Q meet QB, BP at Z>, E respectively. Prove that the tangents at 
P, Q intersect at the middle point of DE. (Oxf. and Camb. H.S.C.) 

77. Prove that the straight line midway between a point and its 
polar with respect to a parabola is a tangent to the parabola. 

Having given the axis of a parabola and two points on the para- 
bola which are not reflexions of each other in the axis, show how to 
construct the vertex and focus of the parabola. (Oxf. H.S.C.) 

78. If the tangents to a parabola at the points P and Q meet at 
the point T, prove that the straight line joining T to the middle point 
of PQ is parallel to the axis of the parabola. 

If two tangents to a parabola and their points of contact are given, 
obtain a construction for the focus and directrix of the parabola. 

(Oxf. H.S.C.) 


B. On the Ellipse 

79. Find the equation of the ellipse with focus (1, 0), directrix a: =4 
and eccentricity 

80. Find the directrices and eccentricity of the ellipse 

3a;2 + 4y2 - 12a; - ICy + 16 =0. 

81. Show that in any ellipse the distance of a focus from an ex- 
tremity of the minor axis is equal to the length of the semi-major 
axis. 

82. Given that S, S' are the points ( ±ae, 0) and that 

SP + S'P=2a; 

show that the locus of P has equation 


where 6*=a*(l -c*). 
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88» The lines 

hx + aty 6to-ay+a6^=0, 

where t is variable, meet at P; show that the locus of P is the 
ellipse 


84. AOA\ BOB* are the major and minor axes of an ellipse with 
focus 8 ; show that A* 8 . 8 A =OB^. 

85. P is any point on an ellipse with major axis AA' and focus 8 ; 
the chords PA, PA' meet the directrix at Q, Q ' ; show that Q8 JL Q'8. 

86. A, By G are the points a, jS, y on the ellipse 


show that the area of triangle ABC is 

o 1- • • y-a • 

2ao sm -- - ■ sm ■ ■ sir 

2 M 


?L-J 

2 • 


87. P, Q are the points 0, 36 on the ellipse 


show that the locus of the mid-point of the chord PQ has equation 


88. A, B, C are three points in order on a straight line ; a variable 
circle touches the line at 0, and the other tangents from A and B to 
the circle intersect each other at P ; show that the locus of P is an 
ellipse and find its equation, centre and eccentricity when A, B, C 
are the points ( -2, 0), the origin and (1, 0). 


89. A circle passing through the point (0, b) meets the ellipse 




= 1 , 


again at PyQ,R; the gradients of PQ, QR, RP are m^, ; show 

that 


+ m, + m#) = a'hnim2m^. 
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■ « 37* 

90. If (K is the middle point of a chord of the ellipse - + , - = 1, 

and 2 u^Xi-X 29 2v=t/i -y 2 » where (x^, y^, {x^, y^) are the extremities 
of the chord, prove that 


A* +14* 


^ . hu kv ^ 

= 0 . ^ + jj=0. 


Hence prove that the length of the chord is 


2a6 



(Oxf. H.S.C.) 


91. Circles are drawn with the two foci of an ellipse as centres to 
pass through a point on the curve. Show that the common tangents 
to these circles touch the auxiliary circle, and that their points of 
contact with this circle are on the common chord of the original 
circles. (Camb. H.S.C.) 


92. CP, CQ are perpendicular semi-diameters of the ellipse 


x^ y* , 
= 1 • 


show that PQ touches the circle 


(a* + 6*)(a;* + y*)=a26*. 


93. AB, CD two variable chords of an ellipse are drawn in fixed 
directions ; AB, CD meet at P ; prove that 

PA . PB : PC . PD 

is constant. 


94. Show that the line 

{x - h) cos d , (y - A:) sin ^ ^ 
a b 

where 0 is variable, is a tangent to a fixed ellipse. 

95. From a point P on a circle a perpendicular PN is drawn to a 
fixed diameter HK of the circle. If a point Q divides PN in the 
ratio 2 : 3, prove that the locus of Q is an ellipse, and find its eccen- 
tricity. 

Prove also that the tangent to the circle at P and the tangent to 
the ellipse at Q intersect on HK produced. (Jt. Matric. H.S.C.) 

96. P, Q are the points 30, 0 on the ellipse 
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show that the tangents at P, Q inteisect on the curve 

97. P, Q are points on the ellipse 

TP, TQ are tangents ; the centroid of A TFQ lies on the ellipse 
show that T lies on the ellipse 

98. P, Q are points on the ellipse 

a* ’ 

TP, TQ are tangents ; T lies on the line 

-+?^ = 1 - 
a b ’ 

show that the mid-point of the chord PQ lies on the conic 

^ y 

a* 6* a S' 

99. P, Q are variable points on the ellipse 

* 

TP, TQ are tangents ; the area of A TPQ is constant and equal to c 
show that the locus of T has equation, 




100. A, B, C are the points a, j8, y on the ellipse 

5-V’=l- 

a> 6» ’ 

show that the tangents at P, C enclose an area 
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101. Tangents are drawn to the ellipse 


a* 6* 


= 1 ; 


show that the locus of their poles with respect to the circle 
is the ellipse 

102. Perpendiculars from the foci to a variable tangent of an 
ellipse meet the tangent at P, P' ; prove that the locus of P and P' 
is the circle having as diameter the major axis of the ellipse. 

103. PP, TQ are mutually perpendicular tangents to the ellipse 




= 1 


jS, Si are the foci ; find the equations of the parallels through the 
origin to the line pairs TP, TQ and SP, S^P, and deduce that 8P, SiP 
are equally inclined to TP and to TQ, 

104. Find the condition that the line 


X cos a + y sin a=p 
may be a tangent to the ellipse 


and find the co-ordinates of its point of contact. 

Hence, or otherwise, show' that the locus of the point of inter- 
section of perpendicular tangents to an ellipse is a circle. 

The tangents at two points P^, Pg of an ellipse are at right angles 
and intersect in Q, Prove that 

Pi • QPi=Pi • QPi> 

where pi, pa lengths of the perpendiculars from the centre of 

the ellipse on the tangents at Pj, P* respectively. 

(Cent. Welsh Bd. H.S.C.) 


105. P is a variable point on the ellipse 


5 * 

a* 
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the normal at P meets the ^-axis at and the parallel through N 
to the a;<axis meets at Q the line joining P to the origin ; show that 
Q lies on the ellipse 


a.2 

&« )' 


106. Tho tangents at P, Q, two points on the ellipse 

t+y'-i 

o» ’ 

intersect at the point ( 2 :, y ) ; show that the normals at P, Q intersect 
at the point (f, 77 ) where 




a«-6* 


and 


6 * 






107. If the normals at P, Q, points on the ellipse 

intersect on the line 

a*a; + &*y=0, 

show that the tangents at P, Q intersect on the curve 


x-y-^xy 


Va* W 


0 . 


108. The normals at P, Q, points on the ellipse 

-+^- = 1 
a* ^ 6 * ’ 

intersect on the line 

a*a:-6*y=a*“6* ; 

show that the tangents at P, Q intersect on the curve 

a;* 

/- 1 1 \ 
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100. Find the equation of the straight line joining the points on 
the ellipse + whose eccentric angles are a and and 

the co-ordinates of the point of intersection of the tangents at these 
points in terms of tan Ja and tan 

The straight lines joining a point P on an ellipse to the foci of the 
ellipse meet the ellipse again at the points Q and R, and the tangents 
at Q and R meet at T Prove that T lies on the normal at P, and 
that PT is bisected by the minor axis. (Oxf. H.S.C.) 

110. Show that the condition that the lines 
may be conjugate with respect to the eUipse 


— = 1 


is that 


111. The line joining P{x-^i to the centre of the ellipse 


=1 

a* 6* 

meets at Q the polar of P with respect to the ellipse ; show that, if 
P lies on the ellipse 

a;* V* 1 


Q lies on the ellipse 


k' 


-+i=i 


112. The intercept made by the axes on the polar of P with 
respect to the ellipse 

is equal to c ; show that P lies on the curve 


a* 6* , 

y' 




113. P is any point on the polar of the point (a, b) with respect to 
the ellipse 
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show that the inverse of P with respect to the circle 
a;* + y*=:C* 


lies on the circle 




114. P is a variable point on the line 

x=y; 

the line through P parallel to the ar-axis meets at Q the polar of P 
with respect to the ellipse 

** . 

show that the locus of Q has equation 

h^xy=^a^h^-y^). 

115. Tangents are drawn to the circle 

x^ + y^—c ^ ; 

show that the locus of their poles with respect to the ellipse 


is the ellipse 


a;* y^ _ 

-4-*^ =1 


a;2 ^ 1 

a* ^ 6* c* 


116. Tangents are drawn to the parabola 

y^—Acx ; 

show that their poles with respect to the ellipse 
a* “^6* 

lie on the parabola 

a*cy* + 6*a;=0. 

117. P is any point on the line 

y=h^x; 

the polar of P with respect to the ellipse 

meets the major axis at Q ; RP, RQ are parallel to the major and 
minor axes respectively ; show that the locus of R has equation 

gcy=a^K 
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118. P is a variable point on the conic 

xy^c^; 

the polar of P with respect to the ellipse 

meets the major and minor axes at Q and R ; show that the locus of 
the mid-point of QR has equation 

4tC'^xy=a^h^. 

119. P is a variable point on the director circle of the ellipse 

the polar of P with respect to the ellipse cuts the latter at Q and R ; 
find the equation of the locus of the mid-point of QR, 

120. CP, CQ are conjugate semi-diameters of the ellipse 

show that the ordinate of P : the abscissa of Q^h x a, numerically. 

121. CP, CQ are conjugate semi-diameters of the ellipse 

— ^ - =1 • 

the chord PQ meets the co-ordinate axes at A, B and CADB is a 
rectangle ; show that D lies on the curve 

122. CP, CQ are conjugate semi-diameters of the ellipse 

the circles with CP, CQ as diameters intersect at R ; show that R 
lies on the curve 

123. Chords are drawn through a fixed point (xi, y^ on the eUipse 
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show that the mid-points of the chords lie on the ellipse 
a« “ 


124. Chords of an ellipse pass through a fixed point ; show that 
their mid-points lie on an ellipse whose axes are in the same ratio as 
those of the given ellipse. 


126. Show that the locus of the mid-points of normal chords of the 
ellipse 


has equation 





o’* 


/x> «*Y 

\a* 6*/ 

\o*'^6V 


5YY1-.LY 


126. P> Q are points on the parabola 

y^—4ax, 

whose polars with respect to the ellipse 
o« 

are parallel to conjugate diameters of this ellipse ; show that the 
poles of PQ with respect to the parabola and the ellipse have loci 
respectively 

6*a;4-4a’=0 and 4aa;-&*=0. 


127. CP, CD are conjugate semi-diameters of an ellipse ; the 

tangent at P meets any two parallel tangents prove that 

QP.PE=CD\ 

128. A', B\ C" are the mid-points of the sides BC, CA, AB of a 
triangle inscribed in an ellipse with centre O ; P is any point on the 
ellipse, and the lines through P parallel to OA', OB', OC' meet BC, 
CA, AB at L, M, N respectively ; show that L, M, N are collinear. 

129. APB, CPD, two chords of an ellipse, are parallel to conjugate 
diameters ; M is the mid-point of AC ; show that MP and BD are 
parallel to conjugate diameters. 

130. A ABC is inscribed in an ellipse ; BT, CT are tangents to the 
ellipse ; the line through T parallel to the tangent at A meets AB, 
AC at P, Q respectively ; prove that PT=TQ, 

131. A ABC is inscribed in an ellipse ; AT, CT are tangents to the 
ellipse ; the diameter which bisects AB meets PC at 2) ; show that 
TD is parallel to AB. 
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132. PP\ QQ' are mutually perpendicular normals to an ellipse at 
P and Q ; show that the chords PQ, P'Q' are parallel. 

C. On the Hyperbola 

133. .VP is the ordinate of a variable point P on the hyperbola, 

a* 6*"' ’ 

the curve meets the fc-axis At A, A' ; show that 

NP2 

AN.A'N 

is constant. 

134. P is the point {x, y) on the hyperbola 

a* 62“’ 

show that the distances of P from the foci are ex ±a, 

135. P is a fixed point in the plane of a circle with centre A ; Pis 
a variable point on the circumference ; BP meets the circle again 
at Q, and the parallel through B to AQ meets AP At E ; show that 
the locus of E is an ellipse or a hyperbola according as P is inside or 
outside the circle. 

136. P is the centre of a variable circle which touches each of two 
intersecting circles ; show that the locus of P consists of an ellipse 
and a hyperbola. 

137. Show that the point 

K-D) 

lies on the hyperbola 

62 

and show that the equation of the chord joining the points ti and ^2 is 
a 0 

138. P is a variable point on the hyperbola 
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Q is the inverse of P with respect to the circle 
x^ + y^=c ; 

show that the locus of Q has equation 

130. Prove that the tangents to the parabola y^=ax, at the points 
{ati\ ati), intersect in the point {atit 2 , + 

The tangent to the parabola y^=axQ>t any point P, cuts the hyper- 
bola =a* in the points U, F. Prove that if Q and R are the 

points of contact of the remaining tangents to the parabola from 
U and F, the chord QR touches a fixed circle whose centre is at the 
vertex of the parabola. (Oxf. H.S.C.) 

140. Prove that the foot of the perpendicular from the focus of a 
hyperbola to either asymptote lies on the directrix. 

141. P is a variable point on the hyperbola 

o> ’ 

a line drawn in a fixed direction passes through P and meets the 
asymptotes at Q and R ; show that QP . PR is constant. 

142. Show that the point (a tan <f>, h sec lies on the hyperbola 
conjugate to the hyperbola 

a* 

143. P is a point bn the hyperbola 

o» ’ 

Q is a point on the conjugate hyperbola, such that PQ subtends a 
right angle at the origin O ; show that 

JL L=i_l 

Opa OO*"®* 

144. The tangent at a point P on the hyperbola 

a* 6*” ' 

meets the conjugate hyperbola at A and B ; show that AP—PB. 
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146. P is any point on the h 3 rperbola 

t-yl-i. 

a» 6>" ’ 

tangents from P to the conjugate hyperbola touch the latter at Q 
and R ; show that QR touches the given hyperbola. 

146. The tangent at the point (a, 0) to the hyperbola 

a* 62 ’ 

meets at Q the tangent at a variable point P ; show that the locus 
of the mid-point of PQ has equation 

4:a^xy^ =b^(x- a) (x + 2a)K 

147. A variable tangent to the hyperbola 


meets, at P and Q, the transverse axis and the tangent at the point 
(a, 0) ; show that the locus of the mid-point of PQ has equation 

x(iy^ + b~)=ah^. 

148. P, Q are variable points ^-f-2a on the hyperbola 
a2 62 

show that, if a is constant, the locus of the intersection of tangents 
at P and Q is the hyperbola 

a2cos2a 62 


149. A, B are variable points 2^ on the hyperbola 


show that the locus of the point of intersection of the tangents at A 
and B has equation 

a2f/2 ( 3a: + a) = 62 (2a; + a)2 (a: - a). 

150. P is any point on the hyperbola 


?! 

a* 
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the tangent at P meets an asymptote at T, and the perpendiculars 
from T to the x- and y>axes meet these axes at Q and R ; prove that 
P, Qy R are collinear. 

161. The tangent at P, a variable point on the hyperbola 
a» 6*“ ’ 

meets the asymptote 


at Q ; show that the locus of the mid-point of PQ has equation 



152. P, Q are any two points on a hyperbola ; the tangents at P, 
Q meet one asymptote at P, 8 respectively and the other asymptote 
at Ty V respectively ; show that 8T is parallel to RV. 

153. A tangent to a hyperbola at a point P meets the asymptotes 
at Q, P ; show that QP=PR, 


154. A tangent to the hyperbola 


L- 


at the point P meets the asymptotes at Q, P ; VQ, VR are parallel 
to the axes of the hyperbola ; show that V lies on the rectangular 
hyperbola 

xy = ±db. 


155. Show that the polar of any point on the hyperbola 
a* ft*"" ' 


with respect to the ellipse 


a* 6* 


= 1 , 


is a tangent to the hyperbola. 

156. Show that the locus of the poles of tangents to the hyperbola 

y* 

a‘ 
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with respect to the parabola 
is the ellipse 


!/*=4ca; 


_a* 


157. A normal to the hyperbola 

a2 62 

meets the transverse and conjugate axes at P, Q respectively ; show 
that the mid- point of PQ lies on the hyperbola 

158. Find the co-ordinates of the point of intersection of the 
normals to the parabola y^=^x at the points (at^y 2at^\ {at^. 2at^). 

If two normals to a parabola intersect on a fixed straight line, 
prove that the locus of the points of intersection of the corresponding 
tangents is an hyperbola, one of whose asymptotes is the tangent to 
the parabola at right angles to the fixed straight line. 

(Oxf. H.S.C.) 


159. P, Q are conjugate points with respect to the conics 







show that P, Q lie on the a;- axis and are inverse points with respect 
to the circle 


160. Show that the locus of the poles of tangents to the hyperbola 


with respect to the circle 
is the hyperbola 


a* 6* ' 

x^+y^=c\ 
y^ _ c* 


161, Af B are the fixed points ( - a, 0), (a, 0) ; a variable circle 
passing through A and B meets the y-axis B.tC,D; AC, BD meet at 
P ; show that the locus of P is the rectangular hyperbola 
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162, P is a variable point on the hyperbola 

xy=c^; 

Q is the inverse of P with respect to the circle 

a;2 + t/2=c*; 

show that the locus of Q has equation 

{x^+y^)^=zc^xy, 

163. The lines 


Zia; + Wiy + Wi=0, + + 71 ^= 0 , 

are conjugate with respect to the rectangular hyperbola 


show that 


xy=c^; 

2c* (1 iW2(2 ~ 7t^^» 


164. Show that the feet of the four normals to the ellipse 


a;* 

a* 



= 1 


from the point (a, /?) lie on a rectangular hyperbola which passes 
through the centre of the ellipse and the point (a, jS) and whose 
asymptotes are parallel to the axes of the ellipse. 

If the normals at the points A, P, P, E on the ellipse are con- 
current, show that DE and the diameter conjugate to AP are 
equally inclined to the major axis of the ellipse. (Lond. H.S.C.) 


165. Show that the feet of the four normals drawn from any point 
to the ellipse 




lie on a rectangular hyperbola, and that, if the chord joining two of 
the points is 

lx my , 
a o 


then the chord joining the other two is 




166. P is a point on the parabola 

aa?*=2c*y ; 


(Oxf. and Camb. H.S.O.) 
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show that the polar of P with respect to the parabola 

touches the rectangular hyperbola 

xy=-c\ 

167, P, Q are points on the hyperbola 

xy=c\ 

such that their polars with respect to the hyperbola 

are parallel to conjugate diameters of the latter ; show that the pole 
of PQ with respect to the rectangular hyperbola lies on an asymptote 
of the other hyperbola. 

168. P, Q are points on the rectangular hyperbola 

xy-c\ 

such that their polars with respect to the hyperbola 
a* 62” 

are parallel to conjugate diameters of the latter ; show that the locus 
of the pole of PQ with respect to the latter hyperbola is the asymp- 
totes 


D. On Polar Equations 

169. Given that the polar equation of an ellipse is 

-r=l -e cos d ; 
r 

show that the sum of the focal distances of any point on the ellipse 
is 2a. 

170. Given that the polar equation of a hyperbola is 

- = 1 - e cos 9 ; 

r 

show that the difference of the local distances of any point on the 
curve is 2a. 

L 
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171. Show that the chord of contact of tangents from the point 
(fj, to the circle, y=a, has polar equation 

rri cos(fl- 0i)=a*. 

172. The polar equation of a circle is 

r*-2j8r coa(0~a)H-j8*-a®=O ; 

a variable line through the pole 0 meets the circle at A, B\ show 
that OA . OB is constant. 

173. A variable line drawn from the pole to the circle 

r*-2j8r cos(fl~a) + j8*-~a®=0 

is bisected at M ; show that the locus of if is a circle, and find its 
equation and radius. 

174. A variable line drawn from the pole O to the circle 

r* - 2/5r cos + jS* - a® =0 

meets the latter at A, J5 ; P is the harmonic conjugate of 0 with 
respect to A and B ; show that the locus of P is the straight line 

jSr cos 

175. Show that the chord joining the points on the circle 

r=2a cos B 

with vectorial angles a and j8 has equation 

r cos(a + ~ B) ~2a cos a cos jS. 

176. Show that the normal to the circle 

r=2a cos B, 

at the point with vectorial angle a has equation 
r sin(2a - B) =a sin 2a. 

177. Show that the equation of the pair of tangents from the point 
(fi, Bi) to the circle r=2a cos 6 is 

(fi - 2a cos Bi)(r - 2a cos B) 

178. Show that the polar of the point (ri, Bi) with respect to the 
circle 

r=2a cos B 

haa equation 

/cos0 cosdA 
a - + -y-* J =co8(fl - fl,). 
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170. Show that the tangent at the point with vectorial angle a on 
the parabola 

r sin*d=4aco8 0 

has equation 

4tCi 

— =2 tan a8in0- tan*a cos 0. 
r 

180. If rj, are mutually perpendicular radii vectores of points on 
the parabola 

- = 1 - cos 0, 
r 

show that 




181. Show that the part of any tangent to a conic intercepted 
between the directrix and the point of contact subtends a right angle 
at the focus. 

182. S is the focus of the central conic 

~ = 1 -c cos 0 ; 
r 

the axis through S meets the conic at A and the directrix at Z ; 
show that AZ has length 

I 

"^6(1 ±e)' 

188. Show that the equations 

e _ COB 0 8m 0 
r~ a ^ h 
represent the asymptotes of the hyperbola 


- = 1 - ecos 
r 

if 2o, 26 are the lengths of the transverse and conjugate axes. 

184. Show that the tangents at the points on the parabola 

-=1 - cos 0y 
r 

whose vectorial angles are a, y, intersect each other at points on 
the circle 


iir% ^ fiin ' flirt Z. 




r= - 
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185. A circle passing through the focus of the conic 

- = 1 -€ cos 0 
r 

cuts the conic in points whose radii vectores are Tz, r^t ^4 ; show 
that 

11112 
fi r, rg r 4 I 

186. The perpendicular from the focus 8 to the directrix of a conic 
meets the conic at A ; show that the foot of the perpendicular from 8 
to any tangent lies on the tangent at A, if and only if the conic is a 
parabola. 

187. Four normals are drawn from a point P to the conic 

- = 1 -ecoa 6 ; 
r 

the vectorial angles of P and of the feet of the normals are <f>, a, y, 
8 respectively ; show that 

a + jS + y + S — 2 ^ = ( 2 w + l)7r, 

where n is integral. 

E. On the General Equation 
Determine the nature of the following loci : 

188. 3a;*+2a:y + 3i/* + 8a;+4=0. 

189. 3a;* + 3y* +2a; - 3y - 1 =0. 

190. 4a;* + 4y*~ 8 a; -12^ + 13=0. 

191. 2a;* - 12a;y - 7y* - lOy - 3 =0. 

192. 3a;* + 8a;y-3y*-a; + 7y-2=0. 

193. 3a;* + 8 a;y “3y*+4a; + 2y=0. 

194. a;*-4a;y+4y*-2y+2=0. 

195. 2a;* + 8a;y+8y*~a;-2y-3=0. 

196. Find the centre and the equations and lengths of the axes of 
the ellipse 

8 a;* - 12a;y + 17y* H- 8 a? - 56y - 48 =0. 

197. Find the centre, the equations and lengths of the axes and 
the equations of the asymptotes of the hyperbola 

a?* + 6 ay - 7y* - 8 a; + 8 y ~ 20 = 0 . 
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198. Find the centre, the equations and length of the axes and 
the equations of the asymptotes of the rectangular hyperbola 

2x^ + ^xy - 2y^ - 4a: - 3y - 23 =0. 

199. Find the focus and directrix ot the parabola 

a;® -4a:i/-f 4y®- 24a:- 2y + 69=0. 

200. The coordinates of any point of a parabola referred to oblique 
axes crossing at an angle o) are 

x=at^-^2bt + Cy y=pt^ + 2qt-\-r^ 

where < is a parameter ; find the condition that the tangents at the 
points given by the values of t should be perpendicular. 

Hence, or otherwise, show that when a>=60® the line given by 

lx-\-my + n=0 

passes 'through the focus of the parabola given by 
a:= -<® + 2< + 2, y=2i®-l, 

if 5Z-m + 3n=0. (Camb. H.S.C.) 

201. Find the equation of the rectangular hyperbola whose 

vertices are at the points (2, 3), (4, 7). (Camb. H.S.C.) 
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PART I 

Page 8. 

8. (-1,1). 4. (1. -2). 

8. (i) -2; (ii) -5; (iii) 3 ; (iv) -4; (v) 7 : (vi) 4. 

10. -i, 2. 11. 8. 18. (0, -1), (0, 11), 12. 

14. (1, n/ 3), (-2, 2). (0, -3), (IV3, -i). 

16. ( 2 . , ( 2 . , ( 1 . 1) . 17. 6, 13. 10, «. 

18. 150”. 20. 3n/ 67 22. 2-0 approx. 

28. (i) 3, 3 ; (u) 6. 0 ; (ui) -6, -6 ; (iv) 7,-3. 24. 3. 

Psge 19. 

1. (i) 6 j (ii) 13 ; (iii) 3VIS ; (iv) 6s/6. 2. 2»/£ 8. 4>/2^ 12^2. 

7. (3, 4), ( - 1, 4), ( - 2. 2). 10. 2n/Io; 2 11. (3, 2). 

12. ( - 3, 1). (5, - 11). 18. (12. 14), ( - 12, - 10). 

g, +»,+», yi+y.+y, 

3 3 

16. (i)|; (ii) (iU) -Ij (iv) -i; (v)^: (▼») 

82.3 :1. 24.^. 26. ±1- 

88. -J.2.f. 87.^. 


Page 26, 


(i) 

6; 


1; 


(viii) 

y sin (/?-«); 

(ii) 

31; 

(vi) 


-b»); 

(ix) 

sin a ; 

(iii) 

11; 

(▼ii) 

a-6 

2c 

f 

(x) 

^ab Bind. 

(iv) 

4; 






8. 


4. *-3. 


5. +1 or ' 

-3. 

6. ^b. 

(i) 12 

' f 

(«)|; (iii) 

¥i 

(»▼) r 5 

(▼)- 

• V-; {vi)32. 


i 


(vi) 32. 
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8. 6 10. (i) 17 ; (ii) ^ ; (iii) ; (iv) 5. 

12. (2a - 1 ). 18. i {2p^ - 3:p - 2). 14. 6. 

Page 31. 

1. (i) a: = ±y; (iii) 6a; -42/ =0 ; (v) 4a;*-y*=0. 

(ii)a; + y=6; (iv) a;* -f = 26 ; 

6. a; + 2/ = 7. x + 2y = ll. 14. (0.-2), (0,-^). 

Page 38. 

1. (i) 3a;-4i/+2=0; (v) 6a; + 4i/ + 3=0; 

(ii) 6a; + 82/ + 16=0 ; (vi) a; cos a +2/ sin a ; 

(iii) a; + y + 3=0 ; {vii) y-mx+c, 

(iv) 6a; -32/ - 16=0 ; 

2. (i) on a;-axis, - 2. 6 : on ^-axis. 3. - 9 ; 

(li) »» »* ”■ 2, — 4 ; .. — 6. — 10 ; 

^1 C Q) 

^ 111 ) „ „ ” “ 6 * 6 * 

(iv) „ „ p sec a, a sec tt ; „ „ p cosec a, a coseo a. 

3. ys=wa; + — . 4. a; cos 0 +y sin 0 =a. 0. 4a;+y-7=0. 

m 

7. a;-2y-8=0. 8. 2a;-y-14=0. 9. 3a;-y-9=0. 

11. a=3or 18. 

Page 42. 

1. (i) 6a; -62/ +9=0; (v) 3a;-4y + 18=0; 

(ii) 4x+6y-12=0; (vi)?+| = l; 

(iii) *«/aB-y=4(2 + V3); (vii) y = 2»w!+^; 

(iv) a; + y-3=0; (viii) y=mx-¥a^T^n?. 

2. (i) 4a;-3y + 12=0; (v) a;+y=a+6; 

(ii) 2a;-2 /-l= 0 ; (vi)y=ma;+c; 

(iii) 3a; -22/- 16=0 ; (vii) 3y=4ma; + ~ ; 

(iv) 8a; + 6y-13=0; (viii) a; + 2<*y=3c«. 

8. aj + 2y-12=0. 

4. 2a;-62/ + 24=0, 7a;+y + 10=0, 9a;-42/~3=0. 

5. 9a;+8y + 12=0. 6. 3a;-y-3=0. 

7. a;-2y+6=0, 2a;+2/-10=0. 8. a;+y-6=0« 

9. 2/=ww;+^, y= -ma;-~. 
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10. Points are (1, 1), ( - 1, 
Equations are 


• 1 ). ( 0 , 0 ). 

x + l 


1 2 

ITT 


y + l 

.5 

TTf 


X y 

-X-’ V3-=r-- 


11. (9, -1) or (-3, -6). 
18. (4, 6) and (-8, -11). 


12. 13. 

14. 5x+y -1 -0, 


Page 48. 

8 . a; + 2/=0. 

4. (i) parallel ; (iv) perpendicular ; (vii) tan 0 = ± Y; 

(ii) tan 0 = ± 1 ; ( v) tan 0 = ± J ; ( viii) tan 0 = i 

(iii) parallel ; (vi) perpendicular ; 

5. (i) 3a; + 4y-4=0; (ii) 6a; + 6y + 65=0. 

6. 3a;-2y + 18=0; (-4, 3). 

7. a; co8(a -0) 8in(a -0)=a. 

8. a cos 0 . a; + 6 cot 0 . y =a* + 6*. 

9. 2a;-3i/-6=0, a; + 3«/-12=0; (6,2). 


10. 5. 

, fa+b b-a\ 

V 2 ' 2 

12. 3a:=4y. 

13. (3i. Ij). 

14. 5. 

16. (0, -1). 

17. (3, 2). 

18. -V-. 

w. (“f. -!)• 

21. y = ma: + -,y = 

X 

flW. 

m 

26. (1, 0). 

29. 6. 

80. 




Page 54. 

1. (i) X cos <x + y sin a = 1 where tan oc = ^ and a is acute ; 

(ii) X cos a + .y sin a = 2, where a = 120° ; 

(iii) X cos a 4- y sin a =2 n/ 2, where a =45° ; 

(iv) a:cos a+y sin (x=2, where tana = 'y^- and a is 3rd quadrant 
angle ; 

(v) X cos a + y sin a = 2, where tan a= and a is obtuse ; 

vi) a; cos a + y sin a = 1, where tan «= and a is 4th quadrant 
angle. 

2 . 10 . 

Page 55. 

9 . + = 12 , externally as 6 : 2 ; internally as 1 : 2. 

€1 u 

14.3:1. 16. -6:4. 

17. internally in ratio 14 ; 11. 20. (|, ^), (4* -/)» (t* “■!)• 

21. 14. 24. (14, 4). 
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27. »(! +c)- 32/ + 6==0, a;(l +c) -6y +20=0 ; 7). 

80. ®+3y-l=0; 10. 81. 2»JTo. 

82. 4a!-3.y~9=0 and 3a; -4^- 5=0. 

88. |V5; llaj + 2y -37=0. 87. 4a;+y+3=0. 40. 2a;-y-l=0. 

41. 48. x-4y + 3=0. 44.-^; 6, 4. 

45. 13a!-3y-7=0. 46. 


Page 67. 


1. (i) 3; (ii)2; (iii) 2^5; (iv) a; (v) a; (vi) 


a6 

\/a* 6111*6 + 6* co8*6 * 


2. 6. 10. 7. 2. 

12. (i) a;=0, y = l ; 

(ii) 7a;-7y+6=0, a; +3/ + 1=0; 

(iii) 24a; + 82/ + 7=0. 16a; -48y+ 23=0. 

17. 12a; -5y- 109=0, (7, -6), 13. 18. 3a; + 4y-21=0. 

20. 4a;+6y + l=0, y + l=0. 


Page 74. 

1. 13a;-22y=0. 2. 4a;-3y + l=0. 4. y + 2=0. 

5 . a; + y=0, a;-y+2=0. 6 . (-6,0). 

7. (3,4). 8. (-1,2). 

10. line parallel to x-axis, concurrent with ox +6y + c=0, y=x +c. 

11. x+3y-7=0. 12. 3x-y-2=0, 2x + y-3=0; 46^ 

16. x + 2y+3=0, 2x-y-4=0, 7x + 9y + ll=0. 

20.3. 21.4. 22. 6a -46 = 1. 


Page 85. 

1. (i) 3x*-5x2/+2y*=0 ; 

(ii) 2x*-5xy + 3y*+6x-7y +2=0 ; 

(iii) 6x* + 5xy - 4y* - lOx + 6y =0 ; 

(iv) 2xy -•y*-2x +2y - 1 =0. 

2. (i) 2x-y=0, x+y=0; 

(ii) x-2y + l=0, 3x+y-2=0; 

(iii) x + 3y-l=0, y=4; 

(iv) x+y + l=0, x-y + l=0; 

(v) 3x-2y + l=0, 2x+y-2=0. 

8. (i) 2x»-3xy-2y»=0; (iii) 6x*+xy-y*=0; 

(ii) 6x*-6xy-^*=0; (iv) xy=0. 

4.(3,!). 6. 6x-7y=0. 9. Of 


11 . 10 . 
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12. (i) k = l2; ia;-3y + l=0, 3a; + 2y-l=0. 

(ii) k=-5; 3a:4*y-4=0, 2a:-5y+3=0. 

(iii) k=-3; 4a;+y~3=0, 3a: + 4y + l=0. 

(iv) A; = 16 or 32; a;+y + 2=0, ar + 5y + 6=0. 

or a: + y + 6=0, a; + 6y + 2=0. 

(v) A; = 10 or 14;a; + y + 2=0, 3x+i/+4=:0 

or a:+y+4=0, 3a; + i/+2=0. 

(vi) A;=-l or 4; a;-2y + l=0, 2a: + 33/ + l=0 

or 2x-2i/ + l=0, a; + 3y + l=0. 

18. (i) (ii) 5; (iii) 1^. 

16. (i) -6i/2=o ; (iii) 3a:* -a;y -2y®=0. 

(ii) a;*-3a:y +2y*=0; 

20 . (i) lla;*-6a:y-lly*=0; (iii) 11a;* -26a:y - lly*=0. 

(ii) x^-^xy-y^-0; 


26. 5. 26. a;*+3a;y + 2y*=0. 

29. (i) (1,2); (ii) ( - 2, 3) ; (iii) ( - 1, - 3) ; (iv) (f, l ). 

»1. Pi- 


page 9S. 

1. (3, 1), ( - 1, 2), (2, 0). 2. ( -2, - 1). 8. 2,-1. 4. 8, 17, 

5. (i) a:-3y+3=0; (ii) 2a:i-3y=0; (iii) 2x-3y + 3=0. 

6. *-2y + 5=0. 

7. (i) 3x>-5a:3/ + y*+7a:-8y+3=0; (iii) **-3a:y + 2y*=0. 

(ii) 4** -y* +8a:-2y + 3=0 ; 

8. 3ir»+*y-2y»+(6a + )S-8)a:+(a-4;8 + 7)y 

+ 3a* + aj8-2;8»-8a + 7^-3=0, (1.2). 

9. 4a: + 3y + 25=0, 6. 10. a;-2y+2V2=0. 11. 3x» - 13a:y + 12y*=0, 

12. a^ + 3y’=0. 18. x=p. 14. 5xy + 8x=0. 16. a^-y*=0. 


Page 94. 


1. - o (cos 0 + sin 6), 6 (cos 0 - sin 0). ?• ( - ■?> ^)' 

8. ( -6, - 1), (3, 2), 4VlO, WS, 3\/I6, 6n/5. 

9. ( -2, 1), (6, 6), (0, -4). 10. (7. 5), (11. 0). 11. 1 : 2. 

18. 1(0* -6‘). 16. 1:4. 18. |{9-2./5), ^(8+VS). 

19. ( - 1, 0). 20. ( - 9, 6). 21. 7® - 7y +4 =0. 


28. y-)- 84- 13i+y-66=0, 13*+y-26=0. 

26. ®+3y-20 =0. 28. 1. 80. x+y + 3=0, a-y=0. 

86. ( -2, 1). 87. (1, -2), 6. 88. ( (2, 3). 

40. «-2y+2<»=0, a!-2y+4a=0. 41. (0, 3), (1. 1). 44. (2, 8), (10,0). 
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47. 3!e-4y-28=0. 3!e+y+7=0, »+2y-6=0, (0, -7), (8, -1). 

48. 2a:-y+4=0, 4a! + 3y-2=0, s/S. 49. S-j. 

60. 3® -y +3=0, a: -y- 1=0. 68. ®-2y-3=0. 64. 2 or 22. 

«8. ( - 1. i)« ( - 4)- ( - L 0)- “• (0- 0. { - 4. 2). 

61. (|, 4). 68. (1, 1). 68. 64. «4. • 

67. *oo8 5^^+ysin^^-^=|(p+p,)8ec^^^^. 

X 008 — t^-t ” +y sin y — " =|(i) -Pi) cosec 

69. 2®-y-l=0, * + 2y-13=0. 

^8" (y» ~iV)’ (”T> “T§)> (®> §)> ("T’ ® + 7y + l=0. 

78. ®=0. 73. (1, 1). 74. (-1,2). - 76.-3. 

81. (0,2). 88, f. 88. 0=2, c= -3. 84. -Y. 3.46”. 

89. 2 : 1, 1 : 2. 96. (a, /?). 101. (2, 1), (1, - 7), ( -2, 4). 

108. it*-y*=2c*. 108. ®*-y»=8. 

106. **+.v*=8. 107. y*=®. 



PART IT 


Page 112. 

1. (i)a;* + y* = 4, (iv) a:* =5, 

(ii) -4a;-f6y +4 = 0, (v) x^ + y* +2x -4y =0, 

(iii) 4x*+4y® + 8x - 16y -25 = 0, (vi) x®+y*-6x-2y + 5=0. 

2. (i) (0. 0). 2V2 ; (iii) (1. - 2), V5 ; (v) (», -J), f ; 

(ii) (0. 0), JVe ; (iv) ( - 1, 2), 2 : (Vi) (1. 3), Vi. 

8. x» + y» = 221. 4. -1, -3, 5. 

6. *»+y»+6j:-2j/-15=0, (-3, 1). 5. 6. a:»+y*-2y-4=0, (0, 1). 

7. (2,_-l). (4,0). 9. (3,4), (-4, 3). 10. (3, 1), ( -2,6). 

11. VlO. 12.5. 15. a:*+y*=65, 4^6. 16. (-6, -7). 

19. 1 : 1, 1 .-3. 21. *‘+ya + 30a:-36y + 29 = 0. 

22. (-8, -l),(-hs)- 28- a;*+y‘-8y-9=0. 

24. x*+y2 -5x -2y + 1 =0. 25. x2+y*-4x-4y-2=0. 

26. x2+y2 + l0y=0, x2+y*-2x-4y-20 = 0. 27. (4,2), (-6, -1). 

28. (1, 2), ( - 3, - 2). 29. ( - 1, - 2), (3, 1). 

88. X* +y2 +2/y = 0 ; circle passing through (0, a), (0, -a). 

89. x*+y2 -ox -6y=0. 40. b{x^ +y^) -{a^ +b^)i/=0. 

Page 126. 

1. (i) 3x -4y + 25=0, (iv)2x + 3y=0, (vii) x -4y -9=0. 

(ii) 6x-2y-5 = 0, (v) 2x+3y-22 = 0, 

(iii) 8x + 6y + 25 =0, (vi) 2x - y - 9 =0, 

2. (i)4x + 3y = 0, (iv)3x-2y=0, (vii) 4x + y-2=0. 

(ii) X + 3y =0, (v) 3x - 2y - 7 =0, 

(iii) 3x - 4y =0, (vi) x + 2y + 3 =0, 

8. (i) (3, -4) ; (ii) (0, 0) ; (iu) (4, 2) ; (iv) (4, 4) ; (v) ( - 1, 2). 

4. x* + y* - 2x - 4y + 1 = 0. 6. 4. 11. (a, 0). 16. 4, (2, 0). 

16. (i) ±5; (iii)±l; (▼) 3, ^ ; (vii) 2, -38; 

(ii) ±3; (iv)2; (vi) 2, 12 ; (viii) -a, 9a. 

vii 



viii ELEMENTS OF ANALYTICAL GEOMETRY 


20. x+y -8=0, x+y+4=0. 21. 8, 19. 24. 4x-3y±26=0. 

26. 2x+y+4=0, 2x+y-6=0. 26. 4x-3y + 16=0. 

27. x + 2y+6=0, x+2y-4=0. 28. x*+y* = 13. 

29. x«+y«-8x±10y + 16=0. 

80. x*+y*+4x-21=0, x* + y*-16x + 39=0. 

82. (i)x-6y + 13=0,(2,3), (-3,2); 

(u)x-6y-4=0,{4,0),(-l, -1); 

(iii) x + 3y + 12=0, (-3, -3), (0, -4); 

(iv) 2a:-.y+2=0,(-|, 

34. x + 7y =25, 3a; - 4y + 25 =0, 4a; + 3y - 25 =0. 

85. af+y-4=0, 2a;~y + 4=0, a;-2y- 1=0. 

86. (i) 6y* “ 12a;y = 0, (iii) a;* cos* 0 - 2xy sin 6 cos 6 4- y* sin* 6=0. 
(ii) 3a;*4-4a;y=0, 

87. (i) 2a;* + 5ay + 2y* ~ 5a; + 5y - 25 =0, 

(ii) 3a;* - 10a;y + 3y* + 28a; - 4y - 20 = 0, 

(iii) 2a;* - 6a;y + 2y* - 2a; + 7y - 4 =0. 

Page 135. 

1. (i) 4a;-4y + l=0, (iii) 6x -4y -9=0, (v)y = ma; + c. 

(ii) 6a; + 2y -9 =0, (iv) 2^a; +2/y + +/* + c =0. 

2. (i) (4, 1), (ii) ( -2, -6), (iu) (0, -3), (iv) (0, 3), (v) (0, 0). 

9. -4,3. 18. a; +y- 2=0. 16. ( -^, |). 18. a; + 2y-10=0. 

19. (1, 2). 20. ( - 12, 1). 21. ( - 2, - 1), ( - 1, - 2). 

80. (-2, -4), 4a; + 3y + 20=0. 85. 2a; + 2y-i-l =0. 

88. a;*+y*+9a;-3y=0. 89. a;*+y* -2a; -6y + 9=0. 

Page 149. 

4.-4, 6^. 5. Outside, inside, on. 6. 5. 8. ( -|, f), ^V74. 

0 . ( 1 , -3)or(-if.-Vl). 

10. (i) x-3y+8=0, (u) x-3y+6=0, (iii) 12x^ 9y -1=0. 11. 4v'2. 

12. (1,0). 16. **+y*-2x-4y-20=0. 17. 2x-y-l=0. 

18. ( - 1, 0), (1, 0), ( - 2, 0), (2, 0), ( - 3, 0), (3, 0) ; 1, 1, 2, 2, 3, 3^ 

19. (0, 0), ( - 1, 0), (1, 0), ( - 2, 0). (2, 0) ; 2, VI. VB, 2V2, 2V2. 

20 . ( -2, 0), (2, 0), ( -f, 0), (f 0). ( -3, 0), (3, 0), ( -4, 0), (4, 0) ; 0, 0, 

1. 1 . VB. VB. 2V3. 2V3. 



ANSWERS TO EXERCISES ix 

01. a?*+y*+ir-3y-4=:0. 82. ar*+y*+a;+y-2=0. 

28. (-J, J), «*+y*-6x + 23/-4=0. 

24. a;* +y* - 5a; - 4y + 4 =0, a* + 75a; + 36y - 76ss0. 

26. a;*+y»-2y-8=0, a;* + y* + 3a;-5y + 4=:0. 

29. a;*+y* + 2a; + 2y-23=0, a;2 + y2_9a; + l4=0. 

80. a;*+y* + 2a;-2y-8=0, a;*+y*+a;-9y + 18=0. 

88. a;®+y*-3a;-5y + l=0. 34. 4a;2+4y* + 2y-28=0. 

85. a;*+y* -4x + 6y + 4=0. 36. a;2 + y* + 2a; -8y + 6=0. 

88. 3a;* + 3y* + 4a: + 2y~15=0. 

89. a;* + y*-6y-l=0, 9a;* + 9y*+26y-9=0. 40. .r^ + y* -6y-4=0. 

PaRO 155. 

1. (i) (1. - 2). 2 ; (ii) (|, - 1 ), |Vl3 ; (iu) (|, |), 3 ; 

(iv) (a cos cos — 2“ » ® sin — ^ cos — ^ ), a sm — ^ . 

6. VI 6. 3V6^. 7. (2,3). 8. 5. lO. 3,4. 11. a;*+y* + 4a; -4y + 3=0. 

14. a;* + y* -oa; -6y=0 ; a, 6 ; a;*+y®-aa;=0, a;*+y2 ~6y=0. 

15. (i) circle, centre (a, 0), radius a ; (ii) circle, centre (a, a), radius a. 

17. Chord is trisected. 19. 4a; + 3y-24=0, 4a; -3y=0. 26. 2 or 

82. a;a-y*=0. 34. a; -2y + 8=0, a; ~2y -2=0. 35. 4V6. 

36. 4a;-3y + 6=0, 4a;-3y-44 = 0. 37. a;^ + y* + 2a; + 4y - 8 = 0, 2 VT3. 
88. a;-2y + 5=0, a;-2y-6=0, 3a;-y=0, a; + 3y=0. 89. 2a; + y-4=0. 
40. (-2, -l),(-4, -1),(-1, -4); (-3, -3). 

46. a;*+y* + 4a;-4y-17=0. 47. 2a;2+2y*-5a;- 10y + 16=0. 

48. a;*+y*+4a;-2y-6 = 0, a;*+y*-x-7y + 10 = 0. 

49. X* +y* “ 10a; - 4y + 4 =0, 3x - 4y + 18 =0, (0, 4|). 

58. x*+y* -4x -6y + 9=0, 9(x*+y*) = 25(4x + 6y-25). 

54. x* + y*+4x-8y-5 = 0, 4x2 +4y* + 16x -7y -20=0. 

55. x* + y*-6x-14y + 33=0, x2+y2-6x + 6y -7=0. 

56. x*+y* + 4x-6y + 8=0, 5x2 + 5y2 -52x-6y - 152=0. 

57. 2x-y-4=0. 68. 2x+y + 4=0, x -2y + 7=0. 

59. x* + 16xy-lly»-40x-20y + 100=0. 

60. 2x - y - 1 =0, X - 2y + 1 =0, 2x + y + 5 =0, X + 2y + 5 =0. 

62. (i) 4xy + 3y2 = 0, (ii) 3x* - 8xy - 3y* = 0, (iii) 13x2 - 20xy - 8y2 =0. 



X ELEMENTS OF ANALYTICAL GEOMETRY 


88. (i) 2ar+y ~6=0, a:-2y-6=0, (iv) 2a:+y + 2=0, a:~2y-9=0, 

(ii) 3aj + 2y-13=0, 2a;-3y~13=0, (v) y=0, 4a: + 3y -12=0, 

(iii) ic + 3=0, y + 6=0. 

64. 2a;+6y + 17=0. 66. 2« + y=0. 

68 . a? + 6y + l =0, 7a? -y- 5=0, a?+y-3=0. 71. a: + 6y - 13 = 0. 

78. **+y*+3*+3y=0. 74. (J, -1). 76. (2. f). 78. *-y + 8=0. 

80. 4**+4y*+2*-3y=0. 88. (1, 2), (“J, -||). 88. (2, 3). 

86. a:* + y*-4y-l=0. 86. a;*-fy*-3a?-y=0. 87. 3a? + 4y + 20=0. 

89. a?*+y* -7a?-4y + 10=0. 90. a?*+y* -3a: -6y + 6=0. 

91. (3, 3). 92. a:*+y*-2a:-6y-8=0. 

98. a:*+y» + ya:+/y=0. 94. 12j, 2aj* + 2y*- 12a:-8y + l=0. 

96. 3a;* + 3y* +6a: - 18y - 13 =0. 96. *• +y* - 8a; - lOy + 31 =0. 

98. 2a:y-y* -4a;-y + 6 = 0, 3a;* + 4a:y +y* -20a: -8y + 12, the first pair 
intersecting inside, the second outside the circle. 

101. 7a;* + 7y*+31a:-6y + 12=0. 



PART III 


Page 170. 

1. ar»-2ary + y* + aa:-22/ + 3=0. 

8, »• - 4«y +4y* - 24x - 12y + 24 =0. 

8. 4a:*+4«y + y* ~4a; + 8y-4=0. 

4. x* + 2a:y + y*-4a: + 4y+4=0. 

6. 3/*-2a; + l=0. 

6. 7a^ - 2*y + 7y* - 18a; -34y + 39=0. 

7. 14a;* - 4a;y + 1 li/* + 2a; + 34y + 14 =0. 

8 . 14a:* - 8a;y + 14y* - 4a; - 4y ~ 1 =0. 

9. 9a;* - 4a;y + 6y* - 20a; - 20y + 20 =0. 

10. 3a;*+4y*+4a;=0. 

11. a;*-4a;y + y* + 2a;-2y=0. 

18. 5a;* - 24a;y + 12y* + 14a; + 8y - 19 =0. 

18. a?* + 18xy+y*-18a;-18y + 9=0. 

14. lla;* + 64ay + 69y* + 10a; + 10y-10=0. 

16. 3a;* -y* + 18a; + 15=0. 

Page 173. 

1. 8. 2. 2. 8. 4. 4. 6. 

6 . y* -8a:-4y + 12=0. 6. y* -20a;-2y + 41 =0. 7. y* + 4a; + 2y +5=0. 

8. y*-4a;-2y + 5=0. 9. y* -8a;-4y + 12=0. 10. ( - 1, 2), a; + 2=0. 

11. (1, 2), a; -3=0. 12. (2, 1), a;=3. 18. (0, -1), a;+2=0. 

14. (4, 1), y-axis. 16. (A + a, k),x = h-a. 16. (3, 3), y = l. 

Page 177. 

2. i 8. i 

8.2. 7. (±2,0). 

xl 


Lf 

6 . 


4.f. 

8. (±3,0). 



xii ELEMENTS OF ANALYTICAL GEOMETRY 


9. (iVs, 0). 10, (±^/6,0). 11, (1,2), 12, (-2,1). 

18, (0, 2), 14, (1. -2), 16, (-3, 1), (1, 1), 

16, (0, 1), (-4, 1), 2a:=6, 2x + 13=0, 

17, (0, -3), ( -5, -3), (5, -3), 18, (1, 2), y=2, x=l, f. 

19, (-4, -1), y + l=0, x + 4=0, f 


20, (-1, -2), y+2=0, * + 1=0, (-4, -2), (2. -2), 

21, (-1, 3), f, (-4, 3), (2, 3), 3*+28 =0, 3*=22, 

22, (-l.|), f, (-3,f), (l.f), 2*+ll=0. 2*=7, 

28, (3, 2), §, (1, 2), (5, 2), 2* + 3=0, 2* = 15. 


24, 


(*-3)« . (y-2)« , 
9 4 “ 


26, 


(*-!)« (y-l)*_ 


26. 


(*-l)V (y-l)« 
4 2 


Page 182. 

1. f , 2. f . 8. 3. 4. 3. 

6, |, 6.1. 7. (±3,0), a (±4,0), 

9. ( ±f , 0). 10, ( ±t, 0). 11. ( - 1, 2). la (1, - 4). 

ia(-2, 0). 14.(2,-!). 16. 2*±3y=0. la 2*±y=0. 

17. *±3y =0. la ( - 1, 2), f. 10. (1, 0), 20. ( - 1, 0), 

21. (1,0), 2a 3* ±6=0. 28. 4*±9=0. 

24. 2a; -6=0, 2a; + 1=0. 26. a;=0, a; + 2=0. 

2a (-1, 2), I, (3, 2), (-6, 2), 4*-6=0, 4* + 13=0. 

87. (i §). I. (V-l). (-if). 4*-6=0, 4* + l=0. 

28. (-2, 1), 2, (2, 1), (-6, 1), * + 1=0, *+3=0. 

29. (-2,-1), J, (3,-1), (-7,-1), 6*-6=0, 6* + 26=0. 

3af+4y + 10=0, 3a;-4y + 2=0. 


(*-2)* (y-3)*_, (*-!)» (y-2) _ 

9 4 4 ■ 12 “ 


-- (»+3)» (y-2)* 
**• ~4 12 


88 . 

4 O 


84. 6(2»+l)*-(y+l)*=6. 

86. = 3*+4y-ll=0, 3»-4y+6=a 



ANSWEES TO EXERCISES 

Page 186. 


xiu 



Page 192. 

1. a;-y + a=0. 2. r + 4i/ + 4^0. 3. a:-2i/ + 3=0. 

4 . (9,3). 5. (4, -4). 8. (5, 2). 

11. Tangent at vertex. 

2 2avQ 

18. y = x + 89. 9a;-6y + 4a=0. 

p+q p + q 

40. x + y+a-Of a;-y + a=0. 

41. 4a; + 22/ + a=0, 

44 . 1, a;-y + l=0, a: + 2y + 4=0. 

Page 197. 

1. 2a: + y-3=0. 2. a;-y-3=0. 8. 4a; + y-22=0. 

4.(1,-!). 6. (4,4). 6. (5,2). 

18. y+px~2ap+ap^. ' 22. y-\^tx=2(U-\-ai\ 

23. a; + 4a=0, y* = 16a (a; - 6a), y®=2a(a: -4a). 

26. X -y -2a=0f 2a; -t/ - 12a=0, 3a; + y-33a=0. 

28. a; + y-3a=0, 4a;-8y-9a=0. 29. 2a*. 

Page 205. 

1. a;-2y-2=0. 2. a; + y + 3=0. 8. a;-2y-2=0. 

4 . (0,2). 6. (1,3). 6. (-1,2). 

8. 2a;-3y44=0, a:-i/ + l=0, a;-2y-}-4=0. 9. a;-2y + 4=0. 

10 . a; + 2y + l=0, a;-6y4-9=0. 12. a;-2y-3=0. 18. a;-2y+2=0* 

14 . a; + 2y + 4=0. 15. (1, 3). 16. ( -2, 1). 

17 . (2, -1). 30. y*+aa;=0. 81. a^=y^{a^2x). 



xiv ELEMENTS OF ANALYTICAL GEOMETRY 


Page 210. 


1. 2a;+y-3=0. 2. 3a; + 4y-2=0. 3. 3a;-2y-l=0. 

4.(1, 1). 6. (3. -1), 6. (2.1). 

8. |^(J+2am*), 9. (2otan*o+j>8ec < 1 , -2atana). 


10. y=3a. 

18. 

16. a;-y + a=0. 
18. 2a?4'6y + 3=0. 


11. 3y + 4=0. 12. y+3=0. 

14. - i. 16. 1. 

17. 4a; + 4y + l=0. 

V* rn' m/ 


Page 219. 

1. a:-y+4=0. 2. a;-y-3=0. 8. 2a; -y- 6=0. 

4. (-1, -1). 6, (-1,1). e. (2, 1). 10. 4y=±a:±5>/i7. 

SI. -(I -<i<i)+t(<i+<j) = 1+M«; tangents intersect on *-axis. 

fl 0 

27. a;-y±3=0. 28. 2a;-y±5=0. 29. a; + y-4=0, a; + y + 2=0. 


1. a;-y4-l=0. 
4. (2, -2). 

7 


Page 226. 

2. 2a;+3y-l=0. 8. a; + y-2=0, 

6. (-1,2). 6. (4.3). 

8. c* (a* + w*6*) = m* (a* - 6*)*. 


1. 4aj+3y-6=0. 
4. (2, 1). 


Page 280. 

2. 2a; -5y 4-3=0. 

6 . ( 1 , - 1 ). 


8. a; -y 4- 1=0. 
6. (3, 2). 


7. a;4-2y-4=0, a;=4, a;-2y 4-8=0. 

8. ar4-y-3=0, a;-5y4-9=0. 

9. a;* -12a;y-6y* -16a;4*12y4-22=0. 11. a?4-y-6=0. 

12. 3a;-2y4-9=0. 18. 2a;-2y-l=0. 14. (3, 1). 

16. ( - 2, 2). 16. (1. - 2). 17. 2ate + 6 (1 - Oy - 1 =0, i). 



XV 


ANSWERS TO EXERCISES 


1. 2ar+3y-7=0. 

4. (1. -I). 

7. 3x+4y=0. 

10. -1. 11. f. 


1. a:-2y-2=0. 
4. (-1.0). 


1. x-j/+3=0. 
4. (2. 1). 


Page 236. 

2. 3x-4y + 7=0. 

6. (-i i). 

8. 3x-2y=0. 

12. -i. 

Page 250. 

2. 3a; + 4y + l=0. 

6. (-3, -1). 

=2. 20. a; + y±l=0. 

Page 253. 

2. 2x-3y-5=0. 

6 . (- 2 . 1 ). 


3. 4x+16y+5=0. 

6 . ( 0 , 1 ). 

9. x-3y-l=0. 


3. 2x-y-l =0. 

6 . (- 1 . 2 ). 

21. y=±x±-J2. 

3. 4a; + 6t/-26=0. 

6 . (- 1 , 2 ). 

3. a;-3y-2=0. 


Page 256. 

1. 2a;-6y-l=0. 2. a; + 4y-2=0. 

6. x + 3y-3=0; aj + y + l=0, 3a; -y -6=0. 
6 . 3a;* + 2a;y - 2y* - 4a; - - 1 =0. 


Page 265. 

1. y-i-2=0, a; = l. 

3. Az-^ By-Aa + Bbf zy -2x-y--0. 5. - - . 

hh 

8. (1. -2), (-1. -I). 10. o6c<l=l. 


Page 276. 

I 

8, y^ = l{2z + l). 16. -= -ccos ^ + cos(d-a). 

19. The directrix of the parabola. 


Page 294. 

1. Ellipse. 2. Hyperbola. 3. Parabola. 4. Circle. 

5. Two intersecting straight lines. 6. Two parallel straight lines. 



xvi ELEMENTS OF ANALYTICAL GEOMETRY 

7. Rectangular hyperbola. 

8. a;*-4a;y4*4y* + 6aj~28y+41=0. 

10. (2, -3), a:*-2a:y+3y* = 13. 11. (1,2), 3a;*+2a:y + 4y* + 6=0. 

12. 4, 2, 4aj-3y=0, 3aj+4y=0. 

18. 6, 4, 2a: + y=0, a; -22/ -5=0. 

14. 2>/2, 2, a; + 2y-7=0, 2a;-y + l=0. 

X6. 2, 4*+3y-5=0, 3a: -4y- 10=0. 

16. 2n/ 3, a: + 2y-6=0, 2x-y=0. 

19. 2a;* - \2xy - Ty* - 4a; - 82/ - 2 =0. 

20. 2a;* + a;y-2/*-a; + 22/-l=0. 21. a;* -2/* + a; + 2/=0. 

28. a;* + 2/*-6a;2/ + 10a; + 22/-7=0, a;-y + l=0, a; + t/-3=0. 

24. 2a;*-3a;2/-22/* + 2a; + lly-20=0. 

27. a;*-6a;y-»-2/*+4a; + 42/-6=0. 81. 34. 

Page 297. 

1. y* - 2a; - 4y + =0. 2. y* + 8a: - 2y - 39 =0. 

8. a;*-2a;y + y* + 12y + 6=0. 4. (1,0), (1,0). 

6. (3, 1), (6. 1). 6. ( - 1, 1). ( -|, 1). 9. (a, 0). 

1®* 4^ — )> ^P' ■'■y*)* 

29. 4a cos (6 + 0) sec ^ cosec*^. 86. p + ay* =0. 87. AC=aB^. 

88. a;i tan*^ -yi tan ^-fa=0. 89. 4a; + 2y + a=0, 4a;-2y4-a=0. 

40. a; + y+a=0, a;-y+a=0. 41. Tangent at vertex. 

61. yy,=2o(a:+a:i), y-y,= 

60. 4a;+4y-3=0, 2a;-y-3=0. 

62. 4a;=a. 76. (^^ +Jj|)y = 2a; + 2crfit8. 

79. 5a;* +9y* + 14a; -56=0. 80. a; + 2=0, a;=6, J. 

88. 3a;* +4y* + 6a; - 9 =0, ( - 1, 0), J. 96. |. 

« a * , ta • • a* COS a 6*8ina 

104. p* =a* cos*o + 6* sm*a, . . 



109. * cos ^ 
a 2 


ANSWERS TO EXERCISES 

a + fi , y . o+fl o-fl 


XVll 


l-tan-“tBn-^ tan| + tan| 

1 4- tan ^ tan ^ 1 4- tan ^ tan | 

118. + 168. a(ei« + M« + V + 2). -alAh+ft). 

178. 4r*-4/5rcos(«-o) + /8*-o’=0, 


188. Ellipse. 189. Circle. 190. Point. 191. Hyperbola. 
192. Two intersecting straight lines. 193. Rectangular hyperbola. 
194. Parabola. 195. Tw'o parallel straight lines. 

186. (1, 2), *-2y + 3=0, 2* + j/-4=0, 4^6, 2*/5. 

187. (1, l),a:-3y + 2=0,3a+y-4=0,2N/i0,V'f0,i-j/=0,a: + 7s(-8=0. 

188. (1,0), a: -3y-l =0, 3i + y-3=0, 2N/i6, 2x - y-2=0, a; + 2y- 1 =0. 
188. (4, 1), 2x+y-4=0. 

200 . (pti+9)(pli+j) + (ati+b)(at,+b) 

+ {(a<i + b)(pl2 +}) + (ol, + 6) + g)S COB w =0. 

201. 3*»-8xy-3y> + 22x + 54y- 143=0. 
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